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This book provides a thorough description of classical electromagnetic radiation, 
starting from Maxwell’s equations and moving on to show how fundamental con- 
cepts are applied in a wide variety of examples from areas such as classical optics, 
antenna analysis, electromagnetic scattering, and particle accelerators. Theoretical 
and experimental results are interwoven throughout to help give insight into the 
physical and historical foundations of the subject. 

Following introductory chapters covering the basic theory of classical electro- 
magnetism and the properties of plane waves, the concept of a plane- wave spectrum 
is developed and applied to the radiation from apertures. Radiation from a moving 
point charge is described in depth, as is that from a variety of thin- wire antennas. 
A key feature of the book is that pulsed and time-harmonic fields are presented on 
an equal footing. 

Mathematical and physical explanations are enhanced by a wealth of illustrations 
(over 300), and the book includes more than 1 40 problems. If will be of great interest 
to advanced undergraduate and graduate students of electrical i engineering and 
physics, as well as to scientists and engineers working in applied electromagnetics. 



M. FARADAY 


H.R. HERTZ 




Picture Credits, Frontispiece: 

A.M. Ampere, AIP Emilio Segrfe Visual Archives 
M. Faraday, AIP Emilio Segrfc Visual Archives, E. Scott Barr Collection 
H.R. Hertz, Deutsches- Museum, Courtesy AIP, Emilio Segrfc Visual Archives 
J.C. Maxwell, AIP Emilio Segrfc Visual Archives 

H.C. Oersted, The Bufndy Library, Dibner Institute for the History of Science and 
Technology 


An introduction to classical electromagnetic radiation 


An introduction to classical electromagnetic 
. radiation 


GLENN S. SMITH 

Regents’ Professor of Electrical Engineering 
Georgia Institute of Technology 
Atlanta, GA 


11 Cambridge 

UNIVERSITY PRESS 


PUBLISHED BY THE PRESS SYNDICATE OF THE UNIVERSITY OF CAMBRIDGE 
The Pitt Building, Trumpington Street, Cambridge CB2 1RP, United Kingdom 

CAMBRIDGE UNIVERSITY PRESS 
. The Edinburgh Building, Cambridge CB2 2RU, United Kingdom 
'40 West 20th Street, New York, NY 1001 1-4211, USA 
10 Stamford Road, Oakleigh, Melbourne 3166, Australia 

© Glenn S. Smith 1997 

This book is in copyright. Subject to statutory exception 
and .to the provisions of relevant collective licensing agreements, 

. no reproduction of any part may take place without 
the written permission of Cambridge University Press. 

First published 1997 

Printed in the United States of America 

Typeset in Times Roman 

Library of Congress Cataloging-in-Publication Data 
Smith, Glenn S. (Glenn Stanley), 1945- 
An introduction to classical electromagnetic radiation / Glenn S. Smith. • 
p. cm. 

Includes bibliographical references. 

ISBN 0 521 58093 5 hardback 
ISBN 0 521 58698 4 paperback 

QC661.S65 1997 96-25107 

539.2 -dc20 CIP . 

IK, 1 !* 

A catalog record for this book is available from 
the British Library 


ISBN 0 521 58093 5 hardback 
ISBN 0 521 58698 4 paperback 


To the memory of my parents '■ 
Stanley and Florence, 
to my wife 
Linda, 

and to the future of our children 
Geoff and Ellie 


Contents 




Preface xi 

1 Basic theory of classical electromagnetism 1 

1.1 Historical introduction: Maxwell’s equations in integral form 1 

1.2 Curl and divergence: Maxwell’s .equations in differential form 25 

1.3 Surface densities, boundary conditions, and perfect conductors 34 


1.3.1 Surface densities of charge and current 35 

1.3.2 Electromagnetic boundary conditions 41 

* 1.3.3 The concept of a perfect conductor - ' 47 

1 .4 Energy of the electromagnetic field - Poynting’s theorem 48 

' 1.5 Electromagnetic boundary value problem - uniqueness theorem 65 

1 .6 Numerical solution of Maxwell’s equations using finite differences: 

An example 71 

. 1.7 Harmonic time dependence and the Fourier transform 88 

1.7.1 Linear systems 88 

1.7.2 Maxwell’s equations 92 

1.7.3 Poynting’s theorem 94 

1.7.4 Uniqueness theorem 98 

1.7.5 Fourier transform 101 

References 104 

Problems 107 

2 Electromagnetic plane waves in free space: Polarized waves 123 

2.1 General time dependence 123 

2.2 Harmonic time dependence: Monochromatic plane waves 128 

2.3 The polarization ellipse in the coordinate system of the 

principal axes 134 

2.4 The Poincar6 sphere and the Stokes parameters 140 

2.5 Optical elements for processing polarized light 142 

2.6 Transmission and reception of polarized waves with antennas 153 


vii 


viii 


Contents 


2.7 Historical note: The experiments of Hertz 161 

References 168 

Problems 169 

3 Inhomogeneous plane waves and the plane- wave spectrum . 177 

3.1 Inhomogeneous plane waves 177 

3.2 Two-dimensional, transverse electric and transverse magnetic 

fields 181 

3.3 Plane-wave spectrum for two-dimensional electromagnetic fields i84 

3.4 The uniformly illuminated slit 192 

3 .5 Asymptotic or radiated field - the method of stationary phase 1 99 ' 

3.6 PI ane- wave spectrum for three-dimensional electromagnetic * .» 

fields • . 207 

3.6.1 General formulation . • . • 207 • 

3.6.2 Asymptotic or radiated field 210 

3.6.3 Wavefronts and rays 215 

• 3.7 Examples of three-dimensional fields 218 

3.7.1 Uniformly illuminated circular aperture 218 

3.7.2 Circular aperture with tapered illumination - reflector 

antennas 232 

3.7.3 Gaussian beam - paraxial approximation 240 

References 250 

Problems * 251 

4 Electromagnetic analogues of some optical principles 262 

4.1 Huygens’ principle: An alternate representation 262 >: 

4.1.1 General formulation 264* 

4.1.2 Radiated field 268’ 

4.1.3 Discussion 272 

4.2 Fresnel zones 273 

4.3 The scattered field 277 

4.4 Babinet’s principle 281 

4.4.1 Optical formulation 281 

4.4.2 Electromagnetic formulation 283 

4.5 Transmission coefficients and scattering cross sections 286 

• 4.6 Complementary antennas 294 

' 4.7 Images 299 

4.8 General time dependence 305 

4.9 Discussion - 309 

References 311 * 

Problems 313 


Contents ix 


5 Radiation from distributions of charge and current: 

General formulation 320 

5.1 Electromagnetic potentials 320 

5.1.1 Electrostatics 321 

5.1.2 Magnetostatics 322 

5.1/3 Electrodynamics 325 

5.2 Dirac delta function - concept of a point charge' 331 

5.2.1 One-dimensional delta function 332 

5.2.2 . Three-dimensional delta function 335 

5.2.3 Electrostatic point charge t 337 

5.3 Retarded potentials and electromagnetic field : 341 

5.4 Radiated field 347 

. 5,5 .Harmonic time dependence 352 

. ’ References * 355 

Problems !’ 356 

6 Electromagnetic field of a moving point charge 358 

6.1 Derivation ! 358 

6.1.1 Lizard- Wiechert potentials 359 

6.1.2 Electromagnetic field 364 

6.1.3* Radiated power 371 

6.2 Special cases .375 

6.2.1 Low velolcity: v/c <£ 1 377 

6.2.2 Relativistic velocity, a parallel to 5 378 

6.2.3 Relativistic velocity, a perpendicular to v 394 

6.3 Synchrotron radiation 396 

6.4 Cherenkov radiatipn 411 

6.5 Self force 436 

References 441 

Problems 446 

7 Dipole radiation 451 

7.1 Infinitesimal electric dipole or current element 452 

7.1.1 General time dependence 452 

7.1.2 Harmonic time dependence 465 

7.2 Electrically short linear antennas 469 

7.3 Duality and the infinitesimal fnagnetic dipole or current loop 477 

7.4 Electrically small loop antennas 482 

7.5 Simple arrays of electrically short linear antennas 485 

7;5.1 General time dependence 486 

7.5.2 Harmonic time dependence 493 


X 


Contents 


7.6 Scattering by electrically small objects 506 

7.7 The color and polarization of skylight 521 

7.7.1 Natural light 524 

7.7.2 Molecular scattering 528 

References 537 

Problems 54 1 

8 Radiation from thin-wire antennas 546 

8.1 Charge ahd current: Physical arguments 547 

8.2 Basic traveling- wave element; dipole antennas 556 

8.2.1 Description of element 556 

8.2.2 Dipole antennas 562 

8.3 Traveling-wave bends and loops 567 

8.3.1 Simple bend • * 567 

8.3.2 Circularloop 570 

8.4 Other traveling- wave antennas 575 

8.4.1 Dipole antenna with continuous resistive loading 575 

8.4.2 Insulated linear antenna 579 

8.5 Harmonic time dependence; examples 583 

8.5.1 Basic traveling- wave element 584 

8.5.2 Long-wire antennas 588 

8.5.3 Standing- wave dipole 591 

8.5.4 Resonance and the half-wave dipole 596 

8.6 Perspective .. ‘601 

References 602 

Problems 604 

Appendix A Units and dimensions 608 

References 616 

Appendix B Review of vector analysis 617 

References 635 

Problems • 636 

Supplemental references 638 


Index 


643 


Preface 



A glance at the literature on classical electromagnetism shows that there is an 
overwhelming amount of material associated with the subject. This is the product 
-of over 300 years of study involving some of the greatest names in science (see the 
partial list of contributors in Table 1.1). Thus, when preparing a course or a book 
on classical electromagnetism, one is first faced with the question: Whit small 
subsection of the material will be addressed? This choice, of course, involves the 
background and interests of the intended audience. 

This book was written as a text for use in a course in electrical engineering 
or applied physics populated by first-year graduate students (and possibly some 
advanced seniors). These students generally have come from many different un- 
dergraduate institutions, so their prior exposure to electromagnetism varies greatly. 
However, most have had at least a one-semester course on electromagnetism at the 
junior level that covers electrostatics, magnetostatics, and the propagation of plane 
waves. They also have some knowledge of the guiding of waves on transmission 
lines. Those that are the best prepared will have had at least a ‘brush’ with electro- 
magnetic radiation (radiation from charged particles and antennas, electromagnetic 
scattering, etc.), but this cannot be assumed for the average student. Hence, the 
decision was made to make the focus of this book the fundamental aspects of elec- 
tromagnetic radiation. Since the preparation of those in the intended audience is 
varied, a major objective for the first few chapters of the book, is to normalize their 
knowledge of the subject. This mainly consists of reviewing the basic equations 
(e.g., Maxwell’s equations), describing the basic elements of an electromagnet- 
ics problem, and providing common nomenclature and notation. Some review and 
consolidation of the concepts associated with electromagnetic .plane waves is also 
included. The remainder of the book is concerned with the fundamental aspects of 
electromagnetic radiation illustrated by examples. A more detailed discussion of 
the topics covered is provided below. 

A few special features of the book are worthy of mention. The emphasis through- 
out is on providing an understanding of the basic principles, with a balance be- 
tween physical and mathematical explanation. I have tried to follow the advice of 
Maxwell: 1 

1 From his address to the Mathematics and Physics Section, British Association for the Advancement 
of Science, 1870. T. Bartlett, Familiar Quotations, 14th Edition, Little-BroWn, Boston, MA, 1968. 
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For the sake of persons of . . . different types, scientific truth should be presented in different 
forms, and should be regarded as equally scientific, whether it appears in robust form and 
the vivid coloring of a physical illustration, or in the tenuity and paleness of a symbolic 
expression. 

A glance through the book shows that there are many more illustrations (over 300) 
than normally found in a book on this subject at this level. Experience has shown 
that students appreciate these pictures. A physical concept is often more easily 
grasped and remembered when presented with an illustration that supports the 
mathematics. Tables summarizing the important equations are included throughout 
the book. Their purpose is to keep the student from having to search through the 
text to find a useful equation, either when solving a homework problem or when 
using the text as a reference in the future. 

Experimental results have been included in almost every chapter. These re- 
sults serve several functions. For example, in Chapter 1 the numerical solution 
of Maxwell’s partial differential equations using finite differences is described, and 
the theoretically determined radiation of a pulse by an antenna is presented. These * 
theoretical results are compared with experimental measurements, and the excellent 
agreement shows the student the accuracy that can be expected from this beautiful 
theory. In Chapter 3 experimental results are used for a different purpose. The field 
in an electrically large aperture is assumed to be uniform when the aperture is il- 
luminated by a normally incident plane wave. The experimental results are used to 
show the approximate nature of this assumption. And in Chapter 7, measurements 
for the color and polarization of skylight are used to motivate an examination of 
molecular scattering in the atmosphere. 

Many texts at this level concentrate on electromagnetic fields that vary harmon- 
ically in time (usually the Fourier transform of the field). In this book, however, 
solutions in the. time domain and the frequency domain are considered on an equal 
footing. The discussion of the former often precedes the discussion of the latter, 
because the radiation of time-varying signals (pulses) often is more easily under- 
stood from a physical point of view. An example is the radiation from thin-wire 
antennas presented in Chapter 8. A pulse of charge traveling along the antenna is 
considered first. Radiation occurs each time the pulse encounters a discontinuity 
or a bend, a situation analogous to a moving point eharge undergoing acceleration. 
The infinite duration of time-harmonic excitation complicates this simple physical 
picture for the radiation. 

Historical information is included in most chapters, with the dates of birth and 
death given at the first mention of most prominent scientists. This provides the 
student with some appreciation of the long and rather interesting development of 
the subject, as well as a rough idea of the period of time when various discoveries 
were made. When the students see the array of great scientists who developed this 
subject over a long period of time, they are often less exasperated by their struggle 
to become proficient in the subject during their first exposure. 

The starting point for Chapter 1 is Maxwell’s equations in integral form, which 
are familiar to most students. These equations are used to analyze a few of the 
basic experiments performed by early investigators - Coulomb, Oersted, Amp&re, 
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and Faraday. In addition to providing the student with a review, this material adds 
some historical perspective. The definitions for the vector operations of curl and 
divergence are introduced, and they are used to convert Maxwell’s equations in 
integral form to those in differential form. Only electromagnetic fields in free 
space or “simple materials” are considered, that is, materials whose constitutive 
parameters are scalar constants in the time domain (linear, homogeneous, isotropic, 
and nondispersive materials). Next, the mathematical concept of a surface density 
of charge or current is described, and the electromagnetic boundary conditions are 
obtained. 

The energy of the electromagnetic field is defined, and Poynting’s theorem for 
the conservation of energy is obtained from Maxwell’s equations. This theorem is 
applied to a problem studied by both Poynting and Heaviside, the transport of energy 
along a straight wire, and the results arefused to illustrate the physical interpretation 
for the Poynting vector. Next, the elements of an electromagnetic boundary value 
problem are described, and a uniqueness theorem for the electromagnetic field 
(general time dependence) is obtained by manipulation of Poynting’s theorem. 

At this point, presentation of the basic equations of eiectromagnetism is com- 
plete, and the student is in a position to understand the formulation and solution of a 
practical problem. What is lacking is a technique for obtaining a solution to the equa- 
tions. The technique presented is the finite-difference time-domain (FDTD) method, 
a conceptually simple, numerical method that involves the direct discretization of 
Maxwell’s equations. After demonstrating the method for a one-dimensional prob- 
lem, we use it to analyze a cylindrical monopole antenna with pulse excitation. The 
boundary value problem for the monopole is formulated based on the earlier discus- 
sion of the uniqueness theorem, the numerical solution for the electromagnetic field 
is obtained, and the theoretical results are compared with accurate measurements. 

Chapter 1 ends with a discussion of harmonic time dependence and the Fourier 
transform. The special properties of linear systems are briefly stated, and the equa- 
tions of electromagnetism are specialized to the case of harmonic time dependence. 
It is my experience that, even though most students are familiar with harmonic time 
dependence (phasors) from courses on linear circuits, they find this review helpful. 

Chapter 2 is concerned with the propagation of homogeneous plane waves in free 
space. For many students this is partly a review. The Poincar6 sphere and Stokes 
parameters are introduced to describe the state of polarization of a monochromatic 
wave. This material is illustrated with two practical examples: a discussion of optical 
elements for processing polarized light (the Jones calculus) and the reception of 
polarized waves by antennas. The chapter ends with a historical note describing 
Hertz’s early experiments with electromagnetic waves, which confirmed Maxwell’s 
equations. 

Chapter 3 begins with a discussion of inhomogeneous plane waves in free space. 
A physical argument is then used to show that the complete set of homogeneous 
and inhomogeneous plane waves, i.e,, the plane- wave spectrum, can be used to con- 
struct a solution to Maxwell’s equations. Two-dimensional fields are treated first, 
with the problem of a uniformly illuminated slit as- an example. The asymptotic or 
radiated field is obtained by a physical argument based on the method of stationary 
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phase. The procedure is extended to three-dimensional fields and illustrated with 
additional examples: the uniformly illuminated circular aperture, the circular aper- 
ture with tapered illumination (reflector antennas), and the Gaussian beam (paraxial 
approximation). • 

Electromagnetic analogues of some of the famous principles from optics, such as 
Huygens' principle, Fresnel zones, Babinet’s principle, and the method of images, 
are the focus of Chapter 4. Huygens’ principle is obtained by directly manipulating 
results obtained in Chapter 3 for the plane- wave spectrum, and it is shown to be an 
alternate representation for an electromagnetic field. The principles .are illustrated 
with examples. These examples introduce additional concepts, e.g., transmission 
coefficients and scattering cross sections for planar apertures and obstacles, the 
forward scattering theorem, Kirchhoff ’s approximation for the field in an aperture 
and the physical optics approximation for the current on an obstacle, and comple- 
mentary antennas. : 

The remaining chapters, 5-8, are concerned with the radiation from distributions 
of current and charge. In Chapter 5, following discussions of the scalar electric and 
vector magnetic potentials and the Dirac delta function, the retarded- potentials for 
a general distribution of charge and current are derived. The presentation is conven- 
tional, with the electromagnetic field being determined from the retarded potentials. 
The general results from Chapter 5 are applied to radiation from a moving point 
charge in Chapter 6, radiation from infinitesimal dipoles (electric and magnetic) in 
Chapter 7, and radiation from simple, thin-wire antennas in Chapter 8: 

In Chapter 6, the -electromagnetic field of a moving point charge is derived using 
the historically important approach based on the LiSnard-Wiechert potentials. These 
results are then specialized for the cases of low velocity, general velocity with the t 
acceleration parallel to the velocity (bremsstrahlung), and general velocity with the 
acceleration normal to the: velocity. Graphics are used extensively to illustrate these 
cases. Sections of this chapter are devoted to synchrotron radiation (important for 
circular particle accelerators) and Cherenkov radiation (radiation from a particle 
whose velocity is greater, than the speed of light in the surrounding dielectric). 
The chapter ends with a brief, qualitative discussion of the self force for a charged 
particle. 

Chapter 7 deals with dipole radiation. After a derivation of the electromagnetic 
field for the infinitesimal electric dipole or current element (general time depen- 
dence), duality is introduced and used to obtain the field of the infinitesimal magnetic 
dipole or current loop. Brief discussions of the electrically shortlinear antenna ^nd 
the electrically small loop, antenna illustrate the use of these results. 

Simple arrays of electrically short linear antennas (dipoles) are first dealt with 
in the time domain. Later, the case of harmonic time dependence is presented, and 
conventional topics associated with arrays are introduced: pattern multiplication, 
end-fire and broadside arrays, superdirectivity, etc. • y 

The scattering from electrically small objects (Rayleigh scattering) is described 
in terms of induced electric and magnetic dipole moments. Polarizabilities and 
scattering cross sections are given for the perfectly conducting sphere,: disc, and 
thin wire. Babinet’s principle is used with the results for the disc to obtain the 
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transmission coefficient for an electrically small, circular aperture. These results, 
together with those from Chapter 4, cover the two extremes for electromagnetic 
scattering and aperture transmission, i.e., scattering (transmission) for electrically 
small and electrically large objects (apertures). ■ 

Chapter 7 ends with a discussion of the color and polarization of skylight — the 
famous “blue sky problem.” First, experimental results for these phenomena are 
presented, and then a reasonable explanation is sought based on the scattering of 
sunlight in the atmosphere. Brief discussions of natural light (unpolarized light) 
and molecular scattering accompany the explanation. 

The last chapter, Chapter 8, is devoted to radiation from simple, thin-wire an- 
tennas. First there is a review of the numerical results from the accurate analysis 
of the monopole antenna presented in Chapter 1. These results are then used to ob- 
tain an approximation, based on an “educated guess,” for the pulse of charge on a 
basic traveling-wave element. More complicated antennas (standing- wave dipole, 
traveling-wave loop, etc:) are viewed as a superposition of basic traveling- wave 
elements, and their radiated fields are easily obtained as the sum of the fields of 
the elements. Radiation is shown to occur when the pulse of charge encounters the 
discontinuities and bends in the wire. The analogy to the radiation from a mov- 
ing point charge undergoing acceleration is stressed throughout. The chapter ends 
with the specialization of results to the practically important case of harmonic time 
dependence. 

There are two appendices. Appendix A contains a discussion of units and dimen- 
sions, restricted to the International System (SI). It is mainly intended to show that 
the mysterious factors, such as s 0] \i 0 , and the 4 tt in Coulomb’s law, have a rational 
explanation associated with measurement. Appendix B is a very brief discussion of 
vector analysis, that includes a set of problems. Its purpose, apart from providing a 
list of vector relations, is to provide students with a review of a'subject that is often 
“fuzzy” in their memories. 

The maturity of this subject necessarily means that the source of all basic infor- 
mation is the writings of others. The references at the end of each chapter are the 
sources I consulted in preparing the material for the chapter. In most cases, these 
include the works of the original investigators of a subject as well as a number of 
interpretations of later writers. Of course, any errors in the presentation are my own, 
and I ask the readers to please bring these to my attention. A list of supplementary 
references with brief annotation, included at the end of the book, is intended to give 
the reader guidance in selecting material for further study of the subject. I made 
no attempt to make this list comprehensive, so I am sure that there are many more, 
excellent books with equivalent content that could have been included. 

There is a set of problems (over 140 in all) at the end of each chapter. A solutions 
manual is available (to instructors) from the publisher. 

I would like to thank the many people who have contributed to my understanding 
of this subject. Almost thirty years ago, I was privileged, as a graduate student at 
Harvard University, to receive the instruction of Professors Ronold W. P. King and 
Tai Tsun Wu. I hope that Professor King’s insistence on a balance of theory with 
experiment is evident in this book. 
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My colleagues & the Georgia Institute of Technology have been most gra- 
cious in providing comments on the manuscript. Their suggestions have greatly 
improved the clarity of the presentation. Professor Waymond R. Scott, Jr. and 
Dr. William B. McFarland read the entire first draft of the manuscript. In ad- 
dition, on a number of occasions, Professor Soott provided assistance with the 
computer-generated graphics. Others who have provided comments on selected 
chapters are: J. A. Buck, D. L. Brundrett, R. F. Fox, M. P. Kesler, and T. P. Montoya. 
Dr. James G. Maloney provided assistance with the material on the FDTD method 
and comments on the chapters associated with antenna analysis. Mrs. A. B. Powell 
expertly typed early versions of some chapters that originated as class notes. 

My former colleague Professor John D. Nordg&rd (University of Colorado at 
Colorado Springs) read several chapters from the final draft of the manuscript. His 
comments were most helpful. 

During the last eleven years, most of the time I spent writing this book was taken 
from the time I would normally, spend with my family. I am very grateful to my 
wife Linda and children Geoff and Ellie for their patience and understanding during 
this period. 

Writing this book and the associated teaching have been both enjoyable and 
rewarding experiences. In this regard, I can not do better than quote the physicist 
J. Robert Oppenheimer: 2 

Whatever trouble life holds for you, that part of your lives which you spend finding out 
about things, things that you can tell others about, and that you can learn from them, that 
part will be essentially a gay, a sunny, a happy life . . . 


Glenn Stanley Smith 
. Atlanta , GA 
May 1996 


2 From Uncommon Sense / J. Robert Oppenheimer , N. Metropolis, G.-C. Rota, and D. Sharp, Editors, 
p. 170, Birkh&user Boston, Boston, MA, 1984. ” • 
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Basic theory of classical electrornaghetism 


1.1 Historical introduction: Maxwell’s equations in integral form 

The development of electromagnetic theory has a long history, beginning perhaps 
with the ancients* experimentation with the electrical properties of amber and the 
magnetic properties of lodestone. The modem elements of the theory, however, 
had their origin in the investigations of 17th-, 18th-, and 19th-century scientists, or 
natural philosophers as they were called. The names of some of the more prominent 
of these scientists are listed ih Table 1.1 in chronological order according to their 
dates of birth [1-3]. Prior to the early nineteenth century, the phenomena associated 
with electrostatics, magnetism, and optics were largely thought to be independent; 
hence, the names in Table 1.1 are divided into these categories. 1 

By the middle of the nineteenth century, Hans Christian Oersted (1777-1851) 
had discovered that an electric current produces a magnetic field, and the connection 
between steady currents and magnetism had been examined extensively by Andrd 
Marie Ampere (1775-1836) and others. In addition, the experiments of Michael 
Faraday (1791-1867) h*d shown that a time-varying magnetic field could produce 
an electric Current. In 1864, building on these earlier investigations, James Clerk 
Maxwell (1831-1879) presented a theory that provided a complete and unified 
explanation for electric, magnetic, and optical phenomena [4, 5]. A striking fea- 
ture of Maxwell’s theory was its prediction of electromagnetic waves with all the 
characteristics theretofore associated with optical waves. 

The efforts during the remainder of the nineteenth century were devoted to ob- 
taining additional experimental verification and refining Maxwell’s theory. Heinrich 
Rudolf Hertz (1857-1894) demonstrated, unequivocally, the existence of electro- 
magnetic waves, add Hertz, Oliver Heaviside (1850-1925), and Hendrik Antoon 
Lorentz (1853-1928), among others, put Maxwell’s theory for classical electro- 
magnetism in the form we use today. 

In the twentieth century, classical electromagnetism has served as the origin 
for other fields of study, such as relativity and atomic physics. The unification 
accomplished by Maxwell for electromagnetism now serves as a model for the 
unification sought for all areas of physics. 

1 Many of the scientists listed in Table 1.1 made contributions to more than One area, although they 
are listed under a single area in the table. For example, Faraday experimented with electrostatics, 
magnetism, and optics. 
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George Gabriel Stokes (1819-1903) Ludwig Lorenz (1829-1891) Gustav Robert Kirchhoff (1824-1887) 
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1.1 Historical introduction: Maxwell's equations in integral form 



Table 1.1. Contributors to the development of electromagnetic theory • 
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• We will take as the starting point for our study of electromagnetism Maxwell’s 
equations in integral form. They are the axioms on which the subsequent theory is 
developed. Maxwell’s four field equations in modem notation are Faraday's law 

0 . 1 ) 

the Ampere-Maxwell law 

£ «(?, o . a = g M t) .dS + ff s • dS. (i.2) 

Gauss' electric law 


V{r % t) • dS = JjJv p(r , t)dV t 


and Gauss' magnetic law 


B(r t t ) • dS'= 0. 


To these equations we add the equation of continuity for electric charge. 


(1.3) 


(1.4) 


(1.5) 


All quantities in these equations are evaluated in the rest frame of the observer, and 
.all surfaces and volumes are held fixed in that frame. 

The integrals in Equations (1.1) and (1.2) are for the open surface S with contour 
C shown in Figure 1.1a. The differential surface area vector is dS = hdS , where 
h is the unit vector locally normal to S , and dS is the differential surface area. 
The vector differential length dt is an infinitesimal vector locally tangent to C. 
By convention, the direction of the normal and the direction in which the curve C 
is traversed are related by the rightrhand rule: With the curled fingers of the right 
hand pointing in the positive direction for traversing C, the thumb points in the 
direction of h. The integrals in Equations (1.3), (1.4), and (1.5) are for the volume 
V with closed surface S shown in Figure 1.1b. The differential volume is dV, and 
the differential surface area vector is dS = hdS , Where h is the outward-pointing, 
unit vector normal to S. 

The terminology we will use for each of the quantities in these equations is 
listed in Table 1.2. The terminology used for electromagnetic quantities is by no 
means standard. Here we take the suggestion of Sommerfeld (Arnold Johannes 
Wilhelm Sommerfeld, 1868-1951) and reserve the names electric field strength 
and magnetic field strength for the vectors £ and B y respectively; the vector T> will 
be called the electric excitation or electric displacement , and H will be called the 
magnetic excitation [6] . Also listed in Table 1 .2 are the units for each quantity in the 
International System of Units (Systfcme International - SI). A discussion of units 
and dimensions can be found in Appendix A. 

The state of the 'electric charge is described by the two functions, p and J. 
p is the volume density of charge - the charge per unit volume; J is the volume 
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Fig. 1.1. a) Open surface S and b) volume V to be used with Maxwell’s equations in integral 
form. 


density of current- the charge passing per unit time through a unit area with normal 
3 = J /\J\. The equation of continuity for electric charge (1.5) is a statement of 
charge conservation. Per unit time, the net charge passing out through the closed 
surface S (the left-hand side) must equal the net decrease in the charge within the 
volume V (the right-hand side). ‘ 

In free space or vacuum the quantities V and ti are simpiy related to 8 and B: 

t) = e 0 8(r, f), ; (1.6) 

W(r, t) = —B(r , 0; (1.7) 

fl° 

where e 0 = 8.8541 . . . x 10~ 12 F/m is the permittivity of free space and /z 0 = 
4 tt x 10" 7 H/m is the^ permeability of free space. The two constants e 0 and are 
related by the speed of light c in a vacuum : 

c = 1 /y/EoHo = 2.9979 ... x 10 8 m/s. (1.8) 

9 ^ 

In a material the connections between the vectors £, B, V y and ti are gen- 
erally determined by experiment and are referred to as the electromagnetic con- 
stitutive relations. The simplest constitutive relations parallel the results for free 
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Table 1.2. 


Electromagnetic quantities and their units 


SI unit 


Quantity 

Terminology 

In terms of 
other units 

In terms of 
base units 

£ 

Electric field strength 

V/m 

m • kg • s~ 3 • A" 1 

B 

Magnetic field strength 

T 

kg • s -2 • A -1 

V 

Electric excitation 
(electric displacement) 

C/m 2 

m~ 2 • s ■ A 

n 

Magnetic excitation 

A/m 

m -1 - A 

J 

Volume density of current 

A/m 2 

m“ 2 • A 

P 

Volume density of charge 

C/m 3 

m“ 3 • s • A . 

Js 

Surface density of current 

A/m 

m _1 • A 

Ps 

Surface density of charge 

C/m 2 

m~ 2 • s • A 

Eo 

Permittivity of free:space 
(8.8541... x 1(T 12 ) 

F/m 

. m -3 • kg -1 • s 4 • A 2 

Po 

Permeability of free space 
(4>rx 1(T 7 ) 

H/m 

m • kg • s“ 2 • A“ 2 

C 

Speed of light in free space 
(2.9979;.. x 10 s ) 

- 

m • sT 1 

s 

Poynting vector 

W/m 2 

kg • s" 3 


space (1.6, 1.7): 

T>(r,t) = e£(r,t) = e r e 0 £(r,t), ( 1 . 9 ) 

U(r, t) = .-B(r, t) = t), . (1.10) 

M Mr/Xo 

where e r = e/e 0 is the relative permittivity or dielectric constant and p r = p/p Q 
is the relative permeability. In a conductor, the volume density of current will also 
be related to the electric field: 

J(f t t) = J c (f t t) = o£(r t t), (1.11) 

where o is the electrical, conductivity of the material. The subscript c indicates a 
conduction current; it will be omitted unless it is needed to resolve an ambiguity. 
Notice that e, p, and a in these equations are independent of position (r) and time 
(t) and that e r >1, p r >1, and a > 0. 

Materials obeying the . constitutive relations (1.9)— (1.1 1) will be called simple 
materials. We must emphasize that these- simple constitutive relations are accu- 
rate representations for the electromagnetic behavior of actual materials only in 
restricted cases. More complicated relations are often required iii practical applica- 
tions. It is easy to understand one of the limitations of these relations: They require 
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•quantitiesjike £and V to have the same temporal variation. Since the relationship 
between £ and V is the result of physical mechanisms within the material, such as 
the orienting of microscopic dipoles, the simple constitutive relation (1.9) Wplies 
that the mechanisms respond instantaneously to any temporal variation in the field. 
Clearly, this will not be true for fields with extremely rapid temporal variations. 
In this book we will limit our discussion to electromagnetism in free space or in 
simple materials. 

The equations we have presented so far, (1.1 )-( 1.11), provide a self-contained 
description of electromagnetism. The connection between electromagnetism and 
mechanics is provided by an additional relation — the Lorentz force expression [7]. 
For a volume V of free space at rest containing charge and current described by 
the volume densities p and J, the net mechanical force of electromagnetic origin 
acting on the charge and current is 

JJJ v (.p£ + jxB) dV . ( 1 . 12 ) 

The integrand of (1 . 12), which is a force per unit volume, 

f = p£ + J x 3 t (1.13) 

is often referred to as the Lorentz force density. If the volume V is a material body 
that carries the charge and the current, then the forces on the charge and the current 
are forces on the body, and (1.12) is the net mechanical force of electromagnetic 
origin acting on the body. 

We can use Equation (1.12) to obtain an expression for the force on a charged 
particle moving in an applied electromagnetic field £ a , 3 a in free space. The charged 
particle is a small body with charge density p and total Charge . 


The velocity of the particle is i), making the current density within the particle 

J = pv. 

The total field at a point within the particle is the applied field £„, B a plus the field 
due to the charge in the particle itself £„ B s , which is called the self field: 

£ = £a + £s, B = B a +B s . 

From (1.12) the total force on the particle is 

£ = (1.14) 

with the applied force 


ta 

£ 


K 


C P£a + PV 


fffU + ei 


X B a )dV, 

x B s )dV. 


and the self force 
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Now we will assume that the particle is so small that the applied field is essentially 
uniform over its extent. The force due to the applied field is then 



= (£a "h U X B a ) 



PdV y 


which can be written 


T a = q(£a + vxB a ). (1.15) 


This is the familiar Lorentz force for a moving particle in an applied electromagnetic 
field. 

The total electromagnetic force on the particle (1 . 14) is the applied force T a plus 
the self force T s ? In practical situations the self force is often negligible, and the 
total force on the particle is approximately the applied force 

; f = # fl + iJx4). • (1.16) 


This equation can be considered an operational definition for the electric and mag- 
netic fields in free space. The applied electric field is defined by the force T e expe- 
rienced by a stationary test charge q : * 

£a = J“ e /q . 


The additional force T m that results from uniform motion of the test charge is used 
to define the applied magnetic field. The component of the magnetic field normal 
to the velocity v of the charge is 



-v x T m 
9i5i 2 


The equations of electromagnetism, (1.1)— (1. 12), are based on extensive. exper- 
imental observation. Historically, deducing these equations from experiment was 
a long and arduous task. It involved many of the famous names in physics, as a 
glance at Table 1.1 shows. For our purposes, it would be of little benefit to re- 
produce the arguments that led from experimental observation to the equations of 
electromagnetism. What we will do instead is describe a few of the more impor- 
tant early experiments and show that the results of-these experiments are predicted 
by the equations of electromagnetism. We will be using the theory to analyze the 
experiments rather than using the experiments to synthesize the theory, since the 
latter is a much more' difficult process. Our approach provides an additional benefit: 
We will get to review the application of the integral form of Maxwell’s equations 
to determine the fieids, forces, etc. for a few simple geometries. 

For the establishment of a physical law, which is expressed as a mathemati- 
cal relationship, experimental observations of a quantitative nature are generally 


2 The self force first arose in the development of early classical models for the electron, in which the 
electron was assumed. to be a small charged sphere. H. A. Lorentz was an important contributor to 
these early models. A brief qualitative argument for the origin of the self force is given in Section'6.5. 

The history of the classical models for the electron and detailed derivations of the self force are 
presented in References [8-10]. 
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required. Until the middle of the eighteenth century, experimental observations 
of electric and magnetic phenomena were at best semiquantitative. For example, 
observations suggested that the electrostatic force between two charged objects in- 
creased as they came closer together, but the mathematical dependence of the force 
on the separation was not established. 

In the latter half of the eighteenth century, several investigators; including Henry 
Cavendish (1731-1810) and Joseph Priestley (1733-1804), inferred from experi- 
ments that the electrostatic force between charged objects varies inversely as the 
square of the distance separating the objects [1]. In the modem literature, however, 
Charles Augustin de Coulomb (1736-1806) is generally credited with establishing 
this result, and it is Coulomb’s experiment that we will describe [1.1, 12]. 

Coulomb had previously developed a torsion balance for measuring small forces, 
and he made use of it in his electrical studies. A sketch of his apparatus is shown in 
Figure 1.2. 3 The torsion balance is formed from a thin, vertical, silver wire held taut 
by a weight attached to its lower end. When the wire is twisted it produces a force 
of torsion. Coulomb had shown earlier that this force was directly proportional to 
the angle of twist y\r. Two small, gilded, elder wood pith balls are located in a plane 
normal to this wire. One is held fixed; the other is mounted on a horizontal arm 
attached to the-wire and is free to moye as the wire is twisted. 

The balance was initially set so that there was no twist in the wire when the two 
uncharged balls were in contact. The pointer fixed to the upper end of the wire was 
zeroed. Then a small charged pin was brought in contact with the balls to give them 
equal charge of the same sigh. The movable ball was repelled through the angle 
\jf 5 (a counterclockwise rotation in Figure 1.2). The distance between the centers 
of the balls r and the angle ^ could be reduced by rotating the pointer through the 
angle f P (a clockwise rotation in Figure 1.2), making the total angle of twist for 
the wire ^ = yjr s + 

Using two values of the angle of twist, and i/^, Coulomb was able to show 
that the electrostatic force of repulsion T behaves as 

= = (n\ 2 . 

Fi fa \n) ' 

that is, the force is inversely proportional to the square of the distance separating the 
balls. Additional experimentation led to the following result, known as Coulomb’s 
law, 



where q and q f are the charges on the two balls. 

‘ We should mention that Coulomb also verified this relationship for attractive 
forces (i.e., for balls with charges of opposite sign). Initially he tried to use the 
apparatus in Figure 1 .2 for this purpose but found that the mechanism Was unstable, 

3 All of the drawings showing the apparatus used in the early experiments are this author’s rendition, 
e.g., Figures 1.2J 1.4, L5a, 1.7, 1.9, and 1.12. In most cases details of the construction have been 
omitted to allow a clearer description of the mechanism. 
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Fig. 1.2. Coulomb’s apparatus for electrical studies. The apparatus was enclosed in glass 
tubes, not shown, to prevent air currents from disturbing the measurements. 


with the pith balls often coming together. He then devised a new apparatus, which 
also used his torsion balance, to study the attractive forces [11, 12]. 

Coulomb’s observations are predicted by the equations of electromagnetism, as 
we will show by .applying these equations to the geometry in Figure 1.3. Here two 
spheres (1 and 2) in free space are separated by a distance r\i that is assumed to 
be much larger than the radius of either sphere. As a result, the charge on sphere 
1 is approximately uniformly distributed over its surface, which means that its 
electric field is in the radial direction, r, and is spherically symmetric. On applying 


Gauss’ electric law (1.3) 
we find that 


T>i • dS = e t 


to a spherical surface of radius r surrounding sphere 1, 


£rl 


dS = s 0 S r i(.4nr 2 ) = JJJ ^ pidV = q u 



Fig. 1.3. Geometry for analyzing Coulomb’s experiment. 


£i = 


q\ 


4ne 0 r 2 


Since the distance r\i between the spheres is much larger than the radius of 
sphere 2, the electric field of sphere 1 is approximately uniform' over the volume 
of sphere 2: 

4i 




-r 12 - 


47 iE 0 r\ 2 

Now the force on sphere 2 due to the electric field of sphere 1 is obtained by applying 
the Lorentz force expression (1.12) to the volume V containing sphere 2: 

T = JJJ v frSndV ** Sn fndV = q 2 £ni . 


or' 


4142 ? 

12 , 


Ane 0 r \ 2 


(1-17) 


which is a mathematical statement of Coulomb’s observations. 

Coulomb also used his: torsion balance to measure the force between magnets. 1 
By using a long, thin, magnetized needle, he was able to study die force near one’ 
pole of the magnet. From these measurements he concluded that the force between 
two magnetic poles of strength 7r m and n' m separated by the distance r was 


T oc 




Note the similarity of this expression to the one he obtained for the force between 
electric charges. When we write Coulomb’s results in terms of magnetic charge 
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(q m ) instead of magnetic pole strength and take proper account of the system of 
units, we have 


^ QmlQml a 

■F = 1 2 rn 

Anii 0 r{ 2 


(1.18) 


for the force between the two magnetic charges q m \ and q m i separated by the 
distance 

The similarity between the electric and magnetic cases, (1.17) and (1.18), sug- 
gests that we have a Gauss’ law for the magnetic field 

|B'^= ffj v ^ dV d-19) 

and a Lorentz force expression for stationary magnetic charge 

where p m is the volume density of magnetic charge. 4 

Coulomb could not produce a body with a net magnetic pole strength (i.e., a net 
magnetic charge). When a magnet is broken into two pieces, two magnets (each 
with a north and a south pole) are formed, not two separate poles, one north and 
one south. All subsequent attempts to find a body with a net magnetic pole strength 
or a net magnetic charge have failed. Thus, the experimental evidence requires the 
right-hand side of (1.19) to be zero: 

(ff)B-dS = 0. 

Jfs 

This is just Equation (1.4) in our list of Maxwell’s equations. 

' The qualitative similarities between electric and magnetic phenomena were noted 
long before Coulomb performed his experiments; for example, like electric charges 
and lil$e magnetic poles were known to repel, whereas unlike electric charges and 
unlike magnetic poles were known to attract. In addition, other observations sug- 
gested a direct connection between electricity and magnetism; for example, steel 
objects located near lightning strikes, believed to be electric in origin, were found 
to be magnetized. ' — 

The first experiment that conclusively showed the connection between electric- 
ity and magnetism, was performed by Hans Christian Oersted in 1820 [13, 14]. 
Oersted’s experiment was extremely simple by today’s standards; it involved no in- 
tricate or specially constructed apparatus. A- sketch of his apparatus is in Figure 1.4. 
Oersted connected a piece of wire to the terminals of a battery. He then moved a 
compass needle under a straight section of the current-carrying wire and noticed 
that the needle was deflected to a position with its axis normal to the axis of the 
wire. The direction of the needle reversed when the needle was located above rather 
than below the wire or when the direction of the current in the wire was reversed. 


4 These equations depend somewhat on the convention used, that is, on how one defines magnetic 

charge. Other equally valid representations can be found in the literature (e.g., H may appear in 
(1.19) instead of B)..For additional discussion of magnetic-charge see Problem 1.6.and Section 7.3. 



NEEDLE 

Fig. 1.4. Oersted s apparatus for showing the effect of an electric current on a magnetic 
needle. 

These observations suggested the presence of a circular magnetic field around 
the wire. This point was graphically demonstrated some years later by Michael 
Faraday [15]. In Figure 1.5a we show Faraday’s experiment. The straight section 
of the current-carrying wire pierces a piece of stiff paper. Iron filings sprinkled on 
the paper tend to align with the magnetic field. The circular magnetic field around 
the wire is clearly shown by the distribution of the filings in Figure 1 .5b, which was 
made using an arrangement similar to Faraday’s. 5 

The theoretical explanation for Oersted’s observation is contained in the Ampere- 
Maxwell law (1.2). Because we are dealing with a steady current, all field quantities 
are time independent, and the second term on the right-hand side of (1.2) is zero: 

j) B-dl = JJ^J-dS. ( 1 . 20 ) 

We will now apply this equation to a surface 5, which is: a circular disc centered 
on the straight current-carrying wire in Figure 1.6. The right-hand side of (1.20) is 
then just the total current / passing through a cross section of the wire. Since the 
geometry is rotationally symmetric about the axis of the wire, £ is independent of 
the angle <£, and the left-hand side of (1.20) simplifies to become 

1 r^Jt 1 r 2 k r\ 

— B- $rd<t> = —rBt / d<j> = - — B#. 

Mo J <f >— 0 Mo J 0=0 Mo 

5 For this picture, a square coil of seven turns was connected to a source that produced a current of 
about 14 A. One side of the coil pierced the paper. Thus, the pattern is equivalent to what would be 
produced by a current of 7 x 14 A = 98 A in a single wire. * j 
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Fig. 1.5 Faraday’s demonstration of the lines of magnetic force surrounding a long, straight 
conductor, a) Apparatus, b) Distribution of iron filings. 


Thus, 

so the magnetic field is 



n ^° l A 

B = - — <p. 

2nr 


( 1 . 21 ) 


This is the circular magnetic field that Oersted observed around the wire. 

The news of Oersted’s discovery spread quickly throughout Europe, where sev- 
eral scientists tried to duplicate and extend his results. Jean Baptiste Biot (1774-. 
1862) and F61ix Savart (1791-1 841) experimentally studied the force between a 



SURFACE S 

Fig. 1.6. Geometryjor analyzing Oersted’s experiment. 



Fig. 1.7. Ampere’s apparatus for observing the force between two parallel, current-carrying 
wires. The apparatus was enclosed in a glass case, not shown, to prevent air currents from 
disturbing the measurements. 


current-carrying wire and a magnet. Andr6 Marie Ampere conjectured that electric 
currents were the cause of magnetism, and since there is a force between an electric 
current and a magnet, there must be a force between two electric currents. Ampfcni 
made extensive theoretical and experimental studies of this forc.e. 

Figure 1.7 shows the apparatus for one of Ampere’s early experiments used to 
explore the force between two parallel,. current-carrying wires [16]. The straight 
wire AB is held fixed, while the U-shaped wire CDEF is free to rotate on the 
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Fig. 1.8. Geometry for analyzing Ampere’s experiment to observe the force on parallel, 
current-carrying wires. 

steel points fastened to its ends. In the arrangement -shown, the series connection 
causes the currents in the two parallel sections of wire AB and DE to be in opposite 
directions. The connections could easily be rearranged to make the currents in 
the same direction. With this apparatus Ampere observed that the parallel wires 
were attracted when the currents were in the same direction and repelled when the 
currents were in opposite directions. This effect is opposite to what is observed for 
electric charges and magnetic poles, where like elements repel and unlike elements 
attract. 

Ampere’s observations are contained in the Lorentz force expression (1.12). Con- 
sider the two parallel, infinitely long, current-carrying wir.es shown in Figure 1.8. 
The wires are separated by the distance d. From (1.21) the magnetic field at the 
center of wire. 2 due to the current in wire 1 is 


£ Voh . 
ea ~M y - - 


We will assume that the field is approximately uniform over the small cross section 
of wire 2; the force on a length i of wire 2 due to the magnetic field of wire 1 is 
then 



I 


Ji x dV ■ 


rz+l 

' L 


(hi) x B n dz’ 


-IX ohh t „ 
ind Xm ; 


( 1 . 22 ) 


For equal currents in the same direction (7i = Ii) y the wires are attracted; for 
equal currents in opposite directions (7i = —72), the wires are repelled, as Ampere, 
observed. 
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In experiments like the one shown in Figure 1.7, the conductors essentially short 
circuit the battery. The battery then cannot maintain a constant voltage, so the current 
in the circuit varies with time, which makes quantitative measurements difficult. 
Ampfcre avoided this problem in his later experiments by basing them on the null 
principle. In these experiments, the same current passed through all conductors of 
the circuit. The physical arrangement of the conductors was chosen so that they 
produced no force - a null - at the location of a detector. Temporal variations in the 
current did not affect the. null condition. By using different physical arrangements 
for the conductors, Ampfcre was able to infer the mathematical behavior for the force 
between current elements from these experiments, a feat described by Maxwell [5] 
as “one of the most brilliant achievements in science.” 

We will look at one of the four experiments, based on thie null principle, that 
Ampere described in his famous memoir [17]. This particular experiment shows 
that the force of magnetic origin on a small element of current is always normal to 
the direction of the, current. This result is obviously contained in the Lorentz force 
expression (1.12), since the cross product J x Bis always normal to J: 

Ampere’s apparatus for this experiment is shown in Figure 1.9. A battery pro- 
duces a current 7 in the' conducting circuit AOBEB'OA'D, which rests on the top 
of a .table. There are four radial conductors with common ends at O: AO, BO, A'O, 
and B'O. The circular arc of wire CC' rests on the mercury-filled troughs at B and 
B'. A radial support arm EF is connected to this arc by a hinge at its midpoint E. 
The radial support arm is also attached to a vertical rod that is free to rotate about 
the axis OP. • \ 

The current-carrying conductors on the table are viewed as the two separate 
closed circuits shown in Figure 1.10. Circuit 1 is the loop AOA'DA;! circuit 2 is the 
loop BOB'B. Circuit 1 produces a magnetic field B\ at circuit 2, and it is the force 
that this field causes on the movable arc CC' that is observed in the experiment. 
When the arc CC' is positioned so that the circle of which it is a part has its center 
O' coincident with 0, as in Fjgure 1.11a, there is no movement of the arc. This null 
result implies that the force ^acting on the arc is normal to the arc and acts through 
O. The motion of the arc is thus prevented by the radial support arm EF. When the 
arc CC' is positioned so that the circle of which it is a part has its center O' away 
from O, as in Figure 1.1 lb, the arc moves. In this case the force f is normal to the 
arc, but it does not act through O; thus, the radial support arm EF does not prevent 
it from moving. 

Ampere obtained the same results for arcs of different length, and he concluded 
[18], “. . . that the action of a closed circuit, or an assembly of closed circuits (a 
magnetic field) on an infinitesimal element of an electric current is perpendicular 
to this element.” 

Note that the currents in the two segments BO and B'O of circuit 2 also produce 
a magnetic field at the arc CC'. For the case in Figure 1.11a, .Ampere correctly 
argued that, due to symmetry, the forces caused by these currents would not move 
the arc. For the case in Figure 1.11b, the forces caused by these currents do move 
the arc. The additional effect due to the magnetic field of circuit 1 is then observed 
by changing the shape of the wire ADA'. e 



Fig. 1.9.. Ampere’s apparatus for demonstrating that the force of magnetic origin on a small element of current is always normal to the direction 
of the current. 
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*s 


CIRCUIT 1 



Fig. 1.10. The current-carrying conductors of Ampere’s experiment viewed as forming two 
closed circuits. 

After Oersted showed that an electric current produced a magnetic field, many 
scientists attempted to demonstrate the reciprocal effect, that is, an electric current 
produced by magnetism. There were a few near successes, but it was Michael 
Faraday in 1831 who finally obtained conclusive experimental proof for this effect. 
Faraday, like Ampere, based his theoretical reasoning on a series of experiments 
[19-21]. We will describe one of these experiments, the one with which Faraday 
first observed a magnetic field producing an electric current [22]. 

A drawing of Faraday’s apparatus is shown in Figure 1.12. Two coils, A and B, 
are wound on an iron ring with a diameter of about 15 cm. The terminals of coil A 
are connected to a battery, while the terminals of coil B are connected to a loop of 
wire, a portion of which passes over a magnetic needle. 

Faraday observed that the magnetic needle moved momentarily whenever the 
battery was connected to or disconnected from the circuit. The needle was deflected, 
oscillated, and eventually returned to its initial position. Faraday had discovered 
electromagnetic induction. When the battery was connected, it produced a rapidly 
increasing current T& in coil A and, consequently, a rapidly increasing magnetic 
field in the iron ring. This time- varying magnetic field induced a transient current 
1 B in coil B and the connected wire loop. The current in the wire loop, in turn, 
produced a transient magnetic field that deflected the magnetic needle. Once the 
current in coil A was steady, there was no effect on- the magnetic needle. 
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It is clear why the investigators before Faraday failed to discover electromagnetic 
induction. They used apparatus not significantly different from Faraday’s, but they 
restricted their observations to the time when the current was steady and missed the 
small momentary effects produced when the battery was connected or disconnected. 

The theoretical explanation for Faraday’s observations rests on Equation (1.1), 
appropriately called Faraday’s law. First, we will consider the cross section of the 
iron ring shown in Figure 1.13a. We will apply Equation (1.2) to the surface S A on 
this cross section. The circular contour C A , which is on the axis of the ring, bounds 
S A . After neglecting the second term on the right-hand side of this equation, we 
have 

£ K J A -dS. 

The magnetic excitation H A is approximately uniform on the axis of the ring, 
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J A - dS = N a 1 a , 


or simply 




The magnetic field B\o is related to H A q by the permeability of the iron (jl (1.10): 

B A e = iiH A e = — — - 1 A . 

2 nb 

Nov/ we will apply Faraday’s law (1.1) to the surface Sb, which is bounded by 
the contour Cb formed by the coil B and the connected wire loop: ' 


Vf: 


dS: 


(1.23) 


For the right-hand side of this equation, we note that the portion of Sb that couples 
the magnetic field B A is the Nb turns, each of area Sn = n a 2 (see the lower drawing 
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a) 



h) 



B a 



c) 

Fig. 1.13. Sketches for the analysis of Faraday’s experiment a) Magnetic field in iron ring, 
b) Current induced in coil B. c) Magnetic field of current in wire. 
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of Figure 1.13b). The magnetic field is approximately uniform over the area S^\. 
thus 


-1 


The electric field S B in the wire of coil B is related to the 
by the conductivity of the wire erg (1.11): 

£b = Jb/&b- 

If we assume that J B is in the axial direction and uniform 

2* = jraJlJfcl, 
or 


volume current density 


throughout the wire, 


\£b I =2fl /xalo s , 


then 


I 

Jc B 


e B dt = 


ZbZ-b 
na 2 B (T B ' 


(1.25) 
the wire forming coil B 


where a B and i B are the radius and length, respectively, of 
and the connected loop. 

On inserting (1.24). and (1.25) into (1.23), we have 

• -r (na 2 a B \(nN A N B a 2 \9X A 

■■■■■ ■ f 

The field B b produced by the straight piece of wire over the magnetic needle 
(Figure 1.13c) is from (1.21): . ; 

- = HqIb jJ-oiJ-N A N B a 2 \ 3J A ' 

B 2nr \ t B /\ 47r&r / 3 1 ' 

Recognizing that R B = l B /a B nag is the resistance of coil B apd the connected 
wire, we get 

s ( t x otJ-N A N B a 2 \ dI A {t) * 

B * W “l 4,S.i,r )—*■ 

This equation is the mathematical statement of Faraday’s observation: A time- 
varying current in coil A produces a magnetic field around the wire of coil B 
that deflects the magnetic needle. Once the current is steady, dl\(t)/dt = 0, this 
magnetic field ceases to exist and there is no effect on the magnetic needle. 

Our theoretical explanations for the experiments we have examined have used all 
of Maxwell’s equations and the Lorentz force expression. Coulomb’s observations 
for static electric and magnetic fields are explained by Gauss’ electric and magnetic 
laws, Equations (1.3) and (1.4), and the first term in the Lorentz force expression 
(1.12). Oersted’s and Ampere’s results for steady currents are explained by the 
Ampere-Maxwell law (1.2) (without the second term on the right-hand side) and the 
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second term in the Lorentz force expression (1.12). Finally, Faraday’s observation 
of electromagnetic induction is explained by his law (1.1). 

The one term in Maxwell’s equations that we have not used in our explanations 
is the second term on the right-hand side of the Ampere-Maxwell law, that is. 



This is the famous term first introduced into the equations of electromagnetism 
by Maxwell. Maxwell believed that this term was due to a real displacement of a 
physicM substance, hence the name electric displacement for the vector T>. 

The exact reasoning Maxwell used to arrive at this term is not known [23]. 
However, it is fairly certain that he did not make use of a definitive experiment of 
his own or another’s design, for in describing the displacement within the dielectric 
of a condenser he states [24], “this part of the theory ... has not been verified by 
direct experiment. The experiment would be a very delicate and difficult one.” And 
later in his treatise [5] he says, “We have very little experimental evidence relating 
to the direct electromagnetic action of currents due to . the variation of electric 
displacement in dielectrics; ...” In fact, conclusive experimental proof for the 
displacement term in the Ampere-Maxwell law was not obtained until nearly fifteen 
years after the publication of Maxwell’s treatise, when Hertz performed his famous 
experiments on electromagnetic waves [25]. We will delay the discussion of Hertz’s 
experiments until we have developed the ideas associated with electromagnetic 
waves (Section 2.7). 

There are several theoretical arguments that can be used to justify the displace- 
ment term in Equation (1.2). Perhaps the simplest argument shows that Equation 
(1.2) is inconsistent with Equations (1.3) and (1.5) unless this term is included. 
After differentiating (1.3) with respect to time and substituting into (1.5), we have 


jj)-J-dS + jj)^-dS = 0. 


(1.26) 


Now (1.2) is applied to the two portions S\ and S 2 of the closed surface S shown 
in Figure 1.14: 



After combining these results, we have 
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Fig. 1.14. Closed surface S composed of Si and S 2 . 



,The two contour integrals on the left-hand side of this equation are equal except 
i for their sense; therefore, they cancel leaving 


J-dS + 


dT>‘ - 
— •dS = 0. 
s dt 


(1.27) 


The two results, (1.26) and (1.27), are the same, but they would not be if the 
displacement term had not been included in the Amp&re-MaxweU law (1.2). An 
experimental demonstration of the displacement current is discussed in Problem 1 .2. 


1.2 Curl and divergence: Maxwell’s equations in differential form 

The integral form of Maxwell’s equations, discussed in the previous section, applies 
to regions of space, either an open surface (Equations (1.1) and (1.2)), .or a volume 
(Equations (1.3), (1.4), ^and (L5)). These' equations can be easily solved for the 
electromagnetic field, £ and B, only in cases where a high degree of physical 
symmetry exists. We saw examples of this when we analyzed the early experiments, 
which involved highly symmetric geometries, such as spherical pith balls; long, 
straight wires; etc. 

The integral form of Maxwell’s equations can be converted to a differential form, 
a system of partial differential equations, by the use of two vector operations - the 
curl and the divergence. The differential form of Maxwell’s equations applies at a 
point in space rather than over a region of space. Systematic methods, using modern 
digital computers have been developed to solve these partial differential equations, 
even in cases where a high degree of physical symmetry is not present (we will 
discuss one of these methods in Section 1.6). 

We will begin our derivation of the differential form of Maxwell’s equations 
by considering the mathematical definitions for the curl and the divergence (see 
Appendix B and References [26] and [27]): 

Curl The components of the vector field A are continuous in the neighborhood 
of the point P located by the position vector r shown in Figure 1.15 a. The element 
of surface area A S on which P lies is bounded by the piecewise smooth, simple, 
closed curve C. At P the unit vector normal to the surface is h. The circulation of 
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a) 


b) 



C 


RIGHT SIDE 
C*.y+ Ay/2, 


*') 


Fig. 1.15. Geometry used for defining the curl, a) Element of surface area AS bounded by 
curve C. b) Example for rectangular Cartesian coordinates. 


the vector field A around the curve C is defined to be 

r = <j) A ■ di. 


(1.28) 


where di is the vector differential length along C (an infinitesimal vector locally 
tangent to C). The sense in which the curve C is traversed relative to h is determined 
by the right-hand rule. The component in the direction h of the curl of the vector 
field at P is the limiting value of the circulation of A divided by the surface area 
A 5, as the area approaches zero about P: # • • *. 

h • curl A(r) = lim ( ) = linr ( -i- (f A • di \ C1.29)- 

as—+q \AS J as — ►() y AS jq J 

This result is independent of the coordinate system. 
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Now we will consider the curl in a particular Coordinate system - the rectangular 
Cartesian coordinate system (x, y, z). The component of curl A in the direction x is 
to be determined at the point P(x, y, z). The element of surface area is a rectangle 
with sides Ay and A z and normal x centered at P. The geometry is shown in 
Figure 1.15b. 

The line integral (1.29) now consists of four segments, one for each side of the 
rectangle. The integrals for the right and left sides, 


rz+i 

/ 

Jz'=z 


z+Az/2 


■ Az/2 


A(x, y 4- Ay/2, 


and 


combine to give 


-f 

Jz' 


z') ■ zdz' 


I-Az/2 

A(x, y - Ay/2, z') ■ zdz 

•■z+Az/2 


rz+Az/2 

h + h= / [A^U/y + Ay/2, z‘) - A z (x, y - Ay/2, z')]dz 7 

J z'—z—Az/2 J 


(1.30a) 


(1.30b) 


•; (i.3i) 

If A z is continuous over the interval z - Az/2 < z! < z + Az/2, the mean value 
theorem for integrals can be used to write (1 .3 1) as 6 - 

//? +i/i = [ A z (x , y + Ay/2, z*) - A z (x, y - Ay/2, z*)]Az, ( 1 . 32 ) 

where z — Az/2 < z* < z + Az/2. Now if A z is also continuous for the interval 
y - Ay/2 < y' < y 4- Ay/2 and has a first partial derivative d A z /dy for the interval 
y - Ay/2 < y' < y -f Ay/2, the mean value theorem can be used to write (1.32) as 


dy 


(x,y*,z') 


AyAz, 


(1.33) 


where y — Ay/2 < y*‘< y 4- Ay/2. 

The line integrals over the other pair of sides (top and bottom) can be handled in 
a similar manner: 


_ r — dAy 

I t + I B = ^ 


3 z 


(x,y**,z“) 


AyAz. 


The mean value theorem for integrals states that if /(f) is continuous for a < f< < b, then 

= /«•)(* -a). a<r<6. 

The mean value theorem states that if g(f ) is continuous for a < f 
a < f •< b , then • 


gib) - g(a) = g'(£*)(b -a), a <$* <b.\ 

The relationship between these two theorems is seen on substituting /(f) = g'( f) [28]. 


(1.34) 


< b and g'{$) exists for 
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The component of the curl in the direction x is then 
f 1 r + II + It + 1b \ 


x • curl A (x 


(l 

• y,z) = lim ( - 

Ay— »-0 \ 


Az->-0 


= lim 


. AyAz 


1 


Ay-fO A AyAz 

Az— ►O 


8A Z 

dy 




dAy 

dz 


1 AyAz IV 
(*.y**.z**)i J/ 


(1.35) 

Assuming that the partial derivatives are continuous, in the limit Ay -> 0, we have 
y* y, y** y, etc., arid 


* v 3A Z dA y 

x • curl A(x, y, z) = — r-4 

dy dz 


(1.36) 


This is the x component of the vector curl A; the y and z components, determined 
in a similar manner, are 

* , — , 3Ax 3A< 

y • curl A(x, y, z) = — 


and 

which makes 

curl A(x, y, z) = x 


dz 

3A V 


3x 

3 Ar 


£-curlA(jc,y, z) - ^ - a 
dx dy 


( 3A Z 3A y \ A / 3 A, 3AA A / 
(*37 3* / +> V 3z ~ 3x ) +Z \ 


(1.37) 

(1.38) 


A /3A y 

3x 


dA x 

dy 


= E < 


i=x,y,z 

When the notation 


is introduced, we have 


3A 

~df 


■ -* ? 3 A 

V x A = > i X — 

. 3i 

»=*,y,z 


(1.39) 


(1.40a) 


(1.40b) 


. curl A(x, y, z) = V x A(x, y, z). 

Divergence The components of the vector field A are continuous in the neigh- 
borhood of the point P located by the position vector r shown in Figure 1.16a. 
The element of volume A V containing P has the piecewise smooth surface S with 
outward-pointing, unit normal vector h. The divergence of the vector field at P is 
the limiting value of the net outward flux of A through the surface S divided by the 
volume A V, as the volume approaches zero about P: 

div Mry ;. hm Q (Jy§ s n- AdS ). . . (1.41) 

This result is independent of the coordinate system. 
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Fig. 1 . 16. Geometry-used for defining the divergence and the gradient, a) Element of volume 
A V with surface S. b) Example for rectangular Cartesian coordinates. 


Now we will consider the divergence in the rectangular Cartesian coordinate 
system (x, y, z). The volume element A V is a rectangular box with sides Ax, Ay, 
and Az centered at P(x, y, z) (Figure 1.16b). The surface integral (1.41) consists of 
six integrals, one over each face of the box. For the right and left faces, the integrals 
are 



x • A(x 4- Ax/2, y\ z'Wdz' 


z+Az/2 ry+Ay/2 
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and 

rz+Az/2 ry+Ay/2 ^ 

h = / / -* • A(x - Ax/2, y', z')dy'dz, 

Jz‘=z-Az/2 Jy'=:y-Ay/2 

which combine to give 

» 

rz+Az/2 ry+Ay/2 

Ir + h =. / / [A x (x + Ax/2, y', z') 

J z'—zr-Az / 2 J y'=y—Ay/2 

- A x (x - Ax/2, y, z')]dy'dz'. (1.42) 

If A* is continuous for the intervals y - Ay/2 < y' < y 4- Ay/2 and z - Az/2 < 
z' < z 4 Az/2, the mean value theorem for integrals can be used to write (1.42) as 

h + h = [Ax(x + Ax/ 2, y*, z*) - A x (Jc - Ax/2, y*. z*)]AyAz, (1.43) 

where y - Ay/2 < y* < y + Ay/2 and z - Az/2 < z* < z + Az/2. If A x is 

also continuous for the interval x - Ax/2 < x' < x + Ax/2 and has a first partial 
derivative 9A x /9x for the interval x - Ax/2 < x' < x + Ax/2, the mean value 
theorem can be used to write (1.43) as 

AxAyAz, (1.44) 

where x — Ax/2 < x* < x 4 Ax/2. _ • * \ 

The surface integrals over the other pairs of faces (front and back: If, I B \ top 
and bottom: Jr, Jv) can be handled in a similar manner 


,• , , dA x 

h+I L = — 


... 3Ay 

h'+h = -t— 
dy 




AxAyAz 


Jr 4- Jv = 


dA z 

dz 


(x”*,y”*,z*”) 


AxAyAz. 


(1.45) 

(1.46) 


The divergence is then 


div A(x, y, Z, ) = . lim ( h + h + /f + /fl + !l ± M 
4 jc -»-0 V AxAyAz / 


Ay-»-0 

Az-+0 


= lim 

Ajc->0 

Ay-+0 

Az-+0 

9A, 

dz 


( 1 ( 

r 3 a x 

+ 3Ay 

l AxAyAz [ 

_ dx 

( x*,y*,z *) dy 


(x***,y***,z* 


(x **,r*.z**) 


j AxAyAz 


Assuming that the partial derivatives are continuous, in the limit Ax -> 0, we have 
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x, x** — * r x, etc., and- 

7/ * 3A* 3A V dA, x—y - x 3 A 

divA(x,y,z) = — ^4-— ^ + — ^ = V 

dy dz i~ iZ & 


dx 


or, when the notation 


is introduced, we have 


v • a = y i.~ 

ky* di 


div A(x, y, z) = V • A(x, y , z). 


(147) 


(1.48a) 


(1.48b) 

Note that the integral definitions we started with for the curl and divergence, 
(1.29) and (1.41); are more general than the differential forms that we subsequently 
obtained, (1.39) and (1.47). The use of the former requires the vector field to be 
continuous, whereas the use of the latter requires both the vector field and its first 
partial derivatives to be continuous. 

We next apply the definitions of the curl and the divergence to convert Maxwell’s 
equations in integral form to their differential form. Where required, quantities and 
their derivatives will be assumed continuous. First, we will consider Faraday’s law 
(1.1) applied to the surface AS in Figure 1.15a: * * 

-LJe.a=-±[[ ‘A.ii. \ }U‘ 

as Jc as 1/ A s si ; 

After taking the-limit AS -*■ 0 and introducing the definition (1.29) for the curl, 
this equation becomes ." ■ 


AS- 

or simply 


tc * dB 
n • curl £ = —n • — . 

3 1 


(1.49) 


The orientation for the surface AS (or the unit vector h) is arbitrary in the definition 
for the curl; thus, (1.49) implies that 


curl £(r, t) = — 


or using (1.40b) we obtain 


V x £(r, t) = • 


3 1 ’ 

dB{r,t) 
3 1 * 


(1.50) 


This is the differential form of Faraday’s law; the differential form for the Ampfere- 

Maxwell law (1.2), obtained in a similar manner, is 


curl 7f (r , t) = + 


3 £>(r, r) 
3/ ’ 
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or 

V x H<?, t ) = J(r, t ) + — (1.51) 

When Gauss’ electric law (1.3) is applied to the volume A V in Figure- 1.16a, we 
have . 

■Zv& idS ‘JvfJL pdV -- 

After taking the limit A V -4- 0 and introducing the definition for the divergence 
(1.41), this equation becomes 

.S.[i?I 5 ‘' s ] =di,i "Afe.[r vIfL pdV h ,: ' 

or 

. divl>(r, t) = p(r, /), 
which using (1.48b) becomes 

V -P(r, t) = p(r t t). • (1.52) 


This is the differential form of Gauss’ electric law. The differential forms for Gauss* 
magnetic law (1.4) and for the equation of continuity for electric charge (1.5) are 
obtained in a similar manner: 


div B(r, t) = 0, 


or 


and 


V • B(r , t ) = 0; 


div J (r, t) = - 

V-J(r, t) = - 


dp(r, t) 
dt ’ 

3p(r, 0 

dt ’ 


' (1.53) 


‘ (1-54) 


Equations (1.50)-(.1.54) are the differential form of Maxwell’s equations that 
we sought. These equations, together with the ^corresponding integral forms, are 
summarized in Table . 1.3. 

Let us examine these partial differential equations more closely [6, 29]. We will 
assume that the densities of charge and current, p and are known and that they 
satisfy the equation of continuity (1.54). The field vectors £, B t V , and H are to 
be determined. For free space we can use Equations (1.6) and (1.7) to eliminate V 
and 7f, leaving us with £ and B to.be determined. Each of the vectors £ and B is 
composed of three scalar functions, one for each of the vector components. Thus, 
we have six scalar unknowns: £ x , £y> £ z \ #*, B z . Each of the curl equations, 
(1.50) and (1.51), is composed of three scalar equations; the divergence equations, 
(1.52) and (1.53), provide two additional scalar equations. Thus, with a total of 
eight scalar equations, we have more equations than unknowns. 
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Table 1.3. The equations of electromagnetism^ 

Name 

Equation 



Integral form 

. Differential form 

Faraday’s law 

£ ld2 —flf dS 

• ^ 

V x £ = - — 
dt 

Ampere-Maxwell law 

i* dl -P dS+ fL£ dS 

dV 

Vx« = J + - 

Gauss’ electric law 

§/ dS -fffy ddV 

II 

> • 

Gauss’ magnetic law 

o 

II 

TCo 

HQ 

V • B = 0 

Equation of continuity 
for electric charge 

§/- di --fIL% dV 

CO I 

1 

II 

• > 

Lorentz force expression 

f = JJJ^pe + J X B)dv 


.Poynting’s theorem 


dB\ 

-r-i ) dV 

/ 


4" QD <S • dS = 0 

JJs 


Poynting vector 

§ = £ xH 



Note: ^All quantities are evaluated in the rest frame of the observer, and all surfaces and 
volumes are held fixed in that frame. 


This dilemma is the result of the five equations, (1.50)— (1.54), not being inde- 
pendent. To show this, consider the divergence of Equation (1.51) and recall that 
V • (V x A ) = 0 for any vector field A (Appendix B): 

- . dV 

V-(V x ft) = 0 = V- J + .V.— . 

dt 

After interchanging the order of differentiation with respect to the temporal and the 
spatial variables and substituting (1.54), we have 

^[V • D - p] = 0. 

Now integrating this equation from an arbitrary earlier time t 0 to t , we obtain 
V • ©(?, t ) - p ( ?, t) = V • V(x, to) - p(r , to) 

= C(?. t 0 ). 
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Fig. 1.17. Electromagnetic problem involving material regions with different electromag- 
netic properties. Illustration is for simple materials. 

If the constant of integration C(r, t 0 ), which is determined at t 0f is chosen to be 
zero, then 

. V.5(? f 0 = p(r,0, 

which is Equation (1 .52), 7 

We have shown that Gauss’ electric law (1.52) is contained in the Ampere- 
Maxwell law (1.51) and the equation of continuity (1.54); in a similar way we can 
show that Gauss’ magnetic law (1.53) is contained in Faraday’s law (1.50). Thus, 
for time-varying electromagnetic fields, we really have two independent vector 
equations, (1.50) and (1.51), (six scalar equations) involving two vector unknowns, 
£ and B (six scalar unknowns). The number of scalar equations equals the number 
of scalar unknowns. 

Equations (1.50), (1.51), and (1.54) are sometimes referred to as the indepen- 
dent Maxwell’s equations and (1.52) and (1.53) as the dependent Maxwell’s equa- 
tions [29]. 

1.3 Surface densities, boundary conditions, and perfect conductors 

A typical problem in electromagnetics involves several material regions, each with 
different electromagnetic properties. For example, the regions may be simple ma- 
terials with the electromagnetic constitutive parameters (1.9M1.11), as shown in 
Figure 1.17. Maxwell’s equations in differential form (1.50)-(1.54) are solved 
in each material region to determine the electromagnetic field £ , B. The field is 
assumed to be continuous and to have continuous first partial derivatives in each 
region. 

7 For a time- varying field, we can consider t 0 to be a time in the distant past when both p and V • V 

were zero throughout all space, making C(r, t e ) = 0. - 
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At the common surface boundary between two material regions, the electromag- 
netic properties of the materials often will be discontinuous: e 2 y£ «i, /.t 2 # \i\, 
and <r 2 / a]. As a result, the components of the electromagnetic field may also be 
discontinuous at the boundary; for example, at the point P in Figure 1.17 we may 
have h ■ £] h • £ 2 . > 

• hi this section we will establish relationships that the electromagnetic field must 
satisfy at a material boundary - the electromagnetic boundary conditions. We will 
apply Maxwell’s equations in integral form (1.1)-(1.5) at the boundary to obtain 
these relationships. Here we are assuming that the integral form' of the equations 
holds within regions where the field is discontinuous. Stated differently, we assume 
that the experimental evidence on which the integral form of Maxwell's equations 
is based shows that these equations hold when the field is discontinuous. Recall 
that the differential form for the equations was obtained from the integral form 
by assuming continuity for the field and its first partial derivatives. Thus, it would 
make no sense to apply the differential form of the equations at a boundary where 
we expect the components of the field to be discontinuous. 8 


1.3.1 Surface densities of charge and current 

In Maxwell s equations, the state of the electric charge is given by the volume 
densities of charge and current, p and J . These densities are usually thought of 
as smooth functions of the position throughout a material body. However, it has 
been recognized since early times that, in certain situations, these densities may 
be significant only near the surface of a body. As an example, we cite the early 
electrostatic experiments of Stephen Gray (1666-173(5) [31]. Gray constructed two 
cubes of oak, one solid and the othes hollow. The two cubes were charged in a 
similar manner. A brass leaf was brought near the cubes, and its deflection was 
noted (a measure of the electric field). Gray found no difference in the deflections 
for the solid and the hollow, cubes, and he concluded that only the surface of the 
cubes was involved in the attraction/repulsion (the electric charge was concentrated 
in a layer at the surface of both cubes). 

More modem results also indicate that the charge on a body may be located 
in a very thin layer at the surface. Quantum-mechanical calculations can be used 
to estimate the charge distribution near the surface of a plane metal sheet (Fig- 
ure 1.18a) [32-34], The metal is viewed as a lattice of positive ions surrounded 
by a distribution of electrons. In the theoretical model, the ions are represented by 
a uniform positive charge density p+ (solid line in Figure 18b), and the negative 
charge density p 0 (dashed line in Figure 18b) for the electrons is computed [33], 
The results in Figure 1.18b are for a neutral sheet with no applied electric field; 

* The following questionable argument is sometimes used to obtain the boundary conditions- 
Maxwell’s equations in differential form, which require continuity for the field and its first partial 
derivatives, are assumed to be obtained from experiment. Next the integral form of the equations is 
obtained from the differential form. The integral form is then used to obtain the boundary conditions 
which show the discontinuity in the field. This point is discussed in References [29] and [30]. 


36 


Basic theory of classical electromagnetism 



— o . — u — — z 

b) z, A 


Fig. 1.18. a) Neutral metal sheet with no applied field, b) Charge densities p+ and p~ near 
right-hand surface of sheet. (Densities are based on quantum-mechanical calculations from 
Lang and Kohn [33].) 

hence, the net charge in the vicinity of each surface must be zero; for example, for 
the right-hand surface 

/ Pc(z)dz- [ [pt(z) + p~(.z)]dz = 0, 

J z=—L J z=—L 

where L is large compared to the lattice spacing of the ions. The charge density p~ 
is seen to be nearly uniform in the metal away from the surface, to oscillate as the 
surface is approached, then to rapidly decay to zero. 

When the metal sheet is placed in a uniform electrostatic field normal to its 
surface, as in Figure 1.19a, the uniform positive charge density is assumed to 
remain unchanged, p + (z) = P+iz)* and the electrons are allowed to redistribute 
to produce the new negative charge density p“(z) [34]. There is now an excess 
of positive charge at the right-hand surface of the sheet and an excess of negative 
charge at the left-hand surface Of the sheet. The excess charge produces an electric 
field that cancels the applied field in the interior of the metal sheet. 


1.3 Surface densities, boundary conditions, and perfect conductors 
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EXCESS CHARGE 
a) NEAR SURFACES 



Fig. 1 .19. a) Metal sheet placed in a uniform electrostatic field, b) Excess charge density A p 
near right-hand surface of sheet. (Based on quantum-mechanical calculations from Lane 
and Kohn [34].) 6 

With the excess charge density A p(z) defined to be the difference in the charge 

densities with and without the applied field, we have 

Ap(z) = P(z) - p 0 {z) = p + (z) + pZ(z) - 0+(z) + p 0 -(z)] = p- iz ) _ P ~ {z)t 
and, for the right-hand surface, - 

f p(z)dz = f A p(z)dz = e 0 £ t : 

** z——L J z=—L 

where £ z z is the electric field outside the sheet. 

Figure 1.19b shows the excess charge density Ap(z) for a sheet of metal like 
sodium placed m a weak external electric field [34]. The excess charge is seen to 
be located within a very small depth near the surface: — 10A<z< 10A (1 A = 
10~ 10 m). ~ 
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These results show that there are situations where charge is confined within a layer 
of microscopic thickness at the surface of a body. For macroscopic electromagnetic 
calculations, the charge is then effectively on the surface of the body, and the volume 
density of charge p can be replaced by a surface density of charge, which we will 
call p s . 9 The surface density of charge has the units of charge per unit area (C/m 2 ). 
For our example, the plane metal' sheet, the surface charge density on the right-hand 
surface is simply 

r L 

p(z)dz = / Ap(z)dz. 

■-L Jz=-L 

Since a surface charge density arises in electrostatic problems, we might expect 
a surface current density to arise in magnetostatic problems (problems that involve 
only steady currents). This, however, is generally not the case. In Figure 1.20 
we compare similar electrostatic and magnetostatic problems. A static line charge 
parallel to a metal half space (Figure 1.20a) induces a charge at the surface of the 
metal. The combined electrostatic field of the line charge and surface charge is 
zero within the metal. A steady line current over a metal half space (nonmagnetic, 
\x = p 0 ), as shown in Figure 1.20b, induces no current within the metal. In fact, the 
magnetic field produced by the steady line current is the same as when the metal 
half space is absent. The metal is a shield for the electrostatic field but not for the 
magnetostatic field. 

We must consider time-varying electromagnetic fields to observe current con- 
centrated near the surface of a metal. If we let the line current of Figure 1.21a 
oscillate with a very high angular frequency a) =.2nf , so that J(f) = Io cos cot, 
the volume density of current in the metal can be shown to be approximately [35] 

J(y, z, 0 = xA(y)e~ l/s cos [cot - z/S - 1r(y)]. 



The parameter S is called the skin depth ; it is simply related to the electrical con- 
stitutive parameters of the metal (e, /jl, cr) by 



(1.55) 


Note that the current for this example is independent of ffie coordinate x. The terms 
A(y) and yjriy) are the amplitude and phase of the current at the surface of the metal. 

The behavior of the current is made clear when it is evaluated at the time t = 
y//(y)/co and normalized by dividing by the value at the surface (z — 0): 


_ J x (y*z,t = yjrfco) 
~ Jx(y> 0, t = y/r/co) 


e z ^co s(z/<$). 


9 We use the term microscopic to refer to observations made on a scale comparable to atomic di- 
mensions. The contrasting term macroscopic is used to refer to observations made on a scale much 
larger than atomic dimensions. For example, the probe used in a microscopic measurement is capa- 
ble of resolving the field between atoms, molecules, etc., whereas, the probe used in a macroscopic 
measurement is enormous compared to atomic dimensions and measures a spatial average of the 
microscopic field. 




The current in the metal (Figure 1,21b) is seen to decay exponentially from its value 
at the surface. The characteristic length for the decay is the skin depth S. A detailed 
analysis shows that the electromagnetic field^also decays with the same character- 
istic length; thus, the electromagnetic field (£, B) is essentially zero in the metal at 
a distance greater than a few skin depths from the surface. The metal is now a shield 
for the time- varying electromagnetic field; compare B in Figures 1.20b and 1.21a. 

The phenomenon we have described is known as the skin effect, approximation 
[35, 36]. It is an approximation that holds when a late » 1 and the skin depth 
is small compared to all physical dimensions of the problem. 1 ^ For our example 

For a metallic conductor of general shape, the sldn depth must be small compared to the dimensions 
of the conductor and the radii of curvature of its surface. Also, the electromagnetic field must vary 
negligibly along the surface over distances comparable to a few skin depths [35]. 
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Fig. 1.21. a) Electrodynamic problem: rapidly oscillating line current over a half space 
of metal, b) Normalized volume density of current near surface of metal. Results are for 
S 2 d 2 , k 0 d = cod/c 1, where <5 is the skin depth. 


(Figure 1 .21) the skin depth 8 must be small compared to the spacing d between the 
line current and the metal half: space (8 2 <£ d 2 ). For good conductors like copper 
(e = e 0t p. = p 0% a = 5:8 x 10 7 S/m), the approximation is very useful, because 
the skin depth can be extremely small at practical frequencies; for example, at the 
radio frequency / = 100 kHz, a/coe = 1.04 x 10 13 and 8 = 2.09 x 10~ 4 m, at the 
microwave frequency / = 1 GHz, a/ue = 1,04 x 10 9 and 8 - 2.09 x 10~ 6 m. 
Of course, for a material that is not as good a conductor as copper and for low 
frequencies the approximation may be of little value; for example, for a typical soil 
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(e ^ 20e o , p « p 0 , j % 5x lO^ 2 S/m) at the power frequency / = 60 Hz, 
cr/coe = 1.0 x 10 5 and 5 = 2.9 x 10 2 m! 

In situations where the skin effect approximation holds and the current is confined 
to a very thin layer at the surface of a body, the current is effectively on the surface 
of the body. For macroscopic electromagnetic calculations, the volume density of 
current J can then be replaced by a surface density of current, which we will call 
Js- The surface density of current has the units of current per unit length (A/m). 
For our example (Figure 1.21) the surface density of current on the metal is simply 

rlOS 

v7;(y,0= / J(y,z,t)dz , 

J z=0 


where the upper limit is chosen large enough that J & 0 at that point. 

It is important to remember that the surface densities of charge and current, p s 
and J s , are models - idealizations, used to represent charge and current that are 
actually confined to a thin layer near a surface. Simple mathematical statements for 
these models result when the surface is the plane z = 0, as in Figures 1.18-1.21. 
Let the actual volume densities of charge and current be p(x , y, z ) and J(x , y, z). 
In the model these densities are replaced by the volume densities p\x % y, z) and 
J\x> y. z): • .... . 

• . ' . p\x, y, z) = p s (x, y)<5(z) (1.56) 

JXx,y t z) = J s (xry)S(z), (1.57) 


where 8(z) is the Dirac delta function (Paul Adrien Maurice Dirac, 1902-1984) or 
the impulse function with the following properties (see Section 5.2): 

m = 0, 




[ mmd$ = m. 

J-Af * 


(1.58) 


The surface densities p s and J s are chosen so that 



p\x, y, z)dz = p s (x , 


/ A* 

p(x, y, z)dz. 

-&z 


(1.59) 


and • 



J\x, y, z)dz = J s (x, y) 


/ A i ' 
' 

-Az 


J(x, y, z)dz , 


(1.60) 


where Az is chosen so that all of the charge or current is within the range of 
integration. The relationship between p and p s is shown graphically in Figure 1.22. 


1.3.2 Electromagnetic boundary conditions 

We now return to our discussion of the behavior of the electromagnetic field at 
a material boundary, such as in Figure 1.17. In Figure 1.23 we have an enlarged 
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Fig. 1.22. Relationship between the volume densities of charge, p and p\ and the surface 
density of charge, p s . 



Fig. 1.23. Geometry used' in obtaining the boundary conditions for the tangential compo- 
nents of the electromagnetic field. 


picture of the boundary around the point P. The smooth* boundary surface has the 
normal h at P pointing outward from region 1. The unit vectors s and t are tangent 
to the surface at P, and the vectors n, s, and i are mutually orthogonal and form a 
right-handed system. 

The* rectangular surface AS with contour C and normal s is centered on the 
boundary at P. The rectangle is small enough that the boundary surface can be 
assumed planar in the vicinity of P. The two sides of the rectangle of length Ai are 
then parallel to the boundary. 
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Let’s apply the Ampere-Maxwell law in integral form (1.2) to the rectangular 
surface: 


i fl:dl -SSj di+ S \ 1 


dv 


■dS. 


(1.61) 


Jas JJas dt 

We will take the height of the contour 2Ah to be much smaller than its length A i. 

Ah/ At « 1. 

Assuming that-7f is finite, the vertical portions of the contour make a negligible 
contribution to the integral. The left-hand side of (1.61) then becomes 

£ n ■ dl-= h* • iAt - n\ ■ iAi, .; (i.62) 

where, by the mean value theorem for integrals, H\ (H%) is H\ (fit) evaluated at 
a point on the horizontal portion of the contour. 

Since the area AS is 2AhA£, for small Ah and dT)/dt finite* the second integral 
on the right-hand side of ( 1 .6 1 ) is negligible: 


IL 


dv - 
— •ds = 0. 

AS 


Now the first integral on the right-hand side of (1.61) will also be negligible unless 
there is a surface current on the boundary, and in that case 


Was' 


J-dS = J *■ SAE. 


After substituting (l'.62)-(1.64) into (1:61), we get 

H\ ■ iAt - n* 2 ■ iAt = j; ■ sAt, 

and in the limit A l -*■ 0 ,“H*, WJ, and J* become the values .Hi, Wj, and J s at 
the point P, so 


(1.63) 


(1.64) 


Since 


we have- 




t = h x s, 


(H 2 - HO ■ (n x s) = -J • J„ 
or, on using the vector relation (Appendix B) 

A ■ (B x C) = -C ■ (B x A), 


s-[hx(H 2 - Hi)] =s-J s . 


we obtain 


44 


Basic theory of classical electromagnetism 


Now s is any unit vector tangent to the boundary surface at P, so we must have 

hx(fi 2 -n 1 ) = j s , \ (i. 65 ) 

which is our final boundary condition for the magnetic excitation. 

If we applied the procedure used above to the integral form of Faraday’s law 
(1.1), we would obtain the boundary condition for the electric field: 

: h x (S 2 - Si) = 0. .(1.66) 

Boundary conditions (1.65) and (1.66) apply to the components of the vectors 
that are tangent to the boundary surface. To see this, we take 

h x [h x (H 2 — H x )] = h x J s 

and use the vector relation (Appendix B) 

A x (B x C) = (A • C)B — (A • B)C 

to obtain 

[Hz - ( h ■ Hz)h] - [Wi - (n • Wi)n] = -n x J s . 

Now ii-ifi- ii)h is the component of 7 i tangent to the boundary surface (it is the 
vector minus its normal component), so 

Hit - Hu = -nxJ St . (1.67) 

where the subscript t signifies the component tangent to the boundary surface. In a 
similar manner, we have from ( 1 . 66) 

! 4-4=0. (1.68) 

In words, these boundary conditions state that the. tangential component, of H is 
continuous on crossing a material boundary unless there is a surface current on the 
boundary; in that case, it is discontinuous by the amount - h x J s . The tangential 
component of 8 is always continuous on crossing a material boundary. 

The boundary conditions for the normal components of the electromagnetic field 
are obtained by considering a pillbox- shaped volume centered on the boundary 
at the point P, as shown in Figure 1.24. The volume of the pillbox AV is small 
enough that the boundary surface can be assumed planar in the vicinity of P. The 
top and bottom surfaces A S of the pillbox are then parallel to the boundary. The 
side surface of the pillbox is A S s , and the contour C is the intersection of the side 
surface with the boundary surface. 

Now we will apply the equation of continuity for electric charge in integral form 
(1.5) to this volume: 



We will take the area of the side surface to be much smaller than the area of the top 
or bottom surfaces (Ah small): 

; AS, /AS a Ah/VXs « 1. 
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VOLUME - AS, TOP (BOTTOM) 



Fig. 1.24. Geometry \Jsfed in obtaining the boundary conditions for the normal components 
of the electromagnetiefield. 


.. n ; 

The integral over the 'side surface is then negligible unless there is a surface current ; 


on the boundary, and in which case, 

i 



[[ J-dS= (f J s -sdl. 

JJaSs Jc 


(1.70) 

The integrals over the top and bottom surfaces are simply 



f ^Top + s? ’ dS = cTj • n AS -f- 3 2 • n A S , 

JJ Bottom 


(1.71) 


where, by the mean value theorem for integrals, J* (fy) is J\ (J 2 ) evaluated at a 
point on the area AS. Since the volume AV is 2 Ah AS, for small Ah the integral 
on the right-hand side of (1.69) is zero unless there is a surface charge density on 
the boundary, in which case, 



After substituting (1.70)-(1.72) into (1.69), we get 

— J7]* * hAS + ^2 ' nAS 4* (f) 3$ • sdt = — AS, 

Jc ot 

and in the limit AS 0, J* t and p* become the values J\ , and p s at P: 

s ■ - * + A, {hl s - Adt ) - -fr <'- 73 > 

The second term in this equation can be simplified by the introduction of the 
definition for the surface divergence or two-dimensional divergence [27], that is, 



Fig. 1.25. Schematic drawing for explaining the surface equation of continuity for electric 
charge. 

the specialization of (1.41) to a surface: 

diVf A(r ) = lim (—- (ft s • Adl\ (1.74) 

AS-vO V AS Jc ) 

In the rectangular Cartesian coordinate system (x, y, z) the surface divergence 
can be evaluated using the same arguments as used in Sectibn 1.2 for the regular 
divergence. For example, when the surface is the x-y plane with normal £, and A 
is continuous and has continuous first partial derivatives, the surface divergence is 



3 A x 3 A y 

div, A(x,y).= — + — , 

(1.75) 

or with the notation 




v -' a =£' 

i—x,y 

(1.76) 

we have 




divj A(x, y) = V* • i4(x, y). 

(1.77) 

With the definition for the surface divergence, (1.73) becomes 



3> 

/ X 

1 

+ 

II 

a? If 

(1.78) 

or . 

J2n-Jln + V, = 

(1.79) 

where the subscript n signifies the component normal to the boundary surface. 
This is the surface equation of continuity for electric charge ; it is a statement of 
conservation of charge at a point on the surface and is illustrated in Figure 1.25. 
Charge can be taken away from the point P by the normal component of the volume 
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Table 1.4. The electromagnetic boundary conditions^ 


General boundary Region 1 : a perfect 

condition electric; conductor 


h x {Ei- £\) — 0 
hx{U 2 - Wj) = J s 
n-(f> 2- Vi) = p s 
h • {Bi - B x ) = 0 
n ’ {Si - J\) + Vj • J s = 




hx £ 2 = 0 
hxHi — J s 
h'T>2 = p s 
h > B 2=0 
n • J 2 4- Vj • J s 




Note: ^The normal h points outward from region 1 into region 2. 


current in each region, — J\ n and 3in • The surface current J s \ can also remove 
charge from this point if fr has a net outward pointing component on the curve C 
surrounding P (i.e,, if V • J s is positive). The net charge removed by these currents 
per unit area, per unit time must equal — dp s /d t at P. 

The procedure used above can also be applied to. the integral forms of Gauss’ 
electric law and Gauss’ magnetic law, (1.3) and (1.4), to obtain boundary conditions 
for the normal components of V and B, respectively; 

n(5 2 ~5i) = ^ (1.80) 

*, n-(B 2-^i) = 0, ■ (1.81) 


or 


V 2 n-p\n = Ps ; (1.82) 

B 2 n- Bln = o. (1.83) 

In words, these boundary conditions state that the normal component of V is con- 
tinuous on crossing a material boundary unless there is a surface charge density 
on the boundary; in that case, it is discontinuous by the amount p s . The normal 
component of B is always continuous on crossing a material boundary. 

These five boundary conditions [(1.65), (1.66), (1.78),; (1.80), and (1.81)] are 
summarized in Table 1.4. Recall that for time- varying electromagnetic fields, only 
three of the five Maxwell’s equations in differential form are Independent. Similar 
arguments can be used to show that only three of the boundary conditions, (1.65), 
(1.66), and (1.78), are independent (Problem 1.8). . 


1.3.3 The concept of a perfect conductor 


In our earlier discussion, we saw that the skin effect approximation holds for high- 
frequency oscillatory fields in good conductors. For this phenomenon, we must 
have cr/coe » 1 and the skin depth <5 = ^/I/cojig must be small compared to all 
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physical dimensions. The current in the conductor is then well approximated by a 
surface current density, and the.electromagnetic field is essentially zero everywhere 
in the conductor. 

Another way to view this approximation is to consider the limit as o -> oo, that 
is, the case in which the conductor becomes a perfect conductor. Then <x fioe -» oo, 
<5 — ^ 0, and the electromagnetic field is zero. in the conductor for all frequencies 
co > 0. The perfect conductor is a model, an idealization that can be used whenever 
the skin effect approximation holds. 

The electromagnetic boundary conditions simplify when one of the two regions 
is a perfect conductor. For example, when region 1 is a perfect conductor (£\ = 0, 
B\ — 0, V\ = 0, and H \ ; = 0), the boundary conditions (1.65), (1.66), (1.78), 


(1.80), and (1.81) become • 

h x £ 2 = 0 (1.84) 

nxH 2 = J s : (1.85) 

n-Ji + V,- : ( 1 . 86 ) 

dt . 

n-X>2 = Ps (1.87) 

n-B 2 = 0. (1.88) 


These conditions are summarized in Table 1.4. Note that the tangential electric field 
£ 2 t and the normal magnetic field B 2n are always zero at the surface of a perfect 
conductor. 


1.4 Energy of the electromagnetic field - Poynting’s theorem 


The Lorentz force expression (1.12) provides the connection between electromag- 
netism and classical mechanics. Through this expression, concepts such as energy, 
linear momentum, and angular momentum, which are familiar in mechanics, can 
be associated with the electromagnetic field. 

In classical, nonrelativistic mechanics a particle of mass m, moving with velocity 
v at position r in an inertial reference frame, has linear momentum [37] ; 

^ dr 

; P = m— = mv. (1.89) 

Newton’s (Isaac Newton, 1642-1727) second law of motion states that the time rate 
of change of the linear momentum of a particle is equal to the total force applied * 
to the particle: 



or, for a particle of constant mass, 

-x dv d 2 r 
j- = m— = m — — = ma, 
dt dt 2 

where q is the acceleration of the particle. 


(1.90) 
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The work done by the applied force on the particle when it moves through the 
displacement A r is defined to be 

AW = 7 • Ar, (1.91) 

and the rate at which the work is done is the power : 

P= lim = lim — ) (1.92) 

Af -»-0 \ At J A /-+0 \ At J 

When we introduce ( 1 .90), the power can be expressed in terms of the kinetic energy 
of the particle 1C — \m\v | 2 : 

dv _ 


7 • v = m 


dt 


_ d( 1 2 \ dlC . 


^ . dlC 

'P = 7. v = —, 
dt 


(1.93) 


Thus, the rate at which work is done by the applied force - the power - is equal to 
the rate of increase in the kinetic energy of the particle. 

Now let’s examine a charged particle moving in an electromagnetic field £, B 
in free space. The volume charge density in the particle is p, and its velocity is v. 
From (1 . 12) the force of electromagnetic origin on the particle is 


7 = 


C p£ + J xB)dV , 


or, since 


J = pv, 

T= JJJ^pS + pv x B)dV. 

The power (1.93) is then 

V = V • JJJ (p£ + pvx B)dV = JJJ [pv ■ l + pv ■ (5 x B)]dV , 


(1.94) 

(1.95) 


where v was moved under the integral sign because the velocity is the same at all 
points in the particle. The second term in the integrand is zero: v • (u x B) = 0; the 
magnetic field does no work on the charged particle. After substituting (1.94), we 
have . 

= = " <!•*> 

We will assume that the electromagnetic field possesses energy and invoke the 
principle of conservation of energy. Equation (1 .96) is then an expression for the rate 
at which energy is exchanged between the electromagnetic field and the mechanical 
motion of the charged particle. When V is positive, as in Figure 1 .26a where £ • J is 
positive throughout the particle, the kinetic energy of the particle is increasing; the 
field is instantaneously supplying energy to the mechanical motion of the particle. 
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Fig. 1.26. Positively charged particle moving in an electromagnetic field, a) V = dK/dt > 
0.b)P<0. 


When V is negative,, as in Figure 1.26b where E • J is negative throughout the 
particle, the kinetic energy of the particle is decreasing; the mechanical motion of 
the particle is instantaneously supplying energy to the field. 

The expression we obtained above is for the energy associated with the motion 
of a charged particle. What we would really like to have is an expression for the 
energy that applies to general volume distributions of charge and current (p, J). 
We can obtain such an expression by starting with the integral from (1.96) applied 
to a general volume V and then substituting Maxwell’s equations. First we will use 
the Ampere-Maxwell law (1.51) to replace J\ 

E 1 Jdv -////■ v * - III 1 ■ #■ 

Next, the general vector relation (Appendix B) 

A*(V x B) = B (V x A)- V-(A x B) 
is applied to the term E • ( V x H ) to give 


fgi.j*v,fgH. ( v*e )d v fg V'(£xH)dV 




IV 3 1 

ancj Faraday’s law (1.50) is used to replace V x £: 


E e i v - -E l 4 d ' / -E fi 4 dv -IIE«* ilvv - 


(1.97) 


1 .4 Energy of the electromagnetic field - Poynting’s theorem 5 1 


Now we introduce the divergence theorem or Gauss’ theorem (Appendix B) [26]: 

(1.98) 

After applying this theorem to the last integral in (1.97), we have 


JJJ V AdV = ^h-AdS. 


E/^EJfEE+* a 4y+§« 

It is customary to define the vector 

*S(r, 0 = £(r, t) x H(r f f). 


xH)-dS = 0. (1.99) 


(1.100) 


Then (1.99) becomes 

//x 1 :3dv * E, { s % +ii 'f) dv+ i s - di = o - < uoi > 

This relation is known as Poynting ’ s theorem , and the vector S is called the Poynting 
vector. 11 

This relation was first derived by John Henry Poynting (1:852-1 9 14) in 1884 [38], 
and, as is the case with many scientific discoveries, it was obtained independently, 
at about the same time, by another investigator, Oliver Heaviside [39-41]. 

• Before we examine the physical interpretation of this theorem, we should say 
a few words- about the volume to which it applies. In the derivatibn of (1.101), 
we used Maxwell’s equations in differential form and the divergence theorem; this 
usage implies that the field and its first partial derivatives are continuous, which may 
not be the case if material boundaries are included within the volume. Of course, 
we would like’ to apply the theorem to a large volume of space containing many 
subvolumes, each being a different material, such as a conductor, a dielectric, etc. 
Let’s see how this can be done. 

We will only consider a volume V composed of two sub volumes V\ and V 2 , as 
in Figure 1.27. Our argument can easily be extended to a volume containing any 
number of subvolumes. The surface of V 2 is S 2 , arid the surface of Vi has an interior 
portion S i,- adjacent to S 2 plus an exterior portion Si*, which is also the surface of 
V. 12 Poynting’s theorem (1.101) can be applied to each of the volumes V\ and V 2 
separately, and the results can be added to give 



1 1 The Poynting vector S and the differential area vector dS should not be confused. 

12 In Figure 121 the surface Si is drawn slightly outside the boundary, and the surface S 2 is drawn 
slightly inside the boundary. The fields and their first partial derivatives are well behaved on these 
surfaces. • 
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TOTAL VOLUME 



Fig. 1.27. Volume used in the discussion of Poynting’s theorem. . 


After recognizing that onthe interior surface Su = S 2 = Sj 2 , dS \ = hdS , and 
dS 2 = — fidS , and on the exterior surface S\ e = S and dS 1 = dS, this result 
becomes 


I 


v,+v 2 


£-JdV\+ 


SSLS 1 - 


8V 83 

TT + n '~d7 



+ § (n : Si -h S 2 )dS = 0. (1.102) 

The integrand of the last integral in (1.102) is 

n • (S x — ,«S 2 ) = n • (£1 x Hi — £ 2 x $ 2 ) 

= 7^i • (n x £1) — 7^2 • (n x £2), 


where the vector identity (Appendix B) 

3 ' 

A ■ (B x C ) — C • (A x B $. 

was used. From the boundary condition (1.66), n x £1 = n x £2, which we will 
write as h x £, so. 

M$i-&) = -(W 2 -Wi)-(nx2) 


= £ ■ [n x (W 2 - WO], 


where the vector identity given above was used again. After using the boundary 
condition (1.65), we have 


h ■ (S\ — S 2 ) = £ • J s , 
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or, on inserting this result into (1.102), 


SSSvJ - 3dv + SSLS 1 ■ f + fi 4) dv *§,*■ 

£ • J 5 dS = 0. 




^12 

A comDarison of this eauation with 


(1.103) 





£ • ArfJ, 


(1.104) 


which involves the current on the internal surface S\ 2 . Our conclusion then is that 
Poynting’s theorem (1. 101) is valid for volumes containing more than one material 
region if the first integral, 


Sfjjjov, 

is interpreted as including the contributions (1 . 104) that arise due to surface currents 
on the boundaries between material regions. The term £ • J s is zero in most practical 
cases, since is zero unless one of thejtwo regions is a perfect conductor, and, in 
• that case, £ • J s = £t • Js = 0, because £ r = 0 at the surface of a perfect conductor. 

Now let’s return to the physical interpretation of Poynting’s theorem (1.101). FirSjt 
we note that all of the terms (integrals) in this expression have the units of energy*, 
per unit time (J/s) or power (W); therefore, this relation is customarily viewed as 
a statement of conservation of energy. To better understand this interpretation, we 
will examine each of the terms in the theorem. Our discussion will be limited to 
a rigid, isothermal volume composed of regions that are simple materials obeying 
the electrical constitutive relations (1.9)— (1.1 1). 

From our discussion of a charged particle moving in an electromagnetic field, we 
iider that the first term in (1.101) represents the rate at which energy is exchanged 
between the electromagnetic field and the mechanical motion of the charge within 
the volume V. In a simple conductor for which J = J c = cr£, this term becomes 


JJJ v £'J' dV = Jff v \Sc\ 2 /<rdV, (1.105) 

which is always positive; the electromagnetic field is always supplying energy 
to the mechanical motion of the charge within the conductor. For an isothermal 
conductor this energy is irreversibly transferred to a heat reservoir as Joule heat 
(James Prescott Joule, 1818-1889); thus, we can write this term as 

•. SSS/- 3 ‘ dv= I?' < uo6 > 

where Q is the amount of energy transferred as heat. 

This interpretation is consistent with the classical, microscopic model for a con- 
ductor. The electric field accelerates the charges (conduction electrons in a metal. 


54 


Basic theory of classical electromagnetism 


ions in an electrolytic solution), increasing their kinetic energy. This energy, in turn, 
through “scattering .processes” is converted to energy associated with the random 
motion of the microscopic particles (electrons and positive ions in a metal, ions and 
molecules in an electrolytic solution). For an isothermal conductor,’ the additional 
energy of random motion is removed from the conductor by contact with a heat 
reservoir. .... • 

In a source region , an impressed force of nonelectromagnetic origin, such as 
one due to mechanical or chemical action, can move positive electric charge in the 
direction opposite to the electric field. The volume density of current due to the 
motion of this charge is Ji> where the subscript i indicates an impressed current. 
When the motion of the charge is instantaneously supplying energy to the electro- 
magnetic field throughout the volume V, we have £ • J x <0, and the first term in 
(1.101) becomes 


fgl-tor — JJl t-foy. 


(1.107) 


which is negative. Since the source provides the energy to move the charge, we can 
write this term as 

dWt 
dt ’ 


-ffi 


£ • JidV = 


(1.108) 


where W/ is the energy supplied by the nonelectromagnetic source to the electro- 
magnetic field. 

The simple model for a battery shown in Figure 1.28 includes both a conducting 
region and a source region. In the source region, which is generally at the surface of 
the plates in the battery, chemical processes produce a current Ji 5 in the direction 
opposite to the electric, field £ s . In the electrolytic solution^ a conduction current 
of ions J ce is in the same direction as the electric field £ e . In the steady state, 
J ls = J cey and the voltage across the terminals of the battery is 


fx t ^ rx,+x t _ rxj 

' = — / £ s ■ dx — I £ e • dx = 

JO Jxj JO 

[ \£ s \dx, 

Jo 


\£s\ dx 


f 

Jx, 


x,+x e 

\£e\dx 


where in the last step, the voltage drop across the electrolytic solution is assumed 
to be negligible. 

The second term in Poynting’s theorem (1.101) is the volume integral 




In’simple materials with V — e£ and H = B//z, the two terms in the integrand can 
be Simplified. For the electric term we have 



(1.109) 



Fig. 1.28. Simple model for a battery. 


and, similarly, for the magnetic term 


-hm, 


£ 3B 3/11 


( 1 . 110 ) 


thus, 


I ( £ '' - htwato+m#"} 

• ( 1 . 111 ) 

t . 

For an electrostatic field in a simple material, the energy stored in the electric 
field is 


u - = \IIL ‘' lfdv =////•"■ 


and, similarly, for a magnetostatic field in a simple material, the energy stored in 
the magnetic field is 


( 1 . 112 ) 


U„ 




dV 


(1.113) 
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where u e and u m are the electric and magnetic energy densities, respectively [42]: 

(1.114) 

(1.115) 


u e = ie |£| 2 

«m = “|6| 2 . 
2/i 


If these same relations are assumed to hold for a general time- varying electromag- 
netic field, (1 .1 1 1) becomes 

rrr { - dT> ■- 3B\ 3 3 

£ ( £ -ir +n - w ) dV = ^ ^ - ** (U16) 

where U — U e + U m . We see that the second term in Poynting’s theorem can be 
interpreted as the time rate of change of the electromagnetic energy stored within 
the volume V. 

The third term in Poynting’s theorem is the surface integral 


S-dS. 


It is interpreted as the rate at which electromagnetic energy is leaving the volume 
V by passing through its surface S. The Poynting vector <S, which appears in the 
integrand, has the units of energy per unit area per unit time (J/m 2 s) or power per 
unit area (W/m 2 ). It can be regarded as the rate at which electromagnetic energy is 
passing through a unit area whose normal is in the direction of the vector £ x 7 i. 
This interpretation proves particularly useful when dealing with the propagation 
of electromagnetic waves: (Chapters 2 and 3). The direction of the Poynting vector 
is then normal to the wavefront, and the magnitude of the Poynting vector is the 
power per unit area of the wavefront (see Figure 3.18). 

Now let’s rewrite Poynting’s theorem, substituting What we have learned from 
our discussion, 


■E s * dv= {fL' AiI/ ° dv 


+ 


h 0 III ‘' efdV * i fJL l ,' efdV ) + ® 15 ' 


(1-117) 


or 


3U 

+ "a7 + 


S'dS. 


(1.118) 


BWt _- 3Q 

3t 3 1 oi jjs 

The interpretation of this relation as a statement of conservation of energy within 
the volume V is now clear; it is summarized in Figure 1.29. The rate at which the 
nonelectromagnetic; sources supply energy to the electromagnetic field must equal 
the rate at which energy is being transferred from the field as heat, plus the rate at 
which electromagnetic energy is being stored, plus the rate at which electromagnetic 
energy is leaving the volume by passing through its surfaces. 
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Fig. 1.29. Schematic drawing showing the interpretation for the terms in Poynting’s theorem. 
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When dWi/dt = 0 and dQ/dt = 0, Equation (1.118) becomes 



Notice the similarity between this equation, which is a statement of conservation of 
energy, and the continuity Equation (1.5), which is a statement of conservation of • 
charge. Jhe energy density U corresponds to the charge density p ? and the Poynting 
vector S, which represents a flow of energy, corresponds to the current density 'J\ 
which represents a flow of charge. 

It should be emphasized that Poynting’s theorem (1.101) was obtained by sim- 
ply' combining Maxwell’s equations; hence, its validity rests on the validity of 
Maxwell’s equations. The same thing cannot be said for a particular physical in- 
terpretation of the terms in the theorem. The physical interpretation of the theorem 
has been a controversial issue almost since its inception [43]. It would not suit our 
purposes to give a detailed account of this controversy; however, consideration of 
a few of the more important points will increase our understanding of the theorem. 

Any particular physical interpretation is, of course, tied to the physical makeup 
of the volume to which the theorem is applied. Recall that our interpretation is 
for a rigid isothermal volume composed of simple materials. We will not consider 
changes in the interpretation that result from changes in the properties of the ma- 
terials. Instead, we will concentrate on the ambiguities that exist in the particular 
results we have already presented, Equations (1.117) and (1.118). 

Let us accept that the surface integral in ( 1 . 1 1 7) represents the rate at which energy 
is leaving the volume V by passing through the surface S. Does it then necessarily 
follow that the Poynting vector S can be interpreted as the flow of.electromagnetic 
energy at a point? That is, does S represent the rate at which energy is passing 
through a unit area whose normal is in the direction of <S? The answer to this 
question is no, and we only need to consider the derivation of Poynting’s theorem, 
namely Equation (1 .97), to see this. A vector field T whose divergence is zero can 
be added to the Poynting vector without affecting the theorem. In particular, if we 
let an alternate Poynting vector S' be defined as 

1 «S' = *? + f, : (1.119a)* 

where 

.% ■ 

v.r = o, r . *.v (i.ii9b) 

then the last integral-in (1.97) is unchanged when S' is substituted for S = E xH. 
Which vector correctly describes the flow of electromagnetic energy at a point, <S or 
any one of the myriad choices for S"l There is no conclusive answer to this question, 
although additional constraints can often be imposed that exclude certain choices 
for S' [44-47]. All we can really say is that in certain applications, particularly those 
involving wave propagation, the interpretation of the conventional Poynting vector 
S as, representing the flow of electromagnetic energy at a point gives physically 
meaningful results. 
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Our conclusion is that we can apply Poynting’s theorem (1.101) to any electro- 
magnetic problem without reservation, because its validity rests on the validity of 
Maxwell’s equations. However, when we use a particular physical interpretation 
for the terms in the theorem, for quantities that appear in the'integrands such as 
»S, u e , and u m , we are introducing an* additional hypothesis whose usefulness will 
depend upon the particular problem being considered. 

The concepts associated with Poynting’s theorem and the Poynting vector are 
nicely illustrated by the simple example shown in Figure 1 ,30a. Here we have a pair 
of batteries producing a steady current / in a long, straight wire. The straight wire 
has finite conductivity a , whereas the connecting wires are assumed to be perfectly 
conducting. We would like to know how the energy supplied; by the batteries is 
transported to the wire where it is dissipated as heat. This is a problem that was 
discussed by both Poynting and Heaviside [38, 40, 48], 

To simplify the analysis, the complex geometry of Figure L30a is replaced by 
the very idealized geometry of Figure 1.30b. The long, straight wire of radius a is 
surrounded by a perfectly conducting cylindrical shell of inner radius b. A battery is 
connected to each end of the structure. The batteries, which are shown schematically 
in Figure 1 ,30b, are assumed to be of radial design, so that the entire structure is 
rotationally symmetric about the z axis. This geometry and simple variations of it 
have been discussed many times in the literature [6, 49, 50], 

We want to determine the electromagnetic field and the Poynting vector in a 
region near the center of the wire (z = 0) away from both ends. The interior of the 
wire is labeled 1, and the space between the conductors is labeled 2. 

The time-independent electric field is expressed in terms of the scalar potential 
<t>, which is a solution to Laplace's partial differential equation (Pierre Simon de 
Laplace, 1749-1827): 

£ = -V<I>, (1.120) 

where 


V 2 <t> = 0. 

In the wire, we find (Problem 1.18) that 


<fi = — (-) 
ana \a ) 


£l = ~ 

an 

and, in the space between the conductors, 

o 2 = 




£2 = 


ana In (b/a) 
-/ 


<»/.) 0 in (p) 


ana 2 In (b/a) 



( 1 . 121 ) 

( 1 . 122 ) 

(1.123) 

(1.124) 

(1.125) 
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Fig. 1.30. a) Batteries producing current I in a long, straight wire, b) Idealized geometry 
for studying the electromagnetic field of (a). . 
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The current density within the wire is then 


I „ 


(1.126) 


and the charge density on its surface is 

Ps = n • (V 2 - T>\ ) p = a = (p • e Q £ 2 - p • e 0 £i) p = a = 


-V (z\ 

ana 2 In (b/a) )' 


(1.127) 


where we have assumed e = s 0 in the wire. From the current (1:126), the magnetic 
excitation is found to be 


^ 1 = 2 

* 2 = 2^(j) f 


The Poynting vector (1.100) is computed in region 1 from (1.123) and (1.128) and 
in region 2 from (1.125) and (1.129): 



• 

( 12 \ 1 f 

\2n 2 a 3 a J In (b/a) 



(1.130) 

(1.131) 


In Figures 1.31a and b the charge, current and electromagnetic field are sketched 
for a region near the center of the wire. 13 The volume current density J is in the 
axial direction and is uniform throughout the wire. The surface charge density p s 
is zero at the center of the wire (z = 0) and increases linearly with z; it is positive 
for z < 0 and negative for z > 0. The electric field £ has only an axial component 
within the wire.- Outside the wire there are axial and radial components to the 
electric field. The magnetic excitation H is in the azimuthal direction; it is zero on 
the axis of the wire, increases with increasing p until it reaches a maximum at the 
surface of the wire, then decreases with increasing p. 

The Poynting vector S is sketched in Figure 1.31c. Outside the wire, the Poynting 
vector has an axial component S 2z , which is due to S 2p and This component 
■of the Poynting vector represents an axial flow of energy in the space between the 
conductors. Since the surface charge density p s produces £ 2p (LI 27), it is esspntial 
for the axial flow of energy. 14 There is also a radial component S 2p to the Poynting 


13 In Figures 1.31 and 1.32, the length of the arrow is used to indicate the relative magnitude of the 
current density, electric field, and Poynting vector; the number of symbols' indicates the relative 
magnitude of the charge density and magnetic excitation. 

14 In Poynting’s analysis of the wire, he did not include the radial component of the electric field, £ 2 p ; 
therefore, he obtained no axial component S 2l to the Poynting vector. He concluded that all energy 
flow was normal to the conductor [38]. This oversight was later pointed out by Heaviside [48]. 
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1 .3 1 . Region near the center of a long, straight wire, a) Volume density of current and surface density of charge, b) Right-hand side: electric 
[; left-hand side: magnetic excitation, c) Poynting vector. 
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vector outside the wire, which is due to and At the surface of the wire, 
this component represents a radial flow of energy from space into the wire. 

Inside the-wire, the Poynting vector is in the radial direction, Si p ; it represents 
a radial flow of energy from the surface of the wire to its interior, and it decreases 
with decreasing radius due to the dissipation of energy as heat within the conductor. 

We now have a fairly clear picture for energy transport from the batteries to the 
wire. Outside the wire, energy flows from both ends of the structure (the batteries 
at z = ±L) toward its center ( z = 0), guided by the conductors (the wire and the 
perfectly conducting cylindrical shell). At the same time, energy is flowing into the 
wire through its surface. This flow is in the radial direction and uniform along the 
length of the wire.' Inside the wire there exists only a radial flow of energy toward 
the axis. This flow decreases with decreasing radius due to dissipation of energy as 
heat. 

We can show that energy is conserved in this process by applying Poynting’s 
theorem to an annular volume of free space between the conductors. Let the bottom 
and top surfaces of this volume be at z and z + A z, respectively. Because we are 
dealing with the steady state, the electromagnetic energy stored in this space is not 
changing with time, so Poynting’s theorem (1.117) becomes simply 


(fj) 5 • d S = 0. 

JJs 


With no energy flow into the perfect conductor 
the surfaces at z, z 4- A z, and p = a: 


(p = b\ 


we only need to consider 


_ _ fb r2n *b pin ■_* 

S dS= / (— z) • S 2 \ pd(f>dp + / / Z-'S 2 \ pdfpdp 

J p~a J <p=Q J p—a J (f>=0 


J P -a J<P 

rz+&z r2n ^ 

+ / / (“P) • S 2 \ a ad<l)dz' 

J z'—z J<f >= 0 : • 

i 2 ' i 2 i 2 

T — (z + A z) + - ,, A I - 0. 


ita L a n a L a 


Before we leave this example, let us consider one alternative form for the Poynting 
vector. We will choose <S' ( 1.1 19a) to be ■ * ■> 


S' = S + T = S + Vx ($>£),: 


(1.132) 


where $ is the scalar potential given by (1.122) and (1.124). Clearly V • T = 0, as 
required by (1.1 19b), since V • (V x A ) = 0 for any vector field A (Appendix B). 
In the two regions we then have 


*-(sw) [(£)'-#. 


, 2n 2 a 3 cr 
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Fig. 1.32. Alternate Poynting vector S' in the regioh near the'center of a long, straight wire. 


and 



= 0 . 


The alternate Poynting vector S', sketched in Figure 1.32, gives a picture for 
the energy, flow that is completely different from the one we obtained with the 
conventional Poynting vector S (Figure 1.31c). There is no energy flow in the 
space between the conductors; all energy flow is in the axial direction in the wire. 
This energy flow decreases linearly with axial position due to the dissipation of 
energy as heat in the conductor. 

In this alternate physical interpretation, energy is no longer transported from the 
battery to the wire: through the space surrounding the wire, but it is transported 
from the battery to different portions of the wire through the wire. Our original 
interpretation, based on the conventional Poynting vector <S, is the one usually 
accepted for this problem. However, this example illustrates the controversy we 
mentioned earlier associated with attaching a particular physical interpretation to 
the terms in Poynting’s theorem. 

At the beginning of this section, we used the Lorentz force expression to show 
that an electromagnetic field could cause a change in the kinetic energy of a charged 
particle. This fact together with the principle of conservation of energy was used 
to introduce the concept of energy for the electromagnetic field. In a similar man- 
ner, the mechanical- concepts of linear momentum and angular momentum can be 



Fig. 1.33. Volume used in the discussion of uniqueness for solutiQns to Maxwell’s equations. 


introduced for the electromagnetic field. We will not pursue these topics here, but 
we refer the interested reader to the literature [42, 51]. 

1.5 Electromagnetic boundary value problem - uniqueness theorem 

The geometry for a typical electromagnetic boundary value problem is sketched in 
Figure 1.33. Here we have a volume of space V with interior surface S[ and exterior 
surface S e . Within this volume there may be regions occupied by different materials, 
such as dielectric or magnetic materials, conductors, and perfect conductors. These 
subvolumes are labeled V\ t V^, . . . , V n . Maxwell’s equations are to be solved for 
the electromagnetic field within each subvolume, and the field should satisfy the 
electromagnetic boundary conditions, given in Table 1.4, at each boundary surface. 
We should mention that the electromagnetic boundary conditions are not boundary 
conditions in the strict sense; they do not specify the field (£ , B, etc.) on a boundary 
surface. They specify the jumps that must occur in components of the field when 
crossing a material boundary containing a surface charge or surface current. Perhaps 
it would be more appropriate to call these conditions the “electromagnetic jump 
conditions.” 

Before we can solve these partial differential equations, Maxwell’s equations, we 
must supply supplementary information in the form of true boundary conditions. 15 


15 Here we are using the term boundary condition in the general sense; it includes the specification 
of the field on spatial boundaries as well as the specification of the field at particular times — initial 
conditions. 
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We wish to obtain a set of boundary conditions that ensures that a solution to 
Maxwell’s equations within the volume V is unique. We will state our results and 
then provide an argument [52, 53], 


Uniqueness Theorejm For a volume V that contains only simple materials and 
for which the impressed currents J are specified, a solution to Maxwell’s equations 
is uniquely specified for all times t > 0 by the initial values of the field (£ and B 
at time t =J0) throughout V and the values of the tangential component of either £ 
or B (n x £ or n x B) over the boundary surfaces of V (Si and S e ) for t > 0. The 
tangential component of £ can be specified on a portion of the boundary surface 
and the tangential component of B on the remainder. . 

In other words, if a solution to Maxwell’s equations is obtained within the volume,- 
and the solution satisfies all of the above conditions, it is the only solution. 

We begin our argument by assuming that there are two different solutions to 
Maxwell’s^ equations in the volume V for times t > (1 We will call these two 
solutions £ a> B a and £ b , B b . At time t = 0 the field £, B is specified everywhere 
in V, and both solutions a and b are equal to the specified field. Now we will consider 
the difference between the solutions: 8£ = £ a — £ bl SB = B a - B bt etc. Since 
Maxwell’s equations are linear in all field quantities, the difference field must be a 
solution to Maxwell’s equations 


V x S£ = - 


d(SB ) 
dt 


V x8H = 8J + 


d(8V) 
dt ’ 


This_can be seen by simply writing Maxwell’s equations separately for £ a , B a and 
£ bt B b and then subtracting the equations for b from those for a. 

Maxwell’s equations for the difference field can be combined as in the derivation 
of Poynting’s theorem (Section 1.4) to obtain 


fff/lwv + fg[ 




dt 


dt 


dV 


+ Jjfe(<5£ x 8H)-ndS = 0. 


(1.133) 


Now we will assume that there are only simple materials or perfect conductors • 
within V y so the constitutive relations (1.9)— (1.1 1) apply. In particular, for the vol- 
ume density of current we have 


and 


Ja — Jca + Jia — &£a 4 Jia 
Jb ~ Jcb 4 Jib — cr£b + Jib i 


where the first term in each expression applies within a conductor and the second 
term applies within a region where there are impressed currents. Since the impressed 


1.5 Electromagnetic boundary value problem - uniqueness theorem 


67 


currents are specified, j\ a = Jib and 


SJ = a(£ a - £ b ) = a{&£). : 

(1.134) 


After inserting (1.134) and the other constitutive relations, (1.133) becomes 




e\&£\ 2 dV + \ 

V 2 




4 


-(8£ x 8B)-iidS = 0. 
s M 


(1.135) 


The integrand of the last integral in (1 . 135) is 
* • ’ (88 x 8B) • h = SB • (n x 8£) = -8£ • (h x 8B) t (1.136) 

where we have used the vector identity (Appendix B) 

A • (B x C ) = C • (A x B ) = • (A x C:). 

We will assume that both solutions satisfy the boundary conditions on S stated 
above: h x £ or h x B is specified on S for times t > 0. Thus h x 8£ or h x SB 
is zero at every point on S; this makes (1.136) and thus the last integral in (1.135) 
zero: 


h G III l ' tSfdV + 5 III l lSfdV ) ‘ - III 

%~Jfl^ 

duced the r 

-mi 


or 


Here we have introduced the notation 


6\8S\*dV + 


m 


\8B\ dV 


or\8£\ 2 dVy 


(1.137) 


The term X is always a positive number or zero: 

X > 0, t > 0, 


(1.138a) 


and from (1.137) the partial derivative of X with respect to time must be a negative 
number or zero: 


dX „ 

— < 0, t > 0; 
dt 

9 

The initial conditions we have assumed at t = 0 are £ a 


(1.138b) 
: £ b or 8£ = 0, B a = B b 


or SB = 0, which make 

X = 0y t = 0.: (1.138c) 

These three ’statements (r.l38a-c)‘are satisfied only if X = 0 for / > 0. 16 This 


To see this, consider (1.138b), which we can write as 


dt 0 


X{t + Af) - X(t) 
Af 


^0, 


f > 0. 


68 


Basic theory of classical electromagnetism 


means that 55 = 0,5B — 0, and therefore 8 a = 5 bt B a = Bb , for t > 0. Thus, there 
is only one solution, a unique solution, to Maxwell’s equations within :V for the 
stated conditions. . 

In the above argument we have ignored an important fact: The electromagnetic 
field propagates with a finite velocity. This fact can often be used to reduce the 
amount of information needed to obtain a unique solution. In other words, our orig- 
inal statement for uniqueness specifies information that is sufficient for obtaining 
a unique solution to Maxwell’s equations, but some of this information may not be 
necessaiy. 

This point is easily illustrated for a two-dimensional region of free space, the 
circular disc of radius p 0 on the x-y plane shown in Figure 1.34a. 17 In two dimen- 
sions, our volume V with exterior surface S e becomes the surface S bounded by 
the curve C e . The electromagnetic field 5 , 3 on S is assumed to be zero for times 
t < 0. The semi-infinite cylinder in Figure 1.34a shows this surface at times t > 0; 
that is, each cross section of the cylinder is the surface S at a different time. 

In the next chapter, we will show that the electromagnetic field propagates with 
the speed of light in free space, c. Now consider the point P(jc = 0, y ~ 0) at time 
t = t\ < p 0 /c in Figure 1.34b. Because of the finite velocity of propagation and 
causality, only the field at points within the right circular cone can influence the 
field at P. 18 The height of the cone is equal to the radius of its base, ct\ = p { . From 
this drawing we see that the initial values of the field (8 and B at time t = 0) on 
the surface S\ (disc of radius pi) determine the field at P. The initial values of the 
field over the remainder of the surface S do not influence the field at P. 

This means 

X(t + AO < X(t), 

and, with (1.138a), 

0< X(t + At)<X(t), t > 0. 

Now we will assume that X is continuous at t = 0; then (1.138c) implies that 

X = 0, t = 0+, 

and the above expression with t =■= 0+ gives 

0 < A'(Ar) < *(0+) = 0, 
or 

• X(At) = 0. 

The same argument can be applied repeatedly to show that X = 0 for all t > 0. 

17 Here we present a simple physical argument for two spatial dimensions; a rigorous uniqueness 

proof for three spatial dimensions, which includes the finite velocity of propagation, is presented 
in References [54] and [55]. « % 

18 For a causal system, only events that have occurred earlier in time can influence an event at the 
present time. If causality were not invoked, Figure 1.34b' would include an additional inverted cone 
with apex at P and base, at / > 
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i 



Fig. 1.34. Two-dimensional region in free space at various times. 
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Fig. 1.35. Schematic drawing for a radiator in infinite space. The surface S 0 encloses all 
sources. 


At the later time t = t 2 > p 0 /c (Figure 1.34c) the surface of the cone intersects 
the surface of the cylinder. Now the initial values of the field (r = 0) on the entire 
surface S and the values of the tangential component of either £ or B on the boundary 
curve C e at times 0 < t < t 2 - p Q /c (shaded portion of the cylindrical surface) 
determine the field at P. The values of the tangential components of £ and B on C e 
for the times t 2 - Po/c < t < t 2 do not influence the field at P. 

In certain applications, the region in which Maxwell’s equations are to be solved is 
infinite in extent; that is, in Figure 1 .33 the external surface S e recedes to infinity. The 
boundary condition on this surface, the specification of the tangential component 
of £ or B for t > 0, then requires special consideration. This is best explained by 
discussing a simple example. 

The example in Figure 1.35 is for a radiator (an antenna) in free space. The 
interior surface 5/ of our volume V coincides with the surface of the radiator, and 
the exterior surface S e is a sphere of radius r e . The sphere of radius r a encloses the 
radiator; it contains all of the sources for the field. 

The electromagnetic field within V is zero for times t < 0, after which the 
radiator is turned on.- Now the field is to be observed for times 0 < t < r max . If we 
choose the radius r e of the exterior surface S e so that r e > r 0 + cf max , the physically 
relevant field £ , B (pne that propagates with the speed of light and is causal) will 
be zero on this surface for the entire period of observation. As the exterior surface 
recedes to infinity, r e -* oo, the period of observation becomes infinite, r max -* oo. 
We conclude that a unique, physically relevant solution to Maxwell’s equations is 
obtained by specifying the tangential component of either £ Or B on only the interior 
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surface S t . On the exterior surface S t the tangential components of this field are 
zero due to the finite velocity of propagation for the electromagnetic field. 


1.6 Numerical solution of Maxwell’s equations 

using finite differences: An example 

Up to this point, we have described the basic elements of the electromagnetic 
boundary value problem: the partial differential equations (Maxwell’s equations), 
the constitutive relations, the boundary conditions, and the requirements for a unique 
solution. With these elements established, there are various mathematical methods 
that can be used to obtain a solution for a particular problem, that is, for a certain 
geometrical configuration of conductors, dielectrics, etc. These methods roughly 
fall into two. categories: analytical methods and numerical methods. 

Analytical methods provide solutions that are closed-form expressions (i.e., for- 
mulas) for the electromagnetic field. These solutions can be examined to obtain 
physical understanding of electromagnetic phenomena. For example, the behavior 
of the field at a large distance from a source can be foundby, evaluating the solution 
in the limn as the distance from the source becomes infinite (the radiated field, first 
discussed in' Section 315). A particular analytical method is generally applicable to 
only a few geometrical configurations. Consequently, there are a limited number of 
analytical solutions available for study, and these are forgather simple geometries. 

Numerical methods use appropriate algorithms with a digital computer to obtain 
solutions to Maxwell’s equations. The solutions are a set of numbers, such as 
numerical values for the electric field at points on a gnd in space for a particular 
set of times. Such solutions are not always useful for obtaining general physical 
understanding of electromagnetic phenomena. Nevertheless, numerical methods 
have an advantage in that they can be used to solve problems involving complicated 
geometries that are not solvableby standard analytical methods. Numerical methods 
are often the only alternative when an accurate solution is required to a practical 
electromagnetics problem. 

In the remainder of this text, we will apply analytical methods to solve a few basic 
electromagnetic problems. Our objective will be to obtain a physical understanding 
of electromagnetic phenomena by examining the solutions. 

In this section, we wiU describe a particularly straightforward, numerical method 
based on approximating partial derivatives by finite-difference quotients [56-61]. 
In the literature on electromagnetism, the method is often referred to as the finite- 
difference time-domain (FDTD) method. The approach, however, is not specific to 
electromagnetism, but is also used in other branches of physics, such as acoustics, 
and fluid mechanics. Our objective is simply to introduce numerical methods for 
solving electromagnetics problems. In this process we will see the solution of a 
practical electromagnetics problem from start to finish: the forinulafion of a theo- 
retical model, a statement of the boundary value problem, the numerical solution, 
and the verification of the solution by comparison with experimental measurements. 

To gain a basic understanding of the method, we will begin with a simple, one- 
dimensional problem in which the electromagnetic field is assumed to depend only 
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on the z coordinate of the rectangular Cartesian system (x, y, z). In addition, the 
electric field is assumed to be in the y direction, £(*, y, z, /) = £ y (z % t)y. The two 
Maxwell’s equations (1.50) and (1.51) for free space then become 


dS y _ 3B X 
~dz “ nr 


(1.139) 


and 


3B X 3£ y 1 3£y 

17 -e ° Mo 17 “ 717 


(1.140) 


Note that our assumptions have eliminated all but the x component of the magnetic 
field from these equations. 

The geometry for the problem is sketched in Figure 1.36. The electromagnetic 
field is to be determined on the line 0 < z < z max for- times 0 < t < r max (this line 
corresponds to the volume V in the uniqueness theorem). At time r = 0 the field 
is zero on this line [£ y (z, 0) '■= 0, B x (z, 0) = 0], and for times, t > 0 the electric 
field £ y is specified at the boundary points z = 0 and z = z m ax (this corresponds to 
specifying h x £ on the surfaces Si and S e in the uniqueness theorem). We will let 
the electric field at the left-hand boundary be a Gaussian pulse in time: 


£„(0, t) = E 0 e H, ~'^\ 0 < f < 


(1.141) 


The parameter r determines the width of the pulse (see Figure 1.36). The time shift 
t 0 is chosen so that t Q > 2r; the field (1.141) is then essentially zero at t = 0; this 
is compatible with our assumption that £^(0+, 0) = 0. The electric field at the 
right-hand boundary will be set to zero: 

£y(Zmax> t) = 0, 0 < t < t t 


<1.142) 


1.6 Numerical solution of Maxwell’s equations using finite differences 


73 



Fig. 1 .37. Grid of points covering the region of spacetime for the one-dimensional problem. 


The region of spacetime - the rectangle 0 < z < z m axi 0 < t < r ma x shown 
in Figure 1.37 - is covered by a grid of points. The grid spacings A z and At are 
uniform and 


Az — Zm ax/ l'max* A t — ^max/^max* 

The following notation will be used for functions evaluated at points on the grid: 
F(i,n) = T'O'Az^Af), 

and similarly for points displaced by one half of a grid spacing in space or in time 


/. 1 

1\ 

7 n / i 


( , + 2'“ + 

V =T 

/,•+ j Az .L + 

)a; 


\ *• / \ *• 



with 

i == 0, 1, 2, . . . , i m ax, n = 0, 1, 2, ... , n max . 

The electric field £ y is evaluated at each of the points (r, n) (solid dots); the magnetic 
field B x is evaluated at each of the points (i + j, n + j) (crosses) [60]. 

The region around the general point (z, n) is shown expanded in Figure 1.38. At 
the point (/ + \ , n ) , which is marked A, the spatial derivative of £y and the temporal 


74 


Basic theory of classical electromagnetism 


n + 1 


» + o 


2,0 - 1/2, n + 1/2) , fl„(i + 1/2, n + 1/2) 

- ' + —I 2 — + 


- • ' 
£ y (i, n) 


# £ y (i + l,n) 


fl x (i + 1/2, n - 1/2) 


1 i +1 

•Fig. 1.38. Grid in the vicinity of the point (i, n). 


derivative of B x can be approximated by the following difference quotients : 19 
^ £y(* 4- 1, n) - £ y (i , n) 

/+J,» 

^ . &(■' + + ?)- M-' + 1” -I) 

i+i,« a/ 

When these results are substituted into (1.139), we get the following approximation 
for the first of Maxwell’s equations: 

£ y (i + \,n)-S y (i t n) _ B x (i 4 - n + 5 ) - B x (i 4 - 5 , n - ±) 


9£y 


ar 


Az 


Ar 


or 


cB x (i + 1 n + 0 = cB x (i + 1 n - I) + [£,(< + 1. «) - £,(«. «)]. 

(1.143) 

In a similar manner, the spatial derivative of B x and the temporal derivative of £ y 
can be approximated at the point (i, n + ±), which is marked B: 


dz 

3£y 

dt 


% + n + 5 ) ~~ #*(* ” + 1) 

.1.11+1 * A Z 

^ £ y (i, n 4 * 1 ) — £ y (i, ri) 

n+r • 


A t 


19 


For small A z and At, these centered difference approximations differ from the actual derivatives 
by terms proportional to (Az) 2 and (At) 2 , respectively. _ 
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Fig. 1.39. Initial conditions and boundary conditions for the one-dimensional problem. 

The approximation for the second of Maxwell’s equations; (1.140) is then 

B x( i + j< n + l) + 7 ) _ £ y (i, n + 1 ) £ y (i , n) 

Az ; Ar ’ 

or 

£y(i, n + 1 ) = £y(i, n ) + j j ' cB x (i + \< n + \ ) ~ cB x (j - n + . 

( . (1.144) 

Note that Equations (1.143) and (1.144) allow B x and £y , respectively, to be cal- 
culated at a particular time using only values of B x and £ y from earlier times. For 

example, B x . at / = (n + j)Ar is determined from B x at t '■= (n - 1)A) and £ v at 
t = nAr. . \ 2 / y 

The region of solution is redrawn in Figure 1.39. The initial conditions at t = 0 
are £ y - 0, B x = 0 for 0 < z < z max ; hence, £ y is set to zero at all points 
1 = 1 ' 2> • • ■ > i m M — 1 in the row n = 0. Since B x is not eyaluated at t = 0, a row 
at n =.-1/2 (r = -At/2) has been added, and B x is set to zero at all points in 
this row. The electric field £ y is given by (1.141) at all points in the column i = 0, 

whereas it is set to zero (1.142) at all points in the columni' = 

The electromagnetic field at the remaining grid points in Figure 1.39 is deter- 
mined by alternately applying the finite-difference equations, that is, (1.143) and 
(1.144). First (1.143) is applied at each point in the row marked A to determine B x 
at time / = At/2, that is, B x {i + i, |), = 0, 1, 2, . 1 . Next (1.144) is 

applied at each point in the row marked B to determine S y : at time t = At, that is, 
£x(i, 1)» i = l)2,..., z max — 1 . This process is then repeated for each of the other 
pairs of rows (C, D; E, F; etc.) until the electromagnetic field is determined at all 
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Fig. 1.40. Numerical results showing the distribution of the electric field in space at various 
times. The pulse has not reached the right-hand boundary, t a /x = 2.5. ' 

of the grid points. This procedure is often called “stepping-in-time” or “marching- 
in-time,” because the solution is developed incrementally in time starting with the 
initial values at t == 0, 

Numerical results calculated using this procedure are presented in Figure 1 .40. 
The distribution of the electric field in space ( £ y / E 0 versus z/cx) is shown for three 
times: t/x = 5, 15; and 25. For this example t 0 / x = 2.5. The field is seen to be a 
Gaussian pulse in space. A simple calculation shows that the pulse is propagating 
to the right with the speed of light c. From these purely numerical results, we infer 
that the electric field has the following form in space and time: 

£ y (z, t) = (U45) 

and from similar numerical results for the magnetic field we find that 

Bx(Zyt) = —~£y(z } t) = — i£ 0 £-Kf-Z/c)-r o ] 2 /T 2 (1.146) 

These are the equations -for an electromagnetic plane wave propagating in free 

space, as we will show by analytical means in Section 2.1. • . ■ 

For the times shown in Figure 1.40, the pulse has not yet reached the right-hand * 
boundary at z = z max . Our assumption (1.142) that the electric field is zero at 
this point for the times of observation is consistent with these results. The pulse 
propagates as it would if the right-hand boundary were absent. ‘ 

For die later times shown in Figure 1.41, the pulse has reached the boundary, 
where it is seen to be reflected in inverted form. Our assumption that the electric 
field is always zero at z == Zmax physically corresponds to the region z > z m ax 
being a perfect conductor: The tangential component of the electric field, which 
is £ y in this case, is always zero at the surface of a perfect conductor. From these 
purely numerical results, we conclude that the electric field of a plane wave (1 . 145) 
normally incident on a perfectly conducting half space is reflected in inverted form 
- a result that is easily confirmed by analytical means. 
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Fig. 1 .41 . Numerical results showing the distribution of the electric field in space at various 
times. The pulse has reflected from the right-hand boundary, t 0 /x = 2.5. 


We should say a few words about the size of the grid spacings A z and At. Of 
course, we have assumed that our method of solution is convergent; that is, the 
solution to the difference equations, (1.143) and (1.144), tends to the solution of 
the differential equations, (1.139) and (1.140), as A z and At tend to zero. Thus, we 
expect our results to differ negligibly from the actual solution when Az and At are 
chosen reasonably small, that is, small enough to resolve the spatial and temporal 
variations of the field. 

A mathematical argument shows that Az and At cannot be chosen indepen- 
dently if our method of solution is to be convergent [56-59]. In fact, for conver- 
gence the grid spacings must satisfy the domain of dependence condition (Courant— 
Friedrichs-Lewy condition), which, for a one-dimensional problem, is 


cAt 

Az 


< 1 . 


(1.147); 


Below, we will offer a simple argument fpr this condition. 

’ Consider a point at which the field is to be determined, like the point marked A in 
Figure 1.42. Examination of the difference equations, (1.143) and (1.144), shows 
that the field at this point is determined solely by the values of the field at the points 
within the triangle shaded dark gray. The sides of this triangle have slopes do At/ Az. 
The interior of the triangle is called the domain of dependence for the difference 
equations . We know from Maxwell’s differential equations that the electromagnetic 
field propagates with a maximum speed equal to the speed of light c. Therefore, the 
field at any point within the triangle shaded light gray in Figure 1 ;42 can influence 
the field at point A. The sides of this triangle have slopes il/c, and the interior of 
the triangle is called the domain of dependence for the differential equations. 

This domain of dependence for the difference equations must include the domain 
of dependence for. the differential equations. Otherwise, there wo’uld be points that 
could theoretically influence the result at A that would not be included in our 
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Fig. 1 .42. Domains of dependence for the differential equations (triangle shaded light gray) 
and the difference equations (triangle shaded dark gray). 


numerical scheme.’ So we must choose 


or 


which is Equation (1.147). 

■ The numerical method of solution we have described for one spatial dimension 
can be extended to two and three spatial dimensions. The mathematics are no more 
complicated; however, it is a bit more difficult to visualize the spatial and temporal 
arrangement of the’ field components for the higher dimensions. For three spatial 
dimensions and the rectangular Cartesian coordinate system (x, y, z), the grid in 
space (called the Yee lattice) is composed of cuboids with sides Ax, Ay, and Az. 
The six components of the electromagnetic field are evaluated at staggered positions 
in space as shown in Figure 1.43, and the finite-difference equations corresponding 
to the two Maxwell’s equations, (1.50) and (1.51), in free space are [60, 61]: 


At 1 
— < 
Az c 


Az 


cB" + * (i, j + ^, 


k + 




^ -f-cAr 

L^{ i,j + 1 r k + l ) 

rnf 1 -M 

i r i 

f 1 \ / i\T 





(1.148a) 




j,k+l 





(1.148b) 


cbT * (< + j. j + 1 . ») + ca, {±[c;(i + i , ; + 1, 

- m .?f'-*>]-£[s(‘ + u+|- *) - r, ft .) +|. *) 


and 


(1.148c) 
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Here the conventional notation 

A 

F n {i, j, k) = T(iAx, jAy, kAz , nAt) 

has been used. 

These finite-difference equations are solved in the same manner as for one dimen- 
sion: The equations are applied alternately to advance the solution in time. The grid 
spacings must satisfy the three-dimensional version of the domain of dependence 
condition (1.147): . 


1 1 

Ax 2 + Ay 2 + 


1 

Ay 1 2 


< 1 , 


cAt 


(1.150) 
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Fig. 1.44. Cylindrical monopole antenna fed through an image plane from a coaxial trans- 
mission line. 

which for Ax = Ay = Az is simply 20 

cAt 1 
• ~Az ~ vT 

The utility and accuracy of the finite-difference time-domain method are best 
demonstrated by a practical example. Consider the cylindrical monopole antenna*, 
shown in Figure 1.44 [62]. The antenna is a vertical metal rod placed over a metal 
image plane; it is fed through the image plane by a coaxial transmission line. This 
is an idealized theoretical model for a practical antenna; for example, the vertical 
rod might represent the radio antenna on an automobile, with the image plane 
representing the sheet metal (roof, fender, etc.) on which the antenna is mounted. 

A cross section of the antenna is shown in Figure 1.45. The image plane is 
assumed to be infinite in extent, and all conductors: are assumed to be perfect. The 
vohime of free space V in which the electromagnetic field is to be determined 
surrounds the antenna and extends into the coaxial line to the depth z = The 
boundary surface of this region is indicated by the dashed line in Figure 1.45. 

Tp- obtain a unique solution to Maxwell’s equations within V for times 0 < t < 
r max , we must specify £ and B within V at time t == 0. In addition h x £ or n x B 
must be specified on the boundary surface of V for all times 0 < t < t max . 

We will assume that the electromagnetic field (£ and B) is zero within V at time 
t = 0. On the cross section of the coaxial line at A (z = — t/C), the tangential 

20 When the grid spacings are equal, say all spacings equal Az, the domain of dependence condition 

for n -dimensional space is simply 

cAr ^ 1 
Az “ y/n’ 

which agrees with our results for one and three dimensions. 
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Fig. 1.45. Cross section of cylindrical monopole antenna showing region of solution. 


component of the incident field (— z x £') is specified for times 0 < r'< f miu : 21 - ' 


£'(/=>. -€a, 0 = 


V*(0 

In (b/a)p 


(1.151) 


where V'(r) is the time-varying, incident voltage. This will be the only electric field 
at this cross section, if we choose 21 A > et mlx , because the field reflected from 
the end of the line will not reach this cross section during the observation time 
Since we have perfect conductors, we have nx£ = 0 on the surface of the coaxial 
lme, antenna, and image plane. Above the image plane, the minimum distance to 


the surface S that surround_s the antenna is R^ a . When > ct mu - i A , the 
electromagnetic field (n x £ and h x B) will be zero on this portion of the surface 
for all observation times. A review of the above specifications shows that all of the 
requirements have been met for ensuring a unique solution to Maxwell’s equations 
within the volume V for times 0 < t < r max . 22 7 

The application of the FDTD method to this problem is described in detail in 
Reference [62]; here, we will summarize the procedure and discuss the numerical 
results. The geometry for the monopole and the incident electric field (1 151) are 
both rotationally symmetric [independent of the coordinate 0 in the circular cylin- 
drical coordinate system (p, <t>, *)], and the incident field has only the components, 
S p and B#. As a result, the electromagnetic field for this problem has only three 


M 3}“ IS the elecmc field ° f a transverse electromagnetic (TEM) mode in the coaxial line 

TTie conditions on the locations of the surfaces A (in the coaxial line) and S (above the image 
plane) can be relaxed by the use of absorbing boundary conditions on these surfaces. This point is 
discussed in Reference [62] but is not important to the argument presented here. 
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Fig. 1.46. Spatial grid showing location of the field components about the point (i, j) 
for application of the finite-difference time-domain method to the cylindrical monopole 
antenna. 


components, £p,£ z , and and these are only a function of the two coordinates p 
and z. The two-dimensional, spatial grid ( of points (p, z) and the field components 
evaluated at these points are shown in Figure 1.46. Note that the grid is arranged 
so that the electric field component tangential to the surface of a perfect conductor 
is evaluated at the surface where it is zero. 

The finite-difference equations that correspond to the two Maxwell’s equations 
(1.50) and (1.51), are (see Problem 1.1*5) 
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Fig. 1.47. Normalized surface charge density on the cylindrical monopole antenna as a 
function of the normalized position, z/h, and the normalized time, t/x u : b/a = 2.30, 
h/a = 65.8, x/x a = 0.1 14. (After Maloney et al. [62], © 1990 IEEE.) 


and 






(U54) 


These equations are used with the time-stepping procedure to obtain the electro- 
magnetic field in the volume V for times 0 < t < / max . 

The parameters that describe the monopole antenna are the height h and the 
radii a and b of the conductors of the coaxial line. We will let b/a = 2.30, which 
corresponds to a characteristic impedance of 50 £2 for the air-filled coaxial line. For 
the results shown in Figures 1.47 and 1.48, the antenna is excited by a Gaussian 
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Fig. 1 .48. Radiation of a Gaussian pulse from the cylindrical monopole antenna. Gray scale 
plots show the magnitude of the electric field, while line drawings below show the surface 
charge density on the antenna: b/a = 2.30, h/a — 65.8, x/x a = 0. 1 14. (After Maloney et 
al. [62], ©1990 IEEE.) 
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pulse; the electric field is then given by (1 . 15 1) with the incident voltage 

v'(f) = (1155) 

The antenna is characterized by the time r a = h/c\ this is the time required for 
light to travel its length. The ratio of the characteristic time for the Gaussian pulse 
• r to the characteristic time for the antenna r fl is r /z a = 0. 1 14. 23 
\ Figure 1 .47 shows the surface charge density p s on the coaxial line and antenna as 
a function of the normalized position z/ h and the normalized time t/r a . This is the 
surface charge density on the inner conductor of the coaxial line for — 1.0' < z/h <■ 
0 and on the antenna for 0 < z/h < 1.0. Each slice of this figure (with f/r„ fixed) 
is similar to one. of the graphs in Figure 1.40 for our one-dimensional problem. 
At the surface of a perfect conductor, the normal component of the electric field 
is proportional to the surface charge density, so this is also a graph for the radial 
component of the electric field at the surface of the inner conductor and antenna. 

This diagram, called a "bounce diagram,” clearly shows that the pulse of electric 
field travels up the coaxial line until it reaches the aperture ( z/h « 0.0, t /x a ^ 1.0; 
point A in Figure 1.47). At this point, a portion of the pulse is reflected back into 
the line and the remainder emerges on the antenna. The pulse is next reflected at 
the open end of the antenna {z/h * 1.0, t/i a « 2.0; point B); then it travels down 
to the aperture (z / h ~ 0.0, t/x„ ~ 3.0; point C) where it is partially reflected 
and enters the coaxial line. This process is repeated continuously, with the pulse 
alternately reflected from the open end of the antenna and from the coaxial aperture 
until there is no longer any charge on the__ antenna. 

The magnitude of the electric field, \£\, in the space immediately surrounding 
the monopole antenna is displayed on a gray scale in Figure 1.48 for three times. 
Graphs of the surface charge density on the antenna are below each plot; these 
correspond to the slices marked a, b, and c in Figure 1.47. The spacing between the 
conductors of the.coaxial line is expanded in these plots to clarify the presentation. 

In Figure 1.48a the pulse has been partially reflected at the aperture and is trav- 
eling out along the antenna. A spherical wavefront is centered on the aperture ( W\ 
in Figure 1.48a); it terminates at the packets of charge on the antenna and on the 
image plane. A second spherical wavefront ( W 2 ) is produced when this pulse is 
reflected at the open end of the antenna. This spherical wavefront, centered on the 
open end of the antenna, is clearly shown in Figure 1 .48b. The pulse, after reflection 
from the open end; travels down the antenna, eventually being partially reflected at 
the aperture and entering the coaxial line. A third spherical wavefront (W 3 ), cen- 
tered at the aperture, is produced on this reflection (Figure 1.48c). The spherical 
wavefront W 2R , which is the reflection of wavefront W 2 at the image plane, is also 
clearly shown in this figure. For times beyond those shown in Figure 1.48, similar 
wavefronts are produced on each reflection of the pulse from the open end of the 
antenna and the coaxial aperture. 

” antenna* dUm, ° n WaS chosen short enou £ h to resolve the reflections from different points on the 





Fig. .1.49. Electric field as seen on a spherical surface of large radius centered on the 
monopole antenna. Each graph shows the field at a fixed polar angle 0 as a function of the 
normalized time, t/z a : b/a = 2.30, h/a = 65.8, z/z a = 0.114. (After Maloney et ai, [621 
© 1990 IEEE.) , 

To complete the picture for the radiation, in Figure 1.49 we show the electric 
field as seen by a distant observer, one situated on a sphere of large radius centered 
on the antenna. This is the radiated or far-zone field, of the antenna, which we will 
discuss in more detail in Chapter 8. Each graph in- this figure shows the electric 
field at a fixed polar angle 9 (measured from the axis of the antenna) as a function 
of the normalized time t / z a . The origin for the time, t fz a = 0, and the amplitude of 
the field were selected to clarify the presentation. Notice that spherical wavefronts 
centered at the same point on the antenna are always separated by a time interval 
that is a multiple of 2r a , the round-trip transit time for the pulse on the antenna. 
For example, wavefrdnts W x and W 3 , which are centered on the drive point, are 
separated by the time 2r a , as are wavefronts W 2 and W 4 , which are centered on 
the open end. However, the relative times of arrival of the wavefront pairs, such as 
VFi, W 3 and W 2 , W 4 , change with the viewing angle 9. For example, at 6 =. 90° 
the wavefronts W\, W 2 , W 3} and W 4 are all' separated, but at 6 =. 5°, W\ and W 2 
are superposed, as are W 3 and W 4 . The radiated field off the end of the antenna 
{6 = 0 ) is zero. Additional insight into the radiation from this antenna is given in 
Section 8.1. | 

An experimental model was constructed for the cylindrical monopole antenna 
with the dimensions b/a = 2.30 and h/a = 32.8. This model was mounted on 
an aluminum image plane (120 cm x 155 cm) that was surrounded by absorbing 
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material to reduce reflections. The reflection coefficient in the coaxial line was 

measured at a number of frequencies (50 MHz < / < 18 GHz) and then used with 
a Founer transform to obtain the response of the antenna to a Gaussian pulse (1 . 155). 

In Figure 1.50a the measured reflected voltage in the coaxial line (dots) is com- 
pared with results computed by the finite-difference time-domain method (solid 
line). The incident voltage, is the Gaussian pulse (1.155) with V 0 = 1 V and 
r/r 8 j= 0.228. The agreement between the two sets of data is excellent Note 
that the peaks in the reflected voltage are spaced by about the round trip transit time 
for a pulse traveling at the speed of light along the antenna, t / r a = 2.0. Figure 1.50b 
is a comparison of the measured (dots) and computed (solid line) electric fields on 

ttie image plane (0 = 90°) at the radial position p/h = 12.7. Again, the agreement 
is excellent. 

These results illustrate two important points: 1) that electromagnetic theory as 
embodmd in Maxwell's equations, accurately predicts experimental observations 
and 2) that a particularly straightforward numerical method can be used with a 
digital computer to solve these equations. As the speed and memory of digital com- 
puters increase, the utility of such methods for solving practical electromagnetics 
problems will certainly increase. 

1.7 Harmonic time dependence and the Fourier transform • 

Maxwell's equations as; written in Table 1.3 are for an electromagnetic field with 
general time dependence; that is, no restrictions are placed on the temporal be- 
havior of quantities such as the electric field £{r,t). In certain.applications, these 
equations can be simplified by specifying a field with harmonic time dependence: 
A held for which all quantities are cosinusoidal in time, for example, £{r t) = 
X . C0 ^ mt + where 1116 parameter co is the angular frequency. The simplifi- 
cation that results for harmonic time dependence is a consequence of the special 
properties of linear systems. Thus, before we consider Maxwell’s equations for 
harmonic time dependence, it will be helpful to review a few of the basic properties 
of linear systems [63]. : F 

1.7.1 Linear systems 

The input to a system, Which we will call /(r), produces a unique output which 
we w,U call g(t), as illustrated in Figure 1.51a. The relationship between f(t) and 

g(t) may be specified by a set of equations; we will represent this relationship bv 
the operator!: F J 

L [m] = g(t). ' (1.156) 

We might think of f(t) as being the volume density of electric current J(r t) and 
g(0 as being the resulting electromagnetic field £(r,t), B(r,t); the twtvare related 
through Maxwell’s equations. 

A linear system (Figure 1.51b) has the special property that if 

£[/■(')] = gi(0 
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Fig. 1.50. Comparison of calculated and measured results for the cylindrical monopole an- 
tenna excited by a 1 V Gaussian pulse: b/a = 2.30, h/a = 32.8, r/r c = 0.228. a) Reflected 
voltage in the coaxial line, b) Electric field on image plane ( 0 = 90°) at p/ h = 12.7. (After 
Maloney et al. [62], © 1990 IEEE.) 
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a) 


b) 



<pi/i (0 + <12/2(0 


<*l£i(0 + <1252(0 


c) 


/(f-'o) 



s(f-fo) 


0 


-f- 

0 



t\ + to 


Fig. 1.51. Diagrams illustrating a) general system, b) linear system, and c) time-invariant 
sy$tem. . 


and 

L[Mt)] = £2(0, 

then 

^t a l/l(0 + fl2/2(0] = a\g\(t) + O2£2(0. . (1.157) 

where a { and a 2 are arbitrary constants. This property is called the “principle of 
superposition.” Examples of linear operations are addition, subtraction, differenti- 
ation, and integration. 

A time -invariant system is one for which 

<-[/(< - O)] = git - tf), (1.158) 

where t 0 is an arbitrary constant. This property is .illustrated by the drawings in 
Figures 1.51a and 1.51c, where a shift in the time at which the input starts is seen-' 
to cause a shift in the time at which the output starts, the shape of the output- is; 
unchanged by the shift. A system with this property is often called “stationary” or 
“non-time varying.”. J 

A function that satisfies the relationship 

£[/«] = cm 

(the output is proportional to the input) is an eigenfunction of the operator For a 
time-invariant, linear system (operator) the eigenfunctions are exponentials: ' 

L[e^‘] = (L159) 
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The time independent factor H(co), which is a function of the parameter co , is called 
the “system function.” 24 

For a real system , a real input produces a real output. We will be dealing with real, 
time-invariant, linear systems. From our discussion, we see that for such systems 
the input 25 


/(0 = C(co) cos [cot + \/f(co)] = Re [F(co)e j(Ct ] 


with 

F(co) = C( coyWW 

produces the output 

g(t) = A(a >) cos [cot + 0(m)] = Re [G(jco)e! M ] 

with 

G(co) = H(co)F(co) = A(co)e J(p(to) . . 


( 1 . 160 ) 


(1 161) 


In words, this important result states that a cosinusoidal input to a real, time- 
invariant, linear system produces a cosinusoidal output. 


24 The following simple argument verifies ( 1 . 1 59) [64]. For a general system with exponential input, 
we have 

7(0 = «'*". g(t) = mi,<o)e iM . : 

Here we have factored the exponential from the output, leaving the function W that depends on 
both r and the parameter co. The system is time-invariant so ' 

• • /(( I „) = «>“<'-'•>, g(t - 1 0 ) = W(r - 1„ 

This input also can be written as 

f{t - to) = =S e-J** /(/), • ; 

where e *‘ 0, ° c&n be viewed as a constant. Because the system is linear, the output for this input is 

• =W(f,o >)«>*-'•>. 

Equating the two expressions above for the output, we find that : 

m - *oi o>) = W(f, (o) y 

for arbitrary t fi . Hence, VV must be independent of t: i >- -• 

6 W(f, (o) = H(<o). 

• 25 . The complex input : • 

f(t) = Fe Jo * = R e(Fe Ja,t ) + j Im {Fe ja}, )\ 
produces the complex output . \ : 

8(t) = HFe^ ^ReiHFe^ + jlmiHFeJ"'), ! • • 

where Re indicates the real part and Im the imaginary part of the complex number. The input can 
be considered as- the superposition of the two terms on the right-hand side of the equation for /(*). 
Because the system is linear, the output is the superposition of the outputs due to each of these two 
inputs. A real input produces a real output; hence, the component of the output R t{HFe jb *) must 

• result from the component of the input Re(FV /<w ). 
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i.7.2 Maxwell’s equations 

Nowkt us return to Maxwell’s equations (Table 1.3). Maxwell's equations involve 
y time-invanant linear operations on the quantities £, B, T> H etc all of 
which are real. However, the complete description of an elU>^^ 0 Wem 
requires not only Maxwell's equations but also the electromagnetic constitutive 

materials (H>> C ™ utlv « relations . we have discussed so far. those for simple 
materials (1 9)-(l.l 1). are time invariant and linear. Therefore, Maxwell’s eouations 
together with these constitutive relations form a real, time-invariant, linear system 
The constitutive relations are approximately time-invariant and linear for manv 

SrneSss^wTxhibktoer' ^ mUS ‘ e p mphaSiZe that 1116 constitutive relations do 

diSCUSSi ° n ° f real ’ ^'invariant, linear systems, we know 
hat if one of the quantities m MaxweU’s equations, the input, is specified to be 
cosinusoidal in time, then all of the other quantities, the ou^TS also be 

^ ™ may 

J(r, t) = C X (F, co) cos [cot + * X (F, co)]x + C y (F, co) cos [cot + f y (F, co)]y 

+ C Z (F, co) aos [cot + z/r t (F, co)]t ' (1162) 

or in more compact form 

j(p, 0 = Re[y>W“'], (U63) 


where J(F, co) is the complex vector phasor 

J(r,co)= Ji(r, co) = ^ Ji(F,co)i = ^ C i {F,co)e j ' l ' ,(? ^t. 

‘=x.y.z i=Zy.z 

(1.164) 

The electromagnetic field produced by this current is also cosinusoidal: 

£(? ' 0 = AAF ’ cos + **<r. u)]i + A y (F, co) cos [cot + 4> y (F, co)]y 
+ A Z (F, co) cos [cot + <p z (JF, co)]z. 


£(r, t) = Re [E(F, co)e jM ]-; 
where E(F , co) is the complex vector phasor 


(1.165) 


E(.F,co)= E i (F,co) = Ei(f, co)i = £ Atf , co)e»™i , 


i-x.y.z 


i=x t y,z 


*=x>y,z 


• (1.166) 

With similar expressions for B, V, and H. Notice the notation we have introduced- 

vector^h'In 17 ' 1118 h Z ! ndiCated by ^iypeface £ , whereas the corresponding 
vector phasor is indicated by the typeface E. Each component of the vec Jphaso? 


1 .7 Harmonic time dependence and the Fourier transform 
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£ has a modulus A,- and argument 0/ that depend on the position r and the para- 
meter <w. 26 

When the electromagnetic field is expressed as in (1.165), the Maxwell equation 
(1.50) becomes 

V x Re [E(F, co)e jM ] = - 1 . R e co)e Ja ']. 

The operations of taking the real part and differentiation with respect to the spatial 
or temporal variables can be interchanged without affecting this equation; thus, 

Re [V x E(F, co)e JO “] = Re [ - jcoB( F, co)e jal ']. (1.167) 

It then follows that 27 

V x E(,F,co)e Ja ” = -jcoB(F,co)e J, °', (1.168)' 

or - . 

V x E(F, co) = -jcoB(F, co). (1.169) 


The other MaxweU’s equations, (1.51)-(1.54), when treated in a similar manner, 
become 



V x H(P t co) = Jr(r, co) -f jcoD(r , co) 

(1.170) 

Si 

V • D(r, co) = p(r , co) 

(1.171) 


V • B(r t co) = 0 

(1.172) 


V • J(r, co) = —jcop(r y co). 

(1.173): 


These are MaxweU’s equations for the complex vector phasors E(Jr, co), B(F, co),- 
etc.; for future reference they are listed in Table 1.5. They apply tq electromagnetic 
systems in which the constitutive relations for all materials are time invariant and 
linear, and they are generaUy used in the following manner to solve a practical 
problem. A cosinusoidalexcitation, such as the current J{F, t), is specified; from 
this a vector phasor, J (r , co), is determined. The Maxwell’s equations with this 
excitation are then solved to obtain the vector phasors for the electromagnetic 
fiekf E(jr , co), B (i\ co). FinaUy, the cosinusoidal field is determined from £(F t) - 
Re[£(r, co) e J M ), B(F, t) = Re[R(F, co) e i M ]. 

These equations are simpler than the general equations in Table 1.3 because they 
contain one less variable, the time t. For this reason they are often called the time- 


For now, we have included the parameter co in the argument of the phasors [e.g., E(r, co)] to 
emphasize that we arc dealing with a field that varies harmonically in time. Later, we will drop the 
o> and simply write £(r). 

27 Equation (1.167) holds for all time. When we let t -► t + ( 7 r/ 2 cu) we have 

Re[V x Ee jM e^ 2 ) = Re[- jo>Be jM e Jn/2 ] 
or ■ . 


Thus, 


Re[yV x Ee JaH ] = Rt[j(-j(oBe J “')\. 


Im[V x Ee Jut ] = Im [-jcoBe Ju, ] t 
which when combined with (1.167) gives (1.168). 
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TabIe 1-5. The equations of electromagnetism for harmonic time dependence 


Name 

Equation 

■ 


Integral form 

Differential form 

Faraday’s law 

^E-di = -jco jj B-dS 

V x E = —jcoB * 

Ampere-Maxwell law 

£ Sdi=s ii s s - ds+ja> ii s 5ds 

V x H = J + jcoD 

Gauss’ electric law 

§, 5 d! -IIh dv 

< 

b* 

11 

Gauss’ magnetic law 

^ B ■ dS = 0 

<l 

II 

o 

Equation of continuity 
for electric charge 

§/ di — 1 ‘ , JIL fdv 

V • J = - jcop 

Complex 

Poynting’s theorem 


~\»'B)dV 


+ jj^Sc-dS = 0 


Complex 

Poynting vector 

S c — x H* 



independent Maxwell's equations. The parameter to will often be omitted from the 
argument of the vector phasor when this introduces no ambiguity: E(r) = E(r, co) 
The other equations of electromagnetism can be specialized for the case of har- 
monic time dependence. For equations that are line_ar in the field quantities this 
usually involves simgly replacing the first partial derivatives with respect to ’time 
by jco and changing £(f,t) to E(r, co), etc. This is the case for the electromagnetic 
boundary conditions, which are given for harmonic time dependence in Table 1.6 
Equations that are nonlinear in the field quantities, such as Poynting’s theorem 
which involves products of field quantities, require additional consideration. 


L7.3 Poynting’s theorem 

Our derivation of Poynting’s theorem for a field with general time dependence 
(Section 1.4) is based on the integral 

JJJ v hr, t) ■ J(r, t)dV. 


1.7 Harmonic time dependence and the Fourier transform 
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Table 1 .6. The electromagnetic boundary conditions for harmonic time dependence t 


General boundary 

;Regiop 1: a perfect 

condition 

; electric conductor 

h x (£2 — Ei) = 0 

h x £ 2 = 0 

h.x 2 J s 

h X // 2 =: J 5 

n : (D 2 - Pi) = p s 

h ■ p2 = p s 


n -(.Jl- Jl) + V s ■ J s = —jcops 


h ■ Bi= 0 
h ■ J 2 E ■ ] s = -j(op s 


Note: ^The normal h points outward from region 1 into region 2. 


When the field is harmonic in time, the product £ ■ fj in the integrand becomes 
' hr, 0 • J<r, t) = Re [E(r, co)e^‘] • Re [/(?, co)e^‘] 

= Eljr, co)e Jal + E\f, co)e~j a '] . [j{r,co)e> m ‘ 

+ J*(r , co)e ~ im ] - : 

= E(r, co) ■ J*(f, co) + E*(r, co) • J(r, co) : 

+ E(r, to) • J(r, co)e j2a>l + E*(r, co) ■ J*(P,co)e~ j2al ] 

F \ { Re [hr, co) ■ J*(r, co)] + Re [£(r, co) • J(P, co)e J2cal ] J , 

(1.174) 

where the * indicates the complex conjugate. This is the instantaneous rate at which 
energy is exchanged between the electromagnetic field and.the mechanical motion 
of the charge, per unit volume. For quantities that are' cosinusoidal in time, we are 
generally interested in the time-average value of products like (1.174) rather than 
their instantaneous value. The average bf (1.174) over one period of oscillation 
T = 2tt/co , is (from Problem 1.19) 28 

(hr, t) ■ J(P, t)] = ~ £(r, t) ■ J{r , t)dt = Re J jE(r, co) ■ j*(jr, o>)J. 

(1.175) 

28 This result holds for the time-average value of the scalar and vector products of any two quantities 
that are harmonic in time. For example, when A(r, /) and B(r, t) are harmonic in time, 
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This result suggests that we should examine the integral 


flU^r.^.rCF.^dV 


(1.176) 


for fields with harmonic time dependence 

" d <U70) i " , ° <U76 » - -» 
+ IG gx "')'" = °- ' ; (M77, 

Tecw “ C ° mP,a FOy, ““ S '• Wh “ ~ ““ «» 


Sc(r, co) = 


it becomes 


1 s,- 

^E{r, to) x H*(jr, co), 


Iff, G* ' J ’) dv - ‘‘III (j f ' 5 * - ' tyr + 1 


(1.178) 


S c .-dS = 0. 


(1.179) 

(1.180) 


From our discussion of time-average values, it is clear that 
< • ■ Re [Wf, cu)J = (S(r, t)); 

that is, the real part of the complex Poynting vector is. the time average of the 
Poyntmg vector (1.100). Notice that S e is not a phasor in the sense of JL /it 
cannot be used as in (1.163) to obtain the ttme-varymg Poynting vector 

_ , ,. phyS ' CaJ “teipretation of this theorem requires the specification of constitutive 
relations, we will assume simple materials (1.9)-(1.11): 

D(r, co) = eE(r, co), (1.181) 


and 


with 


H(r,co) = -B(r, co). 


J(r, co)= Ji(r,co) + j c (r,co), 


/ c (r , co) = a E(r, co). 


(1.182) 


(1.183) 


. (1.184) 


We h . aVe Separated th S volume density of current into an impressed current J 
and a conduction current J c \ ‘ 


29 tha ‘ We USed in f taining **“*«•’ •«* for fields 
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With (1.181)— (1.184), the complex Poynting’s theorem (1.179) becomes 


(1.185) 

On equating the real and imaginary parts of this equation, we obtain the two equa- 
tions: 

■ Hi Re (/ ■ I: ) dv = III G i7e|2/ff ) rfv + § s Re( ^ • d§ < li86) 

and 

-Iff, m G* - *) dv - -'-ffi 

+ (ffkn(.S c )-dS, (1.187) 


where we have indicated the Hermitian magnitude of a complex vector by 

|A| = 7a • A*. (1.188) 

The first of these equations, (1.1 86), is an expression for the time-average power 
within the volume V. To see this, we must identify each term in the equation as the 

time average of a quantity; from ( 1 . 106 ) 

Iff, G ' u *) dv - Iff, = (f )• 

and similarly from (1.108) 

- Iff, Re G* ■ }; ) dv - - Iff/ - 3 ‘ )dv - (¥)• 

With these results and (1.180), (1.186) becomes 

. &)-[>§.*■* ' ' 
which states that the time-average power supplied by nonelectromagnetic sources 
to the electromagnetic field must equal the time-average power transferred from thd 
field as heat plus the time-average power leaving the volume by passing through' 
its surface. 

The second equation, (1.187), concerns the time-average energy stored in the 
electromagnetic field within the volume. From (1.1 12) and (1.113), we have 


(1.189) 

(1.190) 

( 1 . 191 ) 


Iff, •M i y-ffff t [\4?)‘‘y-™.) 


(1.192) 
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III & [B]2 ) dv = 2 HI {{^ 2 ) dv = 2 <^)- a.i93) 

Thus, (1.187) becomes 


2 co 


III K** ' } ') dv + ff s ^ • dS 


(1.194) 


which is an equation for the difference in the time-average energies stored in the 
electric and magnetic fields within the volume. When the right-hand side of this 
equation is zero, we have the interesting result 


W = (U m ), 

or, for the total energy U = U e + U m , 


(U) = 2(U e ) = 2(U m ). 

Half of the total time-average energy is stored in the electric field and half is stored 
in the magnetic field. 


1.7.4 Uniqueness theorem 

Earlier we presented a uniqueness theorem for electromagnetic fields with gen- 
eral time dependence (Section 1.5). We will now develop a separate uniqueness 
theorem that applies specifically to fields with harmonic time dependence- it will 
mvoive the complex vector phasors E(r, co), B(r, co) rather than the time-varying 
field t{r, t). B(r , t ). The procedure we will use is essentially the same as before 
except dial Maxwell’s equations and Poynting’s theorem for general time depen- 
“ * 3) 316 re P laced ^ ** counterparts for harmonic time dependence 

(Table 1.5) [65], As before, we will state our result and then present an argument. 

Uniqueness Theorem For a volume V that contains only simple materials and 
for which the impressed currents /, are specified, -a time-harmonic solution to 
Maxwell s i equations is uniquely specified by the values of the tangential component 
of either E or B (n x E or n x B) over the boundary surface of V (Si and S. 
in Figure 1.33). The tangential component of E can be specified on a portion 
of the boundary surface .and the tangential component of B on the remainder. Each 
region within V, with the exception of perfect conductors, is assumed to have finite 
conductivity. The case for lossless materials (a = 0) is viewed as the case for lossy 
materials (cr ^ 0) in the. limit as the loss goes to zero ( cr — * 0). 

In other words, if a solution to Maxwell’s equations is obtained within the volume 
and the solution satisfies all of the above conditions, it is the only solution. 

We will assume th.at there are two different solutions to Maxwell’s equations de- 
scribed by the complex vector phasors E a , B a and E b , B b . The difference between 
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these solutions, 8E = E a — Eb, SB = B a — is also a solution to Maxwell’s 
equations; therefore, it can be used in the complex Poynting’s theorem (1.185): 

’“ffi G e|,J|! - -ffi 
’ ffi (i 5i ' >}; ) dV 5iw 

= -§ s \^Z-fr*M')dS. • (U95) 

We have assumed that both solutions arise from the same impressed sources and 
have the same, tangential components for E or B on the surface S. Hence, <$/* = 0 

in the last integral on the left, and n x SE = 0 or n. x 55* = 0 in the integral on 
the right, making (1.195) 

" fjl - &*?)*’ - ffi felfityv- (1.195) 

On separating the real and imaginary parts, we get 

fff v (^m 2 ) d V = 0, ; (U97) 

and 

iffy (fr# ~ \~^) dV =Q - d-198) 

Fora / 0, Equation (1.197)can only be satisfied by |<5£| = Oor E a = E b \ then, 
from (1.198), itfollows that |5B| = 0 or B a = B b . Thus, there is only one solution, 
a unique solution, to Maxwell’s equations within V for the stated conditions. 

For lossless materials (cr = 0) our argument fails; we are left with the inconclu- 
sive Equation (1.198). The case for lossless materials can be viewed as the case for 
lossy materials in the limit as the loss goes to zero. The physically relevant solution 
for the lossless case (a = 0) is taken to be the physically relevant solution for the 
lossy case (o' ^ 0) in the limit as the conductivity goes to zero (cr -» 0). This 
method is sometimes called the "principle of limiting absorption,” 30 
As for fields with general time dependence, problems that involve regions of 
infinite extent require special consideration. We will again restrict our discussion 
to the problem described in Figure 1.35: a source of finite extent in infinite space. 
When the surrounding material has loss (cr ^ 0), the physically relevant solution 
to this problem is a field that decays with increasing distance from the source For 
this solution, the integral over the surface S c in (1.1 95) goes to zero as r e -* oo; 
all of the energy supplied by the source is dissipated before it reaches the boundary 


30 For uniqueness theorems that do not require lossy materials see References [27] and [55] 
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surface at infinity. 1 ; 1 We conclude that a unique, physically relevant solution to 
Maxwell s equations is obtained by specifying the tangential component of either 
£ or S on only the interior surface S,. On the exterior surface the tangential 
components of this field are zero due to the dissipation in the surrounding mfterial. 
To obtain the physically relevant solution for the lossless case (a = 0), we take the 
limit of this solution as a — »• 0. 

It seems disconcerting that the boundary conditions differ in the uniqueness theo- 
rems for general time dependence (Section 1.5) and for harmonic time dependence- 
The former requires; specification of n x £ or n x B on the surface S as well as the 
initial values of £ and £ throughout the volume V, whereas the latter requires only 
specification of n x.E or n x B on the surface S. This difference is explained by 
a simple physical argument. Consider the following situation: The field is initially 
zero within V, and at time t = 0 a source is turned on. The spurce.gradually builds 
up to a cosinusoidal-oscillation that continues for an indefinite time. For example 

the source may be an impressed current of the form F ’ 

: Ji a Tl(t) cos(cot), (1.199) 

where 7 l(t) is a ramp function that goes from 0 at time f = 0 to 1.0 after a time 
equal to several periods (2 n /to) of the cosinusoid. This is essentially the form that 
all oscillatory signals have m practice. The volume V is finite in extent and contains 

of fimp SS > maten t S - a ^ 0) ' N ° W 11)6 field is observed after a very long period 
time, it is oscillating cosinusoidally everywhere within V; the transient field 

The fieM h g ° n h3S l0ng SinCC diCd ° Ut due t0 the dissipation 

within V. The field has reached the steady state; it is harmonic in time, and it 

contains no information about the initial conditions at time t = 0. Since the initial 
vahies of the field do not affect the steady state solution, it is reasonable that they 
are not required in the umqueness theorem for harmonic time dependence. 32 


31 tac 6 re P £S “Sceif 0 " bChaVeS “ “ ° UtWard - g0lng WaVe that deca V s exponentially with 


with k = p — j a , where 


and 


iim „ 
r '-°° B 


oc e~ ikr \ = e~ ar ‘e~ Jfir ‘ 


“ = "/y [yr+w^ - 1] . 


P = 0) 


M 


v/l + (cr/ct )£)* -f- 1 


32 A mathematical argument that supports this conclusion is presented in Reference [66], 
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L 7.5' Fourier transform 

So far our discussion in this section has been confined to fields with harmonic time 
dependence. However, a field with general time dependence can be thought of as a 
linear superposition of fields that vary harmonically in time at different frequencies. 
The formal mechanism that describes this relationship is th t Fourier transformation 
(Jean Baptiste Joseph Fourier, 1768-1830): 

m = £ F(co)e Ja “dco, (1.200) 

where the weight associated with the harmonic function of frequency to is 

Ho>)'= [ fft)e~> M dt. (1.201) 

J —oo 

Equation (1.201) is called the Fourier transform of the function /(/); Equation 
(1.200) is called the Fourier inversion formula. The following shorthand notation 
will be used for a pair of functions that satisfy these relations: 

/( 0 **■ F(co). (1.202) 

We will not consider the conditions required for the existence of the transform; 
they are discussed in detail in References [63, 64] and [67], We simply note that 
the transform always exists for a physically realizable function ; /(r), such as one 
obtained from a measurement. 

It is easy to show that the transform of a real function f(t) has 

F(-cd) = F*(co), (1.203) 

and that the transform of the n-th temporal derivative of a function is 
d n f(t) 

-jpr<+Ua>) n F{co). (V204) 

Now we will consider the Fourier transform of the electric field ' 

E(r ,co)=f £(r, t)e~ Ja, dt. (1.205) 

J — OO 

Taking the curl of this equation and using the Maxwell’s Equation (1.50), we have 
V x E(r, co)= [ V x £(r, t)e~> a, dt 

J — OO 

(i:m) 

After introducing the Fourier transform of the magnetic field, 

3 ^ r°° ^ 

B(r, oi)= / £(r, t)e J(0t dt t (1.207) 

7 — 00 

and employing (1.204), Equation (1.206) becomes 
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Similar operations can be used with the other Maxwell*^ equations (1 .51)— (1.54) 
to obtain 


a 

V x H(r , co) =s J{7, co) + ja>D(?,%) 
V ■ D{r, co) = jo(7, co) 


V • B(r, co) = 0 


3 


v • y (r , w) = —jcop(r, co). 


(1.209) 

( 1 . 210 ) 
( 1 . 211 ) 
( 1 . 212 ) 

Tbesejire Maxwell’s equations for the Fourier transform of the electromagnetic 
field E(r, co), B(r, co), etc. Notice that they have the same form as Maxwell’s 
equations for a time-harmonic field (Table 1.5). However, the quantities in these 
two sets of equations are not the_same. This is easily seen by examining their units. 
For example, the vector phasor E (r , co) for harmonic time dependence has the units 
of the electric field (Y/m), whereas the Fourier transform E(7, co) has the units 
of the electric field per unit frequency [(V/m)/Hz], In addition, the vector phasor 
£(r, co) is a complex .number with the parameter co fixed, whereas the Fourier 
transform E{7 , co) is a complex function of the variable co (Problem 1 14) 

Equations (1.208H1-212) with the Fourier transform of the appropriate con- 
stitutive relations are generally used in the following manner to solve a practical 
problem. An excitation, 3 such as the current j(7, t), is specified. The Fourier trans- 
form of the excitation, J(r, co), is obtained from (1.201). Maxwell’s equations are 
then solved 3 with this excitation to obtain the Fourier transform of the electromag- 
netic field E(r, co), B{7, co). Finally, the time-varying electromagnetic field £(7, t) 
o(r, f) is obtained using the Fourier inversion formula (1.200). 

From what we have shown above, we can conclude that any direct manipulation 
of Maxwell s equations for the Fourier transform of the field will produce a result 
that is symbolically the same as for a time-harmonic field. For example, Poynting’s 
theorem is given by Equation (1.179) or (1.186) with all field quantities specified' 
as Fourier transforms rather than vector phasors [e.g„ E(7, co) rather than E(7 co) 1 
However, we must provide a new interpretation for the quantities appearing in . 
this equation. To this end, we will examine the following integral of the complex 
Poyntmg vector: ' * 

nJo ” Rc [^)]^ = |^ h • J Re ^ E{co) x h\co) Jtfor. (1.213) 
Parseval’s formula for the real functions /,(f) and / 2 (r) states that [63, 64] 

f°° • 1 foo 

J_^ MVM‘)dt = - jf Re [F x {co)F^co)]dco, (1.214) 

where 


/i(0 F\ (CO) 


1.7 Harmonic time dependence and the Fourier transform 
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Table 1.7. Notation for field quantities 


General 

time £{r, t) = Y £i(7,t)t \£\ = VF7£ /Magnitude of\ 

dependence- ' i=x,y ',z \ a real vector y 

‘ /Absolute value of\ 

1 \ a real nuriiber J 

Harmonic 

time $(r,t) = Re\E(f,co)ei w, ~\ |£| = -Ji-E* 

dependence . L J 

E(f,co)= Ei(r,co) |£,j = JEiE* 

i-x,y,z V : 

= A t ' 

= 2_, Ei(r,co)t 
i-x,y,z 

= J2 Ai(r,co)ej*'(r.<o)l 

i=x,y,z 

/Hermitian magnitudeN 
\ of a complex vector J 

/ Modulus of a \ 
\complex number J 

Fourier - _ 1 * 

transform ^ r * ^ ~ 2 n J , co)e^[ 

* r°° - 

E(r,co)= /• E(f, t )e“i 6> t d 
7—00 

m dco 

t 

: v,. 

and : : : 

i 



fl(t) +* Fiio)). 

Using this formula with (1.213), we find 




X H (co) 


dco , 


(1.215) 


The left-hand side of this equation is just the total electromagnetic energy passing 
through a unit area of surface with the unit normal ft. Therefore, the integrand on 
the right-hand side of the equation, 

- T* * 


— n • | Re [S c (a>)]J, 


(1.216) 
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must be the energy passing through a unit area of this surface, per unit frequency 
[(J/m 2 )/Hz], Itis called the energy spectral density. 33 All of the quantities appearing 
in Poynting’s theorem (1.186) have this interpretation. For example, 

is the energy per unit volume, per unit frequency transferred from the field as heat. 

We have used the tilde C) with the Fourier transform E(r, co ) to distinguish 
it from the vector phasor E(r, co) for the time-harmonic field. The tilde will be 
omitted when this causes no confusion. The equations in Tables 1.5 and 1.6 can 
then be thought of as applying to the vector ptfiasors for a field with harmonic time 
dependence or to the Fourier transform of a field with general time dependence. 
The equations in Table 1;5 are often referred to as Maxwell* s equations for the 
frequency domain , whereas our. original equations in Table 1.3 are referred to as 
Maxwell’s equations for the time domain. 

For future reference the notation we have introduced in this section is summarized 
in Table 1 .7. 
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Problems 

1.1 Ampbre invented a device known as the astatic, combination, for use in his 
experiments. This device is basically a detector for a spatially nonuniform 
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magnetic field. Its construction is shown in Figure Pl.l. The wire forming 
the detector lies in the plane of the page and is bent to form two identical 
loops, L and R. The current I d is in opposite directions in the two loops. The 
detector is free to rotate about the vertical axis C — C. 

a) This device is called astatic (having no tendency toward a change in di- 
rection) because it is not affected by the presence of the Earth’s magnetic 
field. Assume that the Earth’s magnetic field B e has the orientation shown 
in Figure PI. 2a and is uniform over the area of the detector. Show that the 
Earth’s magnetic field does not cause the detector to rotate. 

b) The detector does rotate when it is placed in a magnetic 'field' that is 
not uniform over its area. Show that the detector rotates when placed 
near the long, straight current-carrying wire with the orientation shown in 
Figure PI. 2b. 

c) Ampere used this detector in some of his experiments based on the null 
principle. One of these experiments is shown in Figure PI .2c. the detector 



C' 

Fig. Pl.l. Ampere’s astatic combination. 
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DETECTOR 



WIRE 


• DETECTOR 



b) 


LONG, 

STRAIGHT 

WIRE 




TOP VIEW 



Fig. PI. 2. a) Astatic combination in Earth’s magnetic field, b) Astatic combination near a 
long, straight, current-carrying wire, c) Ampere’s experiment. 
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nn 8 r£ u t0 1116 ™ 311(1 in ** plane. The wire 

on the left is straight, while the wire oh the right has a series nf c n 

regular bends of size ,, where , « d. Ampbre Zd LZ debtor 2 
not rotate for this arrangement. As stated by Maxwell 151 “This 

f- ™ 

equivalent to the same current running in the straight fine ioinine its 

“ in ” p “ - * “ * £ 

u !E^5£1£ S2S5Z . W ? ,h ' Amp4re - 

ThI ntS.'Tw Simple experiment support s the inclusion of this term [68 691 
The parallel plate capacitor shown in Figure PI. 3 is connected to an altemat- 

ing current source - . Tins produces the current T(t\ t • / \ • 

connected to the plates and the ZZewT-S\Z f \? ( “° “* he wire 

! c “‘- "».'*«<■»».* voi,. gc v„ (l) e . 

In posmon A, the coil surrounds the wire. The alternating current in the 
wire (^) produces, a magnetic field within the coil, and by Faraday's law 1 
time-varying magnetic field produces a voltage (electric field wZ ? ’ , 

and 16 C °i^ ^ P oslt * on B, the coil is inserted b^w^n^he p^tes (^^he caMcitor S 
nd a vokage is again observed at the terminals of the coil. However ids now 
the alternating displacement current (8V/dt ) that produces the time v 
magnetic field within the coil and the resulting voltage across its termiSs" 8 

^ thpTf tha th f CapaC ‘ t0r is ideal: The electric field exists only between 
, h* eS ' no nn 8 ln g)> an d it is imiform and n°rmal to the plates Let 

"T ^ be “ - ** W •- Th. coil hSS» g 
(b e d/2), circular cross section of area S N = na 2 and N h,mc 

coil is very thin (a « b). Obtain an expression for V m when the coil is 
between the plates of the capacitor. s 

b) For the following practical values: 

^ = 100 V j = 10 cm 

f — 20 kHz b = 35 cm 

d = 80 cm a = 1.3 cm, 

^how many turns, are needed on the coil to produce a voltage F m = 

1.3 An infinitesimal current element is shown in Figure 7.1a It is a current T(,\ 
acting over the length Al in the limit as A/ -/o When the cur^f ^ 
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Here we have assumed that the element is aligned with the z axis, and we 
have used the spherical coordinates shown in Figure 7.1b. 

Obtain the magnetic field 3$ of the current element by applying the Ampere- 
Maxwell law in integral form to the open surface S whose boundary is the 
circular contour C shown in Figure PI. 4. Show that your result is essentially 
the Biot-Savart formula , which states that the magnetic field of a current 
element is 


B(f, t) = 




-Z x r, 


Anr 2 
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1.4 


1.5 


Fig. PI .4. Infinitesimal current element with contour C for calculating the magnetic field. 

when the element is in the £ direction. As this derivation shows, the Biot-' 
Savart formula is an approximation for the magnetic field that applies when 
the current element is slowly varying in time. .! 

In the text, Faraday’s law (1.50). the Ampfere-Maxwell law (1.51), and the 
equation of continuity (1.54) were considered the independent Maxwell’s 
equations with Gauss’ electric and magnetic laws, (1.52) and (1.53) the de- 
pendent equanons. Examine the alternate point of view where (1.50), ( 1 . 51 ) 
and (1.52) are considered independent with (1.53) and (1.54) dependent. 

For low-frequency circuits, the charge on the wires connecting the components 
generally insignificant. Use the model developed in the text Figure 1 30 and 
Equation (1.127), to: estimate the total charge on the upper hainO < z <“ ) 
of a straight wire. Use the following practical values for the parameters P 

7=1 mA 7, = 30cm 

tr = 5.8. x 10 7 S/m f> = 10 cm 
a = 1 mm. 

Compare the charge you obtain to that ofa single electron: -1.602 x KT 19 C. 

'L6j To date, magnetic charge has not been observed in any experiment. However 

,1^° T 6 magnetiC Charge may Slmply be a result of the convention 

[42, 70 7f] mllS eleCtr ° magnetlc < I uantlties ' 39 ‘he following argument shows : 

a) TTie equations of electromagnetism (Table 1.3) can be modified to include 
the effects of magnetic charge. After introducing the volume densities of 
magnetic charge and current, Pm and J m , Maxwell’s equations become 


V'H = p m , 

v . 7 — dpm 

IP 


VxH = j e + 

V • f — dPe 
Je ~ dt ’ 


dV 
dt ’ 
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with the'Lorentz force density 

f = pj + Pm H + J e xB-J m xT>.- 

Here we have used the subscripts e and m to distinguish electric and 
magnetic sources. The three equations on the left involve p m and J m . 
The second of these is die differential form of (1.19), and the third is the 
equation* of continuity for magnetic charge. Show that the' first equation, 
Faraday’s law modified to include magnetic current, is consistent with the 
other two. 

. b) Let the sources be in free space so that (1.6) and (L7). apply. Show 
that Maxwell’s equations are invariant under the following transforma- 
tion: 

£ =■£' cos + cB' sin y/f 

B = — -£' sin + B' cos yj/ * 

c 

Pe = p' e cos f + - [ -p' m sin ir 

*>o 

Je = Je ' cos y); -b ■— J m ' sin yj; 

So 

Pm = -ZoPeSin'l' + P' m COSl/r 

Jm - SoJt ' sin y\r + J m ' cos yjf, 

where == Jp> 0 /£ 0 . That is*, substitute the expressions for the unprimed 
quantities £, p et etc., and show that Maxwell’s equations are obtained for 
the primed quantities £', p', etc. Also show that the Lorentz force den- 
sity, the Poynting vector <5?, and the total energy density u = u e -f u m are 
invariant under this transformation. 

c) The results from part b show that both representations for the electromag- 
netic field and sources (the primed quantities and the unpfimed quantities) 
satisfy Maxwell’s equations. Both representations also predict the same ex- 
perimental results, since they give the same values for quantities directly 
related to observations, such as the Lorentz force density, the Poynting 
vector, and the energy density. 

Assume that the magnetic sources are set to zero for the unprimed 
representation ( p m = 0, J m — 0). This is just the conventional electro- 
magnetism summarized in Table 1.3. We can redefine the electromagnetic 
field and sources using the transformation in part b. The magnetic sources 
will no longer be zero ( p' m ^ 0, J m ' ^ 0) in the new primed repre- 
sentation. Because the same experimental results are predicted by both 
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representations, we see that the exclusion of magnetic charge may be a 
matter of convention. Show that the ratio of the magnetic charge den- 
sity to the electric charge density in the new representation is fixed at the 
value 


Isk 

Co P' e 


1 Jm* 

Co J e ' 


= tan(^), 


where ^ is arbitrary. 

If we assume that matter is made up of charged particles, in the new rep- 
resentation, all particles would have the same ratio of magnetic to electric 
charge 


1 <lm 

77 stan («. 

So He 

d) Now assume that matter is made up of two types of particles, 1 and 2. 
Each has electric and magnetic charge with the following ratios: 


1 ♦ / / \ 
r — = ta n(^i) 

Co q e \ 


1 ?m2 

Co q e i 


= tan(^ 2 ). 


When fa ^ fa, can an electromagnetic field and sources be defined so that 
the conventional equations of electromagnetism (those without magnetic 
sources) accurately predict experimental observations? Show that fa must 
equal ^ for electrically and magnetically neutral matter ( q e2 = -q elt 

<?m2 “ l)* 

| Several variations of the following problem have been discussed in the liter- 
ature [72-74]. It is a valuable problem, because it encourages a clear under- 
standing of Faraday’s law. Consider the two devices shown in Figure PI. 5a: 
a resistor and- a voltmeter. Each device is characterized by the line integral of 
the electric. field over the path ( a-b ) through its terminals: For the resistor 



ZrR = V R} 


where R is the resistance, 1 R the current through the resistor, and V* the 
voltage across the resistor; and for the voltmeter 

-fi-a-v,, 

* Ja r * 

where V m is the voltmeter reading. The current through the voltmeter is as- 
sumed to be negligible. 

a) A closed, planar circuit is formed from the two resistors, Ri and R 2 , and 
perfectly conducting wire. A uniform magnetic field is normal to the plane 
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of the circuit and confined to the shaded region of area S in Figure 1.5b. 
This field increases linearly with time: 

B{t) = C 0 tz, • 


where z is pointing out from the page. This field could be produced by a 
long solenoid, whose axis is normal to the plane of the circuitry, carrying 
a current that varied linearly with time. Two identical voltmeters are con- 
nected to the circuit at points A and B; one voltmeter is to the right of the 
circuit; the other is to the left. What are the readings on the voltmeters, V m \ 
and V m 2 ? Under what conditions are the two meter readings the same? 

b) A “short circuit,” comprised of a perfectly conducting wire, is connected 
between points A and 3 on the right side of the circuit, as in Figure 1.5c. 
What are the readings on the two voltmeters? 

c) The connections to the voltmeters are rearranged, as in Figure 1 .5d. What 
are the readings on the two voltmeters? 


1.8. Show that the two boundary conditions for the normal components of the 
electromagnetic field (1.80) and (1.81), can be obtained from the three other 
boundary conditions, (1.65), (1.66), and (1.78), and the Maxwell’s equations 


b 


b 
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d) 

Fig. PI. 5. a) Models 
measurements 



for a resistor and a voltmeter, b), c), and d) Connection for 


various 


(1.50) and (1.51). Use the rectangular Cartesian coordinate system (x v z ) 
and assume that the boundary surface is the x-y plane with the unit normal 
n = Zy as in Figure PI. 6. 

1.9 Assume that the plane boundary in Figure PI .6 is between a perfect conductor 
region 1, and free space, region 2. A small probe is used to measure the 
magnetic field in free space at the surface of the conductor, and it is found to 
be a simple function of position: 

Bl(x, y, 0+ , t ) = C„(yx — xy) cos (cot). 

a) Use the electromagnetic boundary conditions to determine the surface 
densities of charge p s (x, y, t) and curnent J s {x, y, t) on the perfect con- 
ductor. 

b) What is the electric field £ 2 ^, y , 0-f, t) in free space at the surface of the 
conductor? 
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Fig. PI. 6. Plane boundary with accompanying rectangular Cartesian coordinates. 


1.10 The plane boundary in Figure PI. 6 is between two simple materials with the 
constitutive parameters e\, o\, /jl\ = pc 0 and £ 2 . ^2. M2 = Mo- The electro- 
magnetic field is harmonic in time with frequency co. At the surface, the phasor 
for the normal component of the electric field in region 1, E\ z (x t y, 0— , w), is 
known. Determine the phasor for the normal component of the electric field 
, in region 2, E^x, y, 0-h co), and the surface density of charge p s (x, y , co) 
on the boundary. 

Ll.ll For a time harmonic field in a simple material (e, pi, <j) 4 show that the volume 
density of charge p must be zero and, as a result, V • E = 0. 

[_ 1.12 a) For a perfectly conducting body of volume V with surface S, show that* 
the Lorentz force expression (1.12) becomes 

? = jj){p s £ + Js * &)dS. 

b) Although the electromagnetic field on the surface of the conductor appears 
in this expression, it is not_well defined. Just inside the surface, all of the 
components of both £ and B are zero, while just outside the surface some of 
the components of £ and B are not zero. What value should be used in the 
expression for the force? The following argument shows that the correct 
value is the average of the fields just inside and just outside the surface [75]. 
The surface of the body is approximated locally by the planar geometry 
in Figure PI. 7. The charge and current are assumed to be distributed in 
a thin layer (— L < z < L) at the surface, rather than ill an infinitesimal 
layer as for the perfect conductor. Within this layer, the .volume densities 
of charge and current are functions of only_the normal coordinate z, and 
the current is in the y direction: p(z) and J(z) = J y (z)y. To the left of 
the layer, the field is £\,B\, and to the right £2, Bi. For both regions, 1 
and 2, assume that e = e Q and /x = pc 0 . Show that the electrostatic and 
magnetostatic forces per unit area of the surface are 

dT e = Ps 


-(£\ 4- £ 2 ) 


1 
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and 


where 


dT n 


= Js X [i(<9, + S 2 )J, 


Ps 


= f ^p(z)dz t ^ S=Z J 


i $ Use the results from part b and the boundary conditions .at' the surface of 
a perfect conductor to show that * ' 




1.13 The constitutive relation between V and £ is written as an operator L ( 1 . 1 56), 

L[£(r, t)] = V(r, t). 

Which of the following relations are linear and which are time invariant? 

©<T. 0 = ct£{7, t ) + f) 


r dt 

v x (r, t ) = a £ x (r, t) + /3£*(r, t ) 
V(r } t) = at£ (r, t) 


dt 2 
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V(r, t) = a £{r, t-t’) 

T>(r,t)= H t — t')dt'. : 

Jt '= o 

1.14 Consider the time-harmonic electric field (1 . 1 65) 

£(r, t)~ ^ Aj(r, a> 0 ) cos [co a t + $,(?, cu 0 )] i, 

i—x t y,z 

where 0 ) o is used to emphasize that the frequency is a fixed parameter. Examine 
the relationship between the complex vector phasor for this field (1.166) 

E(r,co 0 )= A f (?, 

i—x,y,z 

and the Fourier transform of the field (1.201) 

E(r,co)= [°° £(r,t)e-^'dt;. 

J — OO 

The following Fourier transform pair will be of use [63]: 

e je ° ot 4> 2n8(co - co 0 ) t . 

where 8 is the Dirac delta function (1.58), which is discussed in detail in 
Section 5.2. 

1.15 Derive the finite-difference equations (1.152), (1.153), and (1.154) for the 
electromagnetic field with the components £ p ,£ t , and B# in the circular 
cylindrical coordinate system (p, 0, z). Each of the field components is inde- 
pendent of </). Use the spatial grid in Figure 1.46. 

: .f 

1.16 a) Write a computer program to solve the one-dimensional; finite-difference 

equations (1.143) and (1.144). Check your program by obtaining the results 
in Figures 1.4-0 and 1.41. 

. b.) Violate the domain of dependence condition by letting c At /Az be slightly 

• . * greater than one and make a graph as in Figure 1 .40. What effect does this 

have on the solution? 

1.17 An ideal battery is connected to a resistor using perfectly conducting wire, as 
in Figure Pi. 8a. A two-dimensional analogue of this circuit is shown in Fig- 
ure PI. 8b. This is a simpler geometry to analyze because the electromagnetic 
field is invariant in the axial direction. Make a sketch showing the Poynting 
vector on the cross section of this geometry. Your sketch should have the same 
form as Figure 1.31c. Assume that the magnetic field is uriiform and in the 
axial direction inside the cylindrical tube, while it is insignificant outside the 
tube. Give a physical interpretation for what you observe [76]. 

1.18 Show that the scalar potential and the electric field for the long, straight 
wire (Figure 1.30b), are given by Equations (1.1 22)— ( 1.1 25) . Let the con- 
stitutive parameters for the wire be e Cl and a. Hint: Assume that the 
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perfectly 



solution to Laplace’s equation (1.121) in cylindrical coordinates is separable, 
®(.P. z) = f(p)g(z). Solve for <t> in regions 1 and 2, and use the symmetry of 
the, geometry and the electromagnetic boundary conditions to determine any 
unknown constants in the solutions. 

1.19 Obtain the expression for the time average of a product of two time-harmonic 
quantities (1.175). 

1.20 We have examined boundary conditions for the cases where single layers of 
charge or current are present on the interface between two materials, causing 
discontinuities in the normal component of V and the tangential component 
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REGION 1 

Fig. PI. 9. Double layers of charge and current at boundary. 


of H. For some materials, the physical structure at the interface may be more 
oomplex and require a model containing more than one layer of charge or 
current. For example, when the interface is between a metal and a polar liquid 
of electrolytic solution, a “double layer” of charge may be present at the 
interface [77]. 

In this problem we will examine the boundary conditions that result for 
the simple case of a plane surface with a uniform double layer of charge or 
current. 



a) Double layer of charge: Let the plane surface separating regions 1 and 2 
have the^normal n = £. A uniform layer of positive surface charge, p St lies 
just above this surface at z = A /2, and a uniform layer of negative surface 
charge, —jp 5 , lies just below this surface at z = - A/2 (see Figure PI. 9). 
The product p s A =C q . 

Determine the electric field, £, in regions 1 and 2 and in the space 
between the layers of charge, — A/2 < z < A/2. Assume that the permit- 
tivity and permeability of all regions are those of free space. Show that this 
structure leads to the following boundary condition for the electrostatic 
potential <b: 

$2 ~ $1 = C q /e 0 , 

where the potential at point b with respect to that at point a is 



• di . 


Let C q remain constant in the limit as A -y 0 and show that the volume 
density of charge for the structure can be expressed as 




where 5 is the Dirac deita function. 
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b) Double layer of current : Now consider the case where there are two uni- 
form layers of surface current at the interface: J s = J sy y at z = A/2 
and J 5 ■=z-—J‘ sy y at z =^— A/2; the product ff S yA = Cj y . Determine 
the magnetic excitation, 7 i, in regions 1 and 2 and in the. space between 
the layers .of current, -A/2 < z < A/2. Show that this structure leads 
to the following boundary condition for the tangential component of the 
electric field: 

c c _ dCyy 
bly ~~ Ely — AV'™ » 

or 

El — £\ — . Cy = 

Let Cy y remain constant in the limit as A -+ 0, and show that the volume 
density of current for the structure can be expressed as 

«d6(z) j dS 


2 ; - ; ; 

Electromagnetic plane waves in free space: 
Polarized waves 


When we encounter a new physical problem, we often try to predict or interpret 
its solution based on our knowledge of a similar but simpler problem. The simpler 
problems, for which we know the solutions, form a catalog we can turn to for 
insight when we encounter a new problem. In electrostatics the catalog contains 
problems such as the uniformly charged sphere and the parallel plate capacitor; in 
magnetostatics the catalog contains problems such as the infinitely long, current- 
carrying wire and the ideal solenoidal coil. 

In electrodynamics the most important problem/solution in the catalog is proba- 
bly the electromagnetic plane wave. We use it again and again topredict or interpret 
the solutions to new, more complex problems. Thus, it is fitting that the first an- 
alytical solution to Maxwell’s equations we will examine in: detail will be the 
electromagnetic- plane wave. Another reason for this choice is that we are most 
likely familiar with the pictorial concepts used in describing waves. Perhaps this 
is because of our practical experience with mechanical waves such as those on a 
string or on the ocean’s surface or because most of us have seen light waves used 
to simply describe common optical phenomena. 


2.1 General time dependence 

The simplest electromagnetic system we can use to study wave propagation is a 
region of free space or vacuum containing no sources. The electromagnetic field 
in this regioif is described by the four Maxwell’s equations [(1.50)— (1 .53) with the 
constitutive relations (1.6)— (1.8)]: 


35(r,0 

V x £(?,/) = 

;' s : > (2.1) 

„ a,- 1 mr, t) 

v x B(r, t ) = 2 

c L dt 

(2.2) 

V . £(r, t) = 0 

(2.3) 

V • B(r , 0 = 0. 

(2.4) 
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After taking the curl of (2.1) and the derivative with respect to time of (2.2), these 
equations can be combined to obtain the vector wave equation for the electric field: 




(2.5) 


where the vector relation V 2 A = V(V • A ) - V x (V x A ) (Appendix B) has been 
used. The wave equation for the magnetic field is obtained in a similar manner, first 
using (2.2) and then (2.1): 


V 2 £-4 


l d 2 B 


c 2 dt 2 


= o. 


( 2 . 6 ) 


We now seek a solution to the wave equation (2.5) for which the electric field 
depends on only one of the coordinates of the rectangular Cartesian coordinate 
system (x, y, z). Without loss of generality, we can take this to be the z coordinate. 
The electric field is independent of x and y, that is, it has the same value on any 
plane for which z is a constant. Equation (2.5) then reduces to the one-dimensional 
wave equation 

r a 2 : i a 2 ] - 

L 3z 2 c 2 dt 2 y 0. 


or 


[HE*-#- 


After introducing the new variables p and q, defined as 
P ; = t - z/c, q = t + z/c, 


(2.7) 


t = (q + p)/2, Z = c(q — p)/2, 
and the resulting relationships for the derivatives 


— -Oil. ££±_lp 3] 

dp dp.dt + dpdz 2 1_ 9 / C 3zJ 

J_ _ 3 t_d_ 3 zd_ _ 1 [ 3 _ 3 1 

dq ~ dq dt + 8q dz ~ 2idi' + %]' 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 


the one-dimensional wave equation (2.7) becomes simply 

. d 2 l 

4 = 0. 

dpdq 

There are two solutions to this equation; one is a function of only the variable p: 

£+(z. 0 = F+(p) = F+(t - z/c), (2.1 la) 

and the other is a function of only the variable q: 

i-{z,t) = T-{q) = T-{t + z/c). (2.11b) 


(2.11b) 
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2.1 General time dependence 



a) 



Fig. 2.1. Electromagnetic plane waves propagating in the direction of. a) increasing z and 
b) decreasing z. 


The schematic drawing in Figure 2. 1 shows the physical situations corresponding 
to these two solutions. The solution £+ is a plane wave propagating in the direc- 
tion of increasing z, whereas the solution is a plane wave propagating in the 
direction of decreasing z. Both solutions propagate with a velocity equal to c, the 
velocity of light in free space. With reference to Figure 2.1, for the solution £+, the 
electric field is E 0 on the plane z = 0 at time t = 0, and it assurhes the same value 
on file plane z = zi at the later time t = zi/c. For the solution the electric field 
is £<, on the plane z = 0 at time t = 0, and it assumes the same value on the plane 
z = — *zi at the later time t = z\/c. For these solutions, the derivatives with respect 
to z and t are simply related by 


d£i± 1 d£i± 

dz T c dt 


i = y, z. 


( 2 . 12 ) 


Other properties of the plane- wave solution are obtained by inserting (2.11a), 
(2.11b), and (2.12) into Maxwell’s equations. Since 


9£jc± 


= 0, 


d£y± 

dy 



d x 
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Equation (2.3) becomes 


V-£ = 


d£z± 

dz 


-*!!£- a 


(2.13) 


This equation shows that £ z ± is, at most, a constant independent of the three spatial 
variables and time. This constant is chosen to be zero, since we are only interested 
in solutions that vary in space and time. Thus, the electric field is transverse to th& 
direction of propagation: 

4 = £ x ±* + S y ±y. (2.14) 

On substituting (2.14) into (2.1) and using (2.12), the following relations are 
obtained for the components of the electric and magnetic fields: 

dB z± 


dt 

SB X± 

dt 

d&y± 

dt 


= 0 

1 d£ y± 

= rp — 

c dt 

= ± ia^± 

c dt 


(2.15a) 


(2.15b) 


(2.15c) 


After these three equations are integrated with respect to time, each equation con- 
tains a constant of integration representing a component of the field that is inde- 
pendent of time. Again, because we are only interested in solutions that vary in 
space and time, these constants are chosen to be zero, and (2.15a) through (2.15c) 
become 


B z ± = 0 

(2.16a) 

B x ± = 

C 

(2.16b) 

By± = ±-£*±. 

c 

(2.16c) 

equations are simply 


B± = ±-z x £±. 
c 

(2.17) 


From (2.17) we see that the magnetic field, as well as the electric field, is transverse 
to the direction of propagation. The magnetic field is also orthogonal to and simply 
related to the electric field. This is a TEM (transverse electromagnetic) plane wave. 

All that remains to complete the description of a particular plane wave is to 
specify the function in Equation (2.11a) or Equation (2.11b). As an example, 
we will consider the case where T+ has only a y component, and this is a Gaussian 
function: 

£+(z, f) = F+(t - z/c) = 


0 + (z, 0 = E c e 
c 


-[('-2/c)-'o] 2 A 2 £ 



Fig. 2.2. Propagation of a Gaussian pulse. Drawing shows spatial dependence of the field 
for the two times, t 0 and t \ . 


The spatial distribution for this field is shown for two instants of time in Fig- 
ure 2.2. This is a Gaussian pulse propagating in the direction of increasing z with 
a velocity equal to c. Recall that we encountered this electromagnetic field earlier 
in Section 1.6, where the analytical description given above was inferred from 
purely numerical results obtained by directly solving Maxwell’s equations with a 
computer. 

Our discussion to this point has been for a plane wave propagating in the ±z 
•direction. We will now remove this restriction and summarize the properties of 
the plane wave by considering a wave propagating in the direction of the arbitrary 
unit vector £. This vector together with the unit vectors u and v are the basis 
vectors for the orthogonal, right-handed system (u, v, k) shown in Figure 2.3. The 
electromagnetic field is now 


£(r, t) = T(t - £ • rfc) 

(2.18a) 

B(r , t) = -£ x £(r, r), 
c 

(2.18b) 

with the transverse nature of the wave specified by the relations 


£•£ = 0 

(2.19a) 

and 


£•£ = 0. 

(2.19b) 


Notice that it. is no longer necessary to include the ± sign to distinguish the two 
directions of propagation for the wave. The unit vector £ includes this information; 
when the direction of £ is reversed, the scalar product £ • r. automatically changes 
sign. At a fixed time t the electromagnetic field, (2. 1 8a) and (2. 1 8b), has the same 



Fig. 2.3. Geometry for a plane wave propagating in a general direction. 

value at every point ? on a plane for which k • r = rcos^ = constant; this 
is indicated schematically in Figure 2.3. 

The magnetic excitation H is 

H = —B =^-lcx£; ' (2.20) 

[lo Co 

thus, the Poynting. vector (1.100) for the plane wave becomes 

: S = £xn = y |£| 2 £,' (2.21) 

Co 

where 


Co — y/ Mo / £o — 376.7 . . . £2 


(2.22) 


is the wave impedance of free space. The Poynting vector is uniform over any plane 
surface with normal k and represents the instantaneous rate at which electromag- 
netic energy is passing through a unit area of the plane (the power per unit area). 


2.2 Harmonic time dependence: Monochromatic plane waves 

We will now consider a case of practical importance in which the source of the 
electromagnetic plane wave varies harmonically in time with the frequency / (an- 
gular frequency cu = 2 nf) [1-3]. The components of in (2.11a) or (2.11b) are 
then cosinusoidal functions, and the electric field for the plane wave propagating 
in the direction of the ±z: axis (2.14) becomes 

£±(z, t) = £ x± (z, t)x\+ £ y ±(z , t)y 

= A* cos [co(t =f z/c) + <p x ]x + A y cos [co{t :p z/c) + <p y ]y. (2.23) 


2.2 Harmonic time dependence: Monochromatic plane waves 
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Note that the amplitudes and the phases of the field components £ x and.£$ are 
different.Jhere is no required interrelationship between these two field components 
for the plane wave. 

The wave number for propagation in free space is defined as 

k 0 = 2 7z/\ 0 = co/c, (2.24) 

where X 0 is the wavelength in free space. The relative amplitude and the relative 
phase of the components £ x and £ y of the field are described by the angles y and S: 

tan (y) = Ay/A x , 0 < y < tt/2 

8 = (py — (j ) x , —71 < 8 < 7t. 

After using (2.24)-(2.26), the electric field (2.23) becomes 

£ ± (z\ t ) = A x | cos [s±(z, r)jf + tan(y)cos [5±(z, r) + S]y J, 

with * 

s±(z,t)-cot^k 0 z + <p x , 
and the accompanying magnetic field is 

s±(z. t) = ±-^- 1 cos [j±(z, J)]y - tan(y) cos [j±(z, t ) + | . 

Equations (2.27)-(2.29) completely describe a monochromatic plane wave propa- 
gating in free space. The term monochromatic indicates that the electromagnetic 
field oscillates at a single frequency; a wave of visible light would be a single 
(mono) color (chromatic). 

The electric field for a monochromatic plane wave propagating in the direction 
of the positive z axis is shown in Figure 2.4. In Figure 2.4a the spatial dependences 
of the two components of the field, £ x + and £ y+i are shown at a fixed time t 0 . The 
two components are seen to vary periodically along the z axis with a period equal 
to the wavelength X 0 . The total electric field £+ = £ x +x -f- £y+y\ shown in Fig- 
ure 2.4b, rotates around the z axis, making one complete revolution per wavelength 
in z. For this example, the rotation of £+ about the z axis has the same sense as a 
right-handed screw. 

At a fixed position z 0 , the electric field vector rotates in time with the angular 
frequency a>, and the tip of the vector traces out a closed curve, the polarization 
ellipse. For the example in Figure 2.4b, the ellipse is traced out in a counterclockwise 
sense when viewed by an observer looking in the direction of propagation (i.e., 
looking in the direction of the positive z axis). 

The equation describing the polarization ellipse is obtained by combining the 
expressions for the field components £ x ± and £ y ± to eliminate the function s±(z, O' 

— = cos [s±(z t OJ 

A x 

Axtanfr) = C ° S ^ + 5 ] = cos 0] cos(<5) - sin [s±(z, /)] sin(i), 


(2.25) 

(2.26) 

(2.27) 

(2:28) 

(2.29) 




LEFT-HANDED SENSE OF 
b) ROTATION IN TIME 


Fig. 2.4. Monochromatic plane wave, a) Spatial dependence for the components of the 
electric field, £ x +, at the fixed time t Q . b) Spatial dependence for the total field, £+, at 
the fixed time t a , and the curve (polarization ellipse) traced out in time by. the electric field ■ 
at the fixed position z 0 .- * • 
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£y±(Zi 0 


£x±(Z ' cos(<5) = - 1 1 - p±i£i£T 2 


J 


siti(<$). . (2.30) 


A x tan(y) / 

After taking the square of (2.30) and rearranging terms, the equation for the polar- 
ization ellipse results: 

£»±(z. O ' 2 2cos(3) j~ £ x ±(z, t) £ y ±(z, t) l . 1 f £y±(z , ty 2 

A x J tan(y) [ A x A x J + tan 2 (y) [_ ~A X 


)f 

-j — 


sin 2 (<$). 


(2.31) 

The terminology used to describe the state of polarization for the electric field 
of a plane wave is a matter of convention. Here we will adopt the convention used 
by the Institute of Electrical and Electronics Engineers (IEEE) [4]. The sense in 
which the polarization ellipse is traced out is termed right-handed (left-handed) if 
an observer looking in the direction of propagation for the wave sees a clockwise 
(counterclockwise) rotation of the electric field vector as time advances. 1 Thus, the 
sense of the polarization for the plane wave described in Figure 2.4 is left-handed. 
Note that this is opposite to the right-handed screw sense for the rotation of the 
electric field vector in space (time fixed at t 0 ). Ifi the optical literature, the screw 
sense in space is sometimes used to describe the gate of polarization. Thus, in the 
optical terminology the sense of the polarizationljfor the plane wave in Figure 2.4 
would be right-handed. 

The shape and the orientation of the polarization ellipse and the sense in which 
the polarization ellipse is traced out are determined by the angles y and <5. The 
size of the ellipse is determined by the amplitude of the electric field. Any quantity 
indicative of the amplitude, such as A x , can be used to set the size of the ellipse; this 
is evident in (2.31) where both field components £ x ± and £ y ± are divided by A x . 

When the polarization ellipse is circumscribed in a rectangle whose sides are 
parallel to the x and y axes (Figure 2.5a), the angle between the diagonal of the 
rectangle and the x axis is y. The effect of the angle <5 on the polarization ellipse is 
illustrated in Figure 2.6a, where polarization ellipses are Shown for various values 
of 8 with the angle y fixed at tan(y) = 0.5 (y = 26.57 ? ). Propagation is in the 
direction of the positive z axis. For 8 = 0 we hav&' linear polarization ; the field 
components £ x and £ y are in phase and the polarization ellipse reduces to a straight 
line. For 0 <8 < tv the polarization ellipse is traced with' a left-handed sense; the 
component £ y leads the component £ x in time. When 8 == jfwe again have linear 
polarization, and the polarization ellipse reduces to a straight line. For — jt < 8 < 0 
the polarization ellipse is traced with a right-handed sense; the component £ y lags 
the component £ x in time. { ■ * . 

For the special cases tan(y) = 1 (A x = A y ) and 8 =: n/ 2, ‘ -n/2, which are 
shown in Figure 2.6b, the polarization ellipse reduces to a circle. These two cases 

1 A simple procedure for remembering this terminology is to place the! thumb of the right (left) hand 
‘in the direction of propagation. If the curled fingers of the right (left) hand point in the direction in 

which the electric field vector is rotating, the sense of the polarization is right- (left-) handed. 



Fig. 2.5. a) Description of the polarization ellipse in terms of the coordinate system x, y. 
b) Description of the polarization ellipse in terms of the coordinate system x\ y ' (the 
coordinates of the principal axes of the ellipse). Propagation is in the direction of the 
positive z axis. 

are referred to as left-handed circular polarization (8 = n/2) and right-handed 
circular polarization ( 8 = —n/2). 

The electromagnetic field of the monochromatic plane wave can also be ex- 
pressed in terms of the complex vector phasors E(r) and B(r) (1.165): 

£(r, t) = Re[E(r)e J<u ‘], (2.32a) 

: B(r, t) = Re[fi(r)e ; “']. (2.32b) 

For a plane wave propagating in the direction of the arbitrary unit vector £, as in 
Figure 2.3, these phasors are 

E(r) = (A u e j<t>u u + A v e J . 4 >v D)e~ ji ‘ r = A u [u + tan (y)e jS v]e~ j ^' F ~ ,pu) ) (2.33a) 


1 
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a) 


LINEAR 
5 s * 7C 


6 = 3n/4 



LEFT-HANDED 
ELLIPTICAL \ 

TAN (y) » 0.5 ’ 

5 = n/4 



b) 


RIGHT-HANDED 

CIRCULAR 

TAN (y) = 1 
5 ■ - n/2 


t y 

PI. 




LEFT-HANDED 

CIRCULAR 

TAN (y) = 1 
5»n/2 


. Fig. 2.6. a) The polarization ellipse for various values of the phase difference <5 = - 
</>*, with tan(j/) = A y /A x = 0.5. b) Circular polarization: 8 = ±7t/ 2, tan(y) = 1.0. 
Propagation is in the direction of the positive z axis. 


where the vector wave number is 

k = k 0 L (2.34) 

The angles y and <5 now describe the relative amplitude and the relative phase, 
respectively, of the electric field components in the u and v directions. 

Sometimes it is convenient tojvrite the phasors for the field of a plane wave with 
the propagating factor exp (-;£’• r) removed. Thus, we introduce the following 
notation, for (2.33a) 

E(r) = Eoe- jl? , (2.35a) 

with 

E 0 = E ou + E ov = E 0U u + E 0V v. (2.35b) 

Here.the subscript o indicates that E 0 is E(r) evaluated for r = 0. 

The complex Poynting vector for the plane wave is 

Sc<?) = \h7) x H*(r) = ~\E(?)\ 2 !c = ~\E 0 \ 2 k 

L L( >o 4<>0 

= A 2 U sec 2 (y)£ = esc 2 (y)L 

Ll >o £(>o 


(2.36) 
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and the time average of the Poynting vector is (1.180) 

(S) = Re(5 c ), (2.37) 

which makes the time average of the rate at which energy is passing through a unit 
area in the u-v plant (the time-average power per unit area) 

•; So = |<^)| = |Re(5 c )l.= -i-|H 0 | 2 

£<30 

■ = JrAl&ec 2 (y)= ^AlcsJty). (2.38) 

£\>o 

Notice that the phasors for the electric and magnetic fields, (2.33a) and (2.33b), of 
this plane wave are uniform in amplitude throughout space and uniform in phase 
over plane surfaces with normal k . A plane wave exhibiting these'properties is ref- 
erred to as a homogeneous or uniform plane wave. 

2.3 The polarization ellipse in the coordinate system of the principal axes . 

In the previous section, the state of polarization for the monochromatic plane wave 
was described by the angles y and <$ and the amplitude A x . The angles y and S 
determine the shape and the orientation of the polarization ellipse and the sense 
in' which the polarization ellipse is traced out. The amplitude A x determines the 
size of the polarization ellipse. The time-average power per unit area So (2.38) can 
also be used to specify the size of the polarization ellipse. The power So has the 
additional advantage that it is independent of the particular coordinate system used 
to describe the ellipse. 

The principal axes of the polarization ellipse are along the coordinate axes x', y' 
shown in Figure 2.5b. When the electric field is expressed in terms of this new 
coordinate system (x\ y')» the equation describing the polarization ellipse (2.31) 
reduces to the “central equation” for the ellipse. Letting y x» ±7r/2, and 
E x -* A x A' , etc., in Equation (2.31), we get 



Note that the new coordinate system ( x', y ') is obtained by rotating the original 
system (x, y) through the angle r about the z axis. The axis x'*is along the major 
axis of the ellipse, and the angle r is measured in the right-handed sense from the 
x axis to the x‘ axis such that 0 < r < n. 

The state of polarization for the monochromatic plane wave now can be de- 
scribed by the auxiliary angle x , the tilt angle r , and Sq> The shape of the ellipse is 
determined by the auxiliary angle x with 

A' 

tan(x) = -it / 4 < x < tt/4, (2.40) 

where A' y /A' x is the “axial ratio” (minor axis/major axis) of the ellipse (see Fig- 
ure 2.5b). The sign in (2.40) is introduced to indicate the sense in which the 
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polarization ellipse is traced out: + (-) for left-handed (right-handed) sense. Notice 
that this sign does not affect the equation for the polarization ellipse (2.39), since 
tan 2 (x) appears there. The orientation of the polarization ellipse is determined by 
the tilt angle r, and the size of the polarization ellipse is again determined by Sq. 

The relationships between the two sets of angles (y , 8) and (x r) used to describe 
the state of pplarization for the wave in the two coordinate systems (x, y) and (x', /) 
will be determined next. 2 The time-average power per unit area (2.38) for the wave 
can be expressed in terms of the components of the field imeither coordinate system; 
thus, *■ : ■ , 


which makes 


1 


1 


So = — (A^sec^y) = — (A^sec^x), 




2 (, 


A' = 


.sec (y) 
sec(x) 


A,. 



(2.41) 


After using (2.41) to normalize all of the field components with respect to A x (i.e., 
.S xn —-£ X /A X -, £' xn = £' x / A x , etc.) the equations for the polarization ellipse, (2.31) 
and (2.39), become ; | : 



2 cos(<5) 
tan(y) 


1 

tan 2 (y) 




(2.42) 


and 


sec 2 (x) 

sec 2 (y) 



1 

tan 2 (x) 



= 1. 


(2.43) 


These equations are quadratic forms and can be expressed as the following matrix 
products: i 


where 


E T n QE n - 1 
(■ K) r Q'E' n = 1, 


(2.44) 

(2.45) 



J -cos(<$)“ 
tan(y) 

— cos(i) 1 
tan(y) tan 2 (y) _ 



(2.46) 


(2.47) 


2 The reader not interested in the mathematical details of this procedure can proceed to Equation 
(2.64). 
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and 


Q' = 


sec 2 (x) 


where 


R t = 


sec 2 (y) „ . s 

L tan 2 (x) 

The superscript T indicates the transpose of the matrix. 
The column vectors E n and 


are related by the rotation matrix R y. 
E n = RiE' n , 


[ cos r — sin r 1 
sin r cos r J * 


(2.48) 


(2.49) 


(2.50) 


The subscript l indicates a left-handed rotation about the z axis. After substituting 
(2.49), Equation (2.44) becomes 


(&?*! QRlK = 1 . 


(2.51) 


which on comparison with (2.45) shows that R T t QR t Q f . The inverse of the 
rotation matrix is equal to its transpose, R — Rj , and thus, 

RJ l QRi = Q'. (2.52) 


Notice that this operation, transforms the real, symmetric matrix Q. into the real, 
diagonal matrix Q! . A transformation of this form is called a “similarity transfor- 
mation.” 

The matrix equation (2.52) is equivalent to four nonlinear equations involving the 
angles y, S, x , and r . These equations will be used to obtain the desired expressions 
for x and r in terms of y and S. This can be accomplished by a “brute force” 
manipulation of (2.52), or it can be accomplished by a somewhat more elegant 
application of linear algebra in which the matrix Rt is determined in the similarity 
transformation (2.52) that diagonalizes a general , real, symmetric matrix Q. We 
will outline the latter approach [5]. 

If the column vectors 

Xi = 

are the eigenvectors of the: matrix Q , then 

QXi = ki Xi . * * (2.54) 

Here the A.,- are the eigenvalues of the matrix Q ; that is, they are roots of the equation 

\Q-XiI | = 0, (2.55) 

6 

where | | indicates the determinant of the matrix and / is the identity matrix. Now 
consider the matrix X whose column vectors are the eigenvectors Xi of Q\ 


/ = 1,2 


(2.53) 
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Equation (2.54) shows that for this: matrix 

QX = XA , 

where the diagonal matrix A is 


From (2.57), we see that 



0 

^•2 


X~ l QX = A. 


(2.57) 

(2.58) 

(2.59) 


A comparison of Equations (2.52) and (2.59) shows that the diagonal elements 
of the matrix Q must be the eigenvalues of the matrix Q, that is, Q! = A, and that 
the matrix Rt must be the matrix of the eigenvectors of Q, that is, R t = X. 

After applying the general results presented above to our specific problem, we 
find that the eigenvalues and eigenvectors of the matrix Q are . 

Xf = [l T 7l — ' sin 2 (S) sin 2 (2y) j j 2 sin 2 ()/) (2.60) 

and 



1 

(1 - A t )tan(y) •, 
cos(<5) 


(2.61) 


where the — (+) sign in (2.60) is for i = 1(2) and the C,- are arbitrary constants. 
Here \\ is chosen to be the smallest eigenvalue, because Q' u < Q' 22 for -7r/4 < 
X < tt/4. 

On equating the matrices Q' and A, we find that 


sec 2 (x)/sec 2 (y) = [l - yj 1 ~ sin 2 (<$) sin 2 (2y)J j 2 sin 2 (y ) 
and 

[sec 2 (x )/ sec 2 (y)]^tan 2 (x ) = [l 4- yjl - sin 2 (5)sin 2 (2y)jy/2sin 2 (K); 

thus, 


tan(x) = 


N 


1 — y/l — sin 2 (<5)sin 2 (2y) 
1 + \/l — sin 2 (<$)sin 2 (2y) 


After making the substitution sin(a) = sin(<5) sin(2y), this equation becomes 


1 4- cos(a) 


and so it follows that a = 2x and 


sin(2x) = sin(5)sin(2y). (2.62) 
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Fig. 2.7. Polarization chart for graphically converting between the angles y, 8 and x , r . This chart is for left-handed polarization. For right-handed 
polarization, 8 -> — 8 and x — ► — x* 
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From the eigenvector X\ and the first column of the matrix Ri we have 
tan(t) = tan(y)(l - Ai)/cos(<5), 
or, on inserting X\ and rearranging, 


tan(r) = + c °s 2 Wtan 2 (2y) - 1 

cos(5)tan(2y) 

After making the substitution tan(^) = cos(<$) tan(2y), we get 
. . 1 - cos(B) 

It therefore follows that /3 = 2r and 

tan(2r) = cos(5)tan(2y). 


(2.63) 


We now have the desired relationships for determining the angles x and r from 
the angles y and 8: 


sin(2x) = sjn(i5) sin(2y ) (2.64) 

tan(2r) = cos(<5) tan(2y). (2.65) 

These results can also be used to express y and 8 in terms of x and r: 

. cos(2y) =.cos(2x)cos(2r) (2.66) 

tan(3) = tan(2x)/ sin(2r). • ? (2.67) 

When any one of these expressions is solved for a giyen angle, an inverse trigono- 
metric function occurs, and some care must be exercised to ensure that the correct 
values of these multivalued functions are used. For example, from (2.64) 

X = ^ sin -1 [sin(S)sin(2y)], : (2.68) 

and from (2.65) 

5 tan -1 [ cos(<5) tan(2y)], Y<n/ 4, \\8\<n/2 

T = 5 tan_ ' [ c °s(5) tan(2y)] + n, y < nr/4, \8\>n/2. (2.69) 

| tan -1 [ cos(<5) tan(2y )] + jr/2, y > rr/4 ' 

The principal values of the functions sin -1 and tan -1 are assumed in these equations 

(i.e., - tt/ 2 < shr’( ) < 7 t/ 2 and'-7r/2 < tan _1 ( ).< jt/ 2). 

Figure 2.7 is a chart for graphically converting between the angles y, 8 and x , r 
(Problem 2.6). 3 On this chart the curves of constant y are horizontal straight lines, 
and the curves of constant 8 are segments of ellipses, whereas the curves of constant 
X are circles, and the curves of constant r are radial lines. The chart in Figure 2.7 is 
drawn for left-handed states of polarization; for right-handed 'states the substitutions 

5 The use of graphical aids, such as this chart and the Poincare sphere described in tKe next section 

™«JL eaS1 f t0 de,emune the P ro P er values for the inverse trigonometric functions, such as those 
in (2.68) ana (2.69). 



Fig. 2.8. Coordinates for the Poincar6 sphere: 0 < y < fr/2, — n < 8 < n \ -n/4 < x < 
n/4, 0 < r < n. 


<$ -+ —8 and x ~X should be made. As an example, we can use the chart to 
find that, for y = 60°, <5 [ = 50° (this point is marked by a dot on the chart), the 
transformed angles are % % 21 °, r ^ 66 °; from Equations (2.68) and (2.69), the 
precise values are x = 20 . 8 °, r = 66 . 0 °. 


2.4 The Poincare sphere and the Stokes parameters j 

In the preceding section, the state of polarization for the monochromatic plane wave 
was described in the two coordinate systems (x, y) and (x\ y') by the parameters 
So, y, S and So, x. respectively. We will now consider a valuable graphical rep- 
resentation due to Jules Henri PoincarS (1854-1912) for visualizing the state of 
polarization as described: by either set of parameters [ 6 ]. In Poincare’s representa- 
tion, shown in Figure 2.8;, the state of polarization is Indicated by the location of a 
point on the surface of a sphere - the Poincare sphere . The radius of the sphere is 
equal to the time-average; power per unit area So, and the spherical angular coordi- 
nates of the point are 2r and 2x, the longitude and the latitude, respectively. It is 
easy to show from Equations (2.66) and (2.67) and Napier’s rules for a right-angled 
spherical triangle that the angles 2 y and 8 are as indicated in Figure 2.8 [7]. An 
application of the cosine rule for sides to the triangle ABC yields 

cos( 2 >/) = cos( 2 x)cos( 2 r), 
which is Equation (2.66). From the sine rule 


sin(<5) = sin(£)sin( 2 x)/sin( 2 r), 


and from the cosine rule for angles 

: cos(<5) = sin(/J)cos(2x); 


thus, 


tan(<$) = tan( 2 x)/sin( 2 r), 

which is Equation (2.67).- 
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Fig. 2.9. Various states of polarization on the Poincar6 sphere. 


There is a one-to-one correspondence between the states of polarization ai^d the 
points on the PoincarS sphere. The various states of polarization on the sphere are 
shown in Figure.2.9. On the equator the polarization is linear. States with left-handed 
polarization are on the upper hemisphere, and states with right-handed polarization 
are on the lower hemisphere. Left-handed circular polarization is at the north pole,' 
and right-handed circular polarization is at the south pole. 

The Poincar 6 sphere provides a convenient graphical tool for visualizing changes 
in the state of polarization. For example, an optical system may contain several 
devices that alter the state of polarization of a light wave passing through the 
system. The state of polarization as the wave passes through the system can be 
graphed as a curve on the Poincar 6 sphere. Any alteration in the system is then 
visualized as a change in the curve on the Poincar 6 sphere. We will examine this 
application in more detail in the next section. 

The three rectangular coordinates ( S \ , S 2 , 63 ) of a point (So , x . * ) on the Poincar 6 
sphere in Figure 2.8 are 

51 = Socos(2x)cos(2r), (2.70a) 

5 2 = S 0 cos(2x) sin( 2 r), (2.70b) 

and 


S 3 = S 0 sin(2x). (2.70c) 

The four parameters So, Si, S 2 , and S 3 are the Stokes parameters (George Gabriel 
Stokes, 1819-1903) for the monochromatic plane wave [8]. Note that the four 
parameters are not independent, since 


$o = S? + S% + S3 . 


(2.71) 
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In their original form, the Stokes parameters were expressed in terms of the ampli- 
tudes A x and A y anid the relative phase angle S for representation of the state of 


polarization in the (x, y ) coordinate system: 

So = [|£*| 2 + I£>| 2 ]/2f„ = (A* + A 2 y )/2( 0 (2.72a) 

Si- = [I E x \ 2 - |£/]/2 fo = (A* - A*)/ 2f 0 (2.72b) 

5 2 = R t[E x E* y ]/( 0 = A x A y cos («)/f„ (2.72c) 

5 3 = = A*A y sintf)/?,. (2.72d) 


The four Stokes parameters all have the physical dimensions of time-average 
power per unit area as opposed to the alternative representations for the wave (e.g., 
So, y, <$), which have parameters with mixed physical dimensions - time-average 
power per unit area, and radians. In the literature, the four Stokes parameters are 
sometimes designated by the letters 7, Q, U, and V, and they may be defined with 
a common factor multiplying the parameters given in (2.72a-d). The column vector 
formed by the four Stokes parameters is referred to as the Stokes vector: 


50 

51 

5 2 

5 3 


(2.73) 


The Poincar6 sphere and the Stokes parameters are often used in normalized 
form. The radius of the sphere is then unity, and the normalized Stokes parameters 
are S( n = S, /So, i = 0, 1 , 2, 3. The normalized Stokes vectors are given in Table 2. 1 
for several states of polarization of a monochromatic plane wave. 


2.5 Optical elements for processing polarized light 

We have examined the propagation of plane electromagnetic waves in free space 
and shown that polarization is an important characteristic of a monochromatic plane 
wave. Our analysis to this point has been completely independent of the particular 
frequency (optical, radio, etc.) of the electromagnetic field and also independent 
of the methods used to generate and detect the waves. We will now complete our 
discussion by briefly describing the use of polarized waves in two specific examples. 
In this section, we will describe optical elements for processing polarized light, 
and, in the following section, we will consider the transmission and reception of 
polarized waves with antennas. 

We will assume that the discrete optical elements are located in free space and * 
that a beam of light propagates between the elements as a completely polarized 
monochromatic plane wave. Each optical element is represented by a plate, shown 
schematically in Figure 2.10a, with the direction of propagation of the plane wave 
(£) normal to the plane of the plate. The optical elements change the state of' 
polarization of the wave, but they do not affect the direction of propagation. 


2.5 Optical elements for processing polarized light 
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Table 2. 1 . Normalized Stokes and Jones vectors for various states of polarization of a 
monochromatic plane wave 


State 

Angles* 

(y. S) 

(X.r) 

Stokes 

vector* 

Sn 


Jones 

vector 

En 

Horizontal 

linear 

1 o 
o O 

' (l.l.O.O); 



r 

°J 


Vertical 

linear 

Or A ~) 

(O.jt/2) 

{1,-1, 0,0} 


{ 

!] 

i 

45° linear 

0r/4. 0) 

(0,;r/4) 

(1,0, 1,0). 


i 

<T2 

ti] 

—45° linear 

Or/4, jr) 
(0,3;r/4) 

(1.0, -1,0): : 


•£! 

[-J 

Left-handed 

circular 

Or/4, jr/2) 

Or/4, -) 

(1,0, 0,1} 


i 

Vi 

:;■] 

Right-handed. 

circular 

Or/4 , -jt/2) 

(— jt/4, -) 

{1,0,0,-!} 





Note: *The column vector for S n has been written as {So*,' 
* A dash indicates that the angle is undefined. 


S\ n} Sin, $3n } to conserve space. 


The electric field of the plane wave is expressed in terms : of the complex vector 
phasor E , that is, • : : 

S{t) = RtiEe^). (2.74) 

At the input to the optical element, the vector phasor for the incident field is 

E' = E' x x + E\y = A l x [x + tan(y t )e jS ‘ y]e. j ^ , (2.75) 

and at the output of the optical element, the vector phasor for the transmitted field is 
: E' = E[x + E* y y = A[[x + tan (y t )e JS, y]e j ^!. (2.76) 

We will represent these fields by the column vectors 



and 



A\e j *« 


.tan(y,)tf#] ’ 


(2.77) 
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INCIDENT 

WAVE 


Fig. 2. 1 0. Schematic representation for optical elements, a) Element aligned with axes x , y . 
b) Element rotated through angle ^ about z axis (right-handed rotation). 


For a linear optical element, the incident and transmitted fields are simply related 
by the transmission matrix T: 

E l = TE\ 


or 



(2.78) 
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In the optical literature, the column' vectors (2.77) are called Jones vectors , and 
the transmission matrices are called Jones matrices , after Robert Clark Jones who 
introduced this formulation [9, 10]. The Jones vectors are given in Table 2.1 for : 
several states of polarization; they are normalized so that E^ E* ^ 1.0: 

£ ,- E -[ C0S M. . 

n A x e^ x sec y [si 11 Y e ^ & J 

Now consider the arrangement shown in Figure 2,10b. The optical element has 
been rotated through the angle \/r about the z axis. Different coordinate axes are 
used in the description of the field (x, y) and in the description of the transmission 
matrix ( x\ y'). The coordinates x', y' are obtained by a right-handed rotation of the 
coordinates x, y through the angle i j/. The transmission matrix T for the unprimed 
coordinates is simply related to the transmission matrix for the primed coordinates 
T' via 

T = Rj T'R r , (2.79) 

where the rotation matrix far a right-handed rotation is 


Rr 


cos t/t sin yjr 
sim/' cos \/r 


(2.80) 


and R~ l = Rj. Note that R r = Rj , where Rt is the matrix introduced in (2.50) 
for a left-handed rotation. 

When several optical elements are used in series, the transmission matrix for the 
combination is the product of the transmission matrices for the individual elements: 

r = r m r m _ l ....r 3 r 2 r 1 . (2.8i) 

Here the field is assumed to be incident first on element 1. Notice that this simple 
• formulation neglects reflections from the surfaces of the elements, which can cause 
interference effects when two or more elements are used. 

We will now describe a few optical elements in terms of their Jones matrices. An 
ideal linear polarizer is an element that produces a linearly polarized transmitted 
field ffom an incident field of arbitrary polarization. The direction of the linearly 
polarized field is along the transmission axis, which we will assume to be the x 
axis. The form of the Jones matrix is then 


^ _ T xx T xy 

” L 0 . 0. J * 

If we add the additional constraints that an incident wave linearly polarized along 
the transmission axis (x) is transmitted unattenuated, and that an incident wave 
linearly polarized along the axis (y) normal to the transmission axis is completely 
absorbed, the coefficients T xx and are easily determined: 


i 
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where is the phase shift on transmission. It is customary to normalize the Jones 
matrix by removing common phase factors such as exp(— j ( ): 



(2.82) 


When the transmission axis ( x ' ) of the linear polarizer is at the angle yfr, as in 
Figure 2.10b, the normalized Jones matrix, obtained by applying (2.79) to (2.82), is 



cos 2 yjr 
cos \jr sin yfr 


cos i j/ sin 
sin 2 yf 


(2.83) 


No^ consider a field linearly polarized in the direction of the x axis incident on 
an ideal linear polarizer with transmission axis at angle yj/. The Jones vector for’ the 
transmitted wave is 


E l = T E‘ = E l x e cos yf 


cos y/s 
sin yf 


Thus, the ratio of the time-average powers per unit area for the transmitted and 
incident waves is : 


so, |£'i 2 (efts 1 )* _ 

Soi \E‘\ 2 (E'Wr “ 


This is a statement of the law of Malus (Etienne Louis Malus, 1775-1812) for linear 
polarizers. 

Retarders are optical elements used to change the state of polarization. The 
retarder works by dividing the incident field into two components, such as E' x and 
E l y , and retarding the phase of one of these components relative to the other. When 
the two components of the wave are reunited to form the transmitted field, the 
state of polarization is changed.. We .will consider an ideal linear retarder in.which 
the x axis is the fast axis and the y axis is the slow axis, that is, the phase of the 
component E y is retarded relative to the phase of the component E x . In. addition, 
we will assume that the retarder does not attenuate the wave. The Jones matrix for 
an ideal linear retafder with retardance A is then 


T = 


[i 



or, in normalized form, 



(2.84) 


When the fast axis (- x ' ) of the linear retarder is at the angle .1 /r, as in Figure 2.10b, 
the normalized Jones matrix, obtained by applying (2.79) to (2.84), is 


Tn = 


cos(A/2) + j cos 2y/r sin(A /2) 
j sin2t/r sin(A/2) 


7 sin 2 yp- sin(A/2) 
cos(A/2) - 7 cos 2 yjr sin(A/2) 


(2.85) 
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A half-wave plate is a retarder with A = n , and a quarter-wave plate is a retarder 
with A = 7r/2.;When the fast axis is along the x axis, the normalized Jones matrices 
for these wave plates are 

T n ( A = tt) = 

and 




(half-wave plate) 


( 2 . 86 ) 


T n { A:= tt/2) = — 

V2 


14-7 

0 


-J 


(quarter- wave plate). (2. 87) 


There are many different physical constructions for linear polarizers and linear 
retarders; these are discussed in detail in the optical literature. Here we will only give 
a qualitative description of representative sheet-type linear polarizers and retarders, 
which have many commercial applications. The modem sheet-type polarizer was 
invented by Edwin Herbert Land and is referred to as Polaroid sheet [11, 12]. 
A simple, commercial polarizer called an H-sheet polarizer is constructed from 
a polymeric material such as polyvinyl alcohol. A sheet of -this material is heated 
and stretched unidirectionally, which causes the long-chain hydrocarbon molecules 
to orient parallel to the stretched direction. The sheet is then stained with a solu- 
tion containing iodine. The iodine atoms form long strings that lie parallel to the 
molecules of the polymer. Conduction electrons can move along the string of iodine 
atoms, and each string can be thought of crudely as a straight resistive conductor 
(wire) with its axis parallel to the stretched direction. . • 

To see how the sheet linearly polarizes light, consider a wave incident on the 
sheet, as in Figure 2.10a, with the electric field lying in the plane of the sheet. 
Let the field be decomposed into components parallel to and perpendicular to the 
stretched direction (y). The field component parallel to the stretched direction 
produces an axial electric current in each string of iodine atoms. The currents 
dissipate power in these resistive conductors; thus, this component of the field 
is severely attenuated as the wave passes through the sheet. The field component 
perpendicular to the stretched direction produces no significant axial currents in the 
strings of iodine atoms, and it suffers little attenuation as the wave passes through 
the sheet. Consequently, the wave that emerges from the sheet is linearly polarized 
with the electric field perpendicular to the stretched direction. For! polarizers with 
this construction, the ratio | T yy / T xx | is typically in the range 5 x 1(T 3 to 2 x 10“ 1 at 
optical wavelengths (4,000 A< X Q < 7,000 A); for an ideal polarizer, of course, this 
ratio is zero. The sheet-type polarizer is an example of a dichroic fin ear polarizer, 
a polarizer that Works on the principle of differential absorption for two states of 
polarization of the incident wave. 

Clear sheets of stretched polymeric material are also used to construct linear re- 
tarders. Within the sheet, a wave with electric field parallel to the stretched direction 
experiences a higher effective permittivity, therefore a lower phase: velocity, than a 
wave with electric field perpendicular to the stretched direction. The thickness of 
the sheet is adjusted to obtain the desired relative phase retardance: for wavest with 
the two orientations of electric field. 
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These two simple optical elements - the linear polarizer and the linear retarder 
- can be used to fabricate more complicated optical devices. As an example, we 
will describe the construction of an ideal circular polarizer. The polarizer* has 
the following property. It produces either a left-handed or right-handed circularly 
polarized transmitted field from an incident field of arbitrary polarization. Thus 
the Jones matrix performs the following transformation: 

& . **> 

where the upper (lower) sign refers to left-handed (right-handed) circular polariza- 
tion. The complex constants A , B, and Care arbitrary, provided 2|C| 2 < |A| 2 +|fi| 2 
so that the polarizer does 'not produce power. If we specify that the polarizer trans- 
mits a left-handed (right-handed) circularly polarized wave unattenuated and com- 
pletely absorbs a right-handed (left-handed) circularly polarized wave, then (2.88) 
can be used to write four equations in the four unknown transmission coefficients, 

Ijtjn T yy After solving these equations, the normalized Jones matrix for the 

ideal left-handed (right-handed) circular polarizer becomes 



A circular polarizer with the Jones matrix (2.89) can be constructed from a linear 
polarizer sandwiched between two quarter-wave plates. The fast axes of the two 
quarter- wave plates are orthogonal, and the transmission axis of the linear polarizer 
makes an angle of 45° with the fast axis of eithfer plate. The arrangement is shown 
in Figure 2. 1 1 . Note' that the transmission axis of the linear polarizer is at the angle 
'I' = 45° for a left-handed circular polarizer (LCP) and at the angle y> = -45° for 
a right-handed circular polarizer (RCP). It is easy to verify that the arrangement 
shown in Figure 2.11 has the Jones matrix (2.89); we simply multiply the Jones 
matrices for the three elements: , 



The changes in the state of polarization for a wave passing through the ideal 
circular polarizer can be illustrated by use of the normalized Poincare sphere. Let 
the arbitrary state of polarization for the incident wave be represented by point A on 
the Poincar6 sphere in Figure 2. 12. On passing through the first quarter-wave plate, 
the relative phase angle 8 between the two components (E x and E y ) of the wave is 
decreased by w/2, while the relative amplimde, indicated by the angle y, remains 
fixed. This moves the state of polarization from point A to point B on the sphere. The 
Unear polarizer, with: transmission axis at f = 45°, moves the state of polarization 
on the sphere from point B to point C. The wave is now linearly polarized with its 



Fig?2.11. Three-element, ideal circular polarizer formed from a linear polarizer and two. 
quarter-wave plates. Angle of linear polarizer: \fs = 45° for left-handed Circular polarizer, 
= —45° for right-handed circular polarizer. 


axis at 45° (x = 0, r = 7r/4, or y = tt/ 4, <5 = 0). The second quarter- wave plate 
increases the relative phase angle <5 by 7r/2, while the relative amplitude remains 
fixed at y = *r/4. This moves the state of polarization on the sphere from point C 
to the north pole, point D, where the wave is left-handed circularly polarized. 

We could have eliminated the first quarter- wave plate in the above construction 
and still have obtained a left-handed circularly polarized wave from an incident wave 
with arbitrary polarization. For this two-element polarizer, the states of polarization 
at points A and C on the Poincar6 sphere in Figure 2. 12 are connected by the dashed 
curve. The extra element (the first quarter- wave plate) in the three-element polarizer 
is added to make the polarizer pass unattenuated left-handed circularly polarized 
waves and completely absorb right-handed circularly polarized waves. The two- 
element polarizer does not have these properties. 

The normalized Jones matrices for the ideal elements we have discussed are 
summarized in Table 2.2. The eigenvalues and eigenvectors (A.* and X/, i = 1, 2) 
for the matrices are also given in the table. The eigenvectors are normalized so 
that X T X* = 1. Recall from Section 2.3 that the eigenvectors and eigenvalues of 
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Table 2.2, 

Normalized Jones matrices for ideal elements 



Jones matrix 

Eigenvalues 


Eigenvectors 

Element 

T„ • 

* ‘A-i, A.- 2 ‘ 


Xu x 2 


Linear polarizer, 

P °1 

1 


rn r 

:} 

transmission axis x 

[o oj 

0 


LoJ [ 

Left-handed 

i r i -'I 

1 

1 r 

■in 1 


circular polarizer 

2 u 1 J 

0 

A 

.j J -J: 

Right-handed 

if i ;] 

1 

1 r 

' 1 1 

1 rn 

circular polarizer 

2 l-j lj 

0 


.-J J v^L;J 

Half-wave plate, 

\J °1 

j 


r 1 ! r 1 

°i 

fast axis x 

Lo —j\ 



LoJ L 

j 



(I 4* j) 




Quarter-wave plate, 
fast axis x 

i[i + ; o I 
V 2 L 0 1 — y J 

V2 

(1 - j ) 


m 




V2 






Fig. 2.12. The state of polarization on the normalized Poincard sphere as a wave passes 
through the three-element, left-handed circular polarizer. The state of polarization at A is 
arbitrary, and the solid line traces the state of polarization as the wave passes through the 
various elements. 

a matrix satisfy the relation 


TnXi^XiXi. 

From this result we see that an eigenvector is the normalized Jones vector for a 
particular incident field and that for this incident field the state of polarization is not 
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changed when the wave passes through the optical element; that is, the incident and 
transmitted fields have the same state of polarization. For example, for the linear 
•polarizer \yith. transmission axis along the x axis, the eigenvectors are linearly 
polarized fields in the x and y directions. The eigenvalue for the x -directed field 
is one, so this field passes unattenuated through the polarizer. The eigenvalue for 
the y-directed field is zero, so this field is completely absorbed by the polarizer. 
Similar arguments, apply to the left- and right-handed circular polarizers. For half- 
and quarter-wave plates whose fast axes lie along the x axis, the eigenvectors are 
linearly polarized fields in the x and y directions. The eigenvalues are the relative 
phase shifts for each of these fields on passing through the plate. 

In the above discussion, we have considered optical elements arranged to form 
polarizers - devices that produce a wave with a known state of polarization from 
a wave with an arbitrary state of polarization. These same optical elements can be 
arranged to form devices for determining the state of polarization of a wave. 4 We 
will illustrate this point with a simple polarimeter used to determine the Stokes 
parameters of an arbitrarily polarized incident wave. The elements of die polarime- 
ter, shown in Figure 2.13, are a rotatable, ideal quarter- wave plate; a rotatable, 
ideal linear polarizer, referred to as an analyzer; and a detector. The fast axis of 
the quarter-wave plate and the transmission axis of the polarizer are, respectively, 
at the angles yjr r and \ff p from the x axis. The normalized Jones matrix for the 
wave plate-analyzer combination is the product of the matrices for the individual 
elements T n = T n 2 T n [\ the elements in this matrix are 

T nxx = cos yl/ p [ cos yfrp 4* j cos - 2 Vr r )] /V2 

Tnxy = COS y// p [ sin \jr p - j sin (\/f p - 2 Vv)] / V2 1 

T nyx = sin f p [ cos y\r p 4- j cos(y// p - 2^ r )]/\/2 

T nyy = sin ^[sini/rp - j sin (y// p - 2^ r )]/V2. < (2.90) 

The detector senses the time-aveijage power per unit area of the transmitted wave 
(2.38): • 

S'oWrrtp) = (.E') t (E‘) 72$„ = (T n E‘) T (T n E‘)'/2^ 0 . (2.91) 

After some algebra, we find from (2.91) that 

S'oWr. t P ) = |[(|£il 2 + |£'l 2 )/2f 0 ](|r„„| 2 + \T nyy \ 2 + \T nxy \ 2 + \Tn yx \ 2 ) 

+ ^[(l4| 2 - l^| Z )/2fo](|r n „| 2 - \T„yy\ 2 -\T„ X y\ 2 + \T nyx \ 2 ) 

+ [Re(£'£p/( 0 ]Re(T„„ 

^nxy "F ^nyy ^nyx ) 

4- [-Im(£‘£p/f 0 ] lm(T nxx T* xy 4- T* yy T nyx ). \ (2.92) 


Section 7.7 contains additional discussion of the use 
polarization for light. 


of optical elements to determine the state of 



Fig. 2.13. Polarimeter for determining the Stokes parameters of an incident plane wave. 


On comparison with (2.72a-d), the four bracketed terms in (2.92) are seen to be 
the Stokes parameters of the incident field [e.g., (|£' | 2 + |£j,| 2 )/2f 0 = S'], Our 
final result is obtained by inserting the Stokes parameters and the elements of the 
Jones matrix (2.90) into (2.92): 

S'oWr, 0>) = - +;[SJ cos(2 i/r r ) + S‘ 2 sin(20y)] cos [2 (\j/ p - '0 r )] • 

+ S‘ 2 sin [2 (0 P - ^ r )]}. (2.93) 

It is now clear that the four Stokes parameters for the incident wave can be 
determined by combining detector readings made with various orientations of the 
quarter-wave plate and analyzer in Figure 2.13, that is, with various combinations 
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JQ = 4(0°, 0°) + Sq(90°\ 90°) 


of the angles ^ r and \j/ p \ 

S[ = S‘ 0 ( 0°, 0°) - 5J( 90°, 90°) 

S l 2 = S‘ 0 ( 45° , 45°) - SqC—45 0 , -45°) 
1S3 = -Sq(0°, 45°) — iSo( 0 °, —45°). 


(2.94) 


These equations represent what are referred to as the phenomenological definitions 
of the Stokes parameters: S l 0 is the overall intensity of the light, S[ is the excess of 
the light passed by a horizontal (*) linear, polarizer over that passed by a vertical 
(y) linear polarizer, S l 2 is the excess of the light passed by a linear polarizer at 
4-45° over that passed by a linear polarizer at —45°, and S3 is the excess of the 
light passed by a left-handed circular polarizer over that passed by a right-handed 
circular polarizer. 


2.6 Transmission and reception of polarized waves with antennas 

Antennas are devices used to produce an electromagnetic wave in space from 
energy provided by a source (transmitting antenna) or to recover energy from an 
electromagnetic wave in space and supply it to a detector (receiving antenna). 
The electromagnetic wave propagating through space is polarized, and the state 
of polarization is important in determining the efficiency of the energy transfer 
between a transmitting antenna and a receiving antenna. 

The general properties of antennas will be considered in more detail in later chap- 
ters. For now we will just summarize a few of these results, so that we can illustrate 
with a simple example the important role polarization plays in the transmission and 
reception of waves with antennas. 

Figure 2.14 shows a transmitting antenna located at the origin of a spherical 
coordinate system (r, 0 t (p). We will only be concerned with the monochromatic 
electromagnetic field at a large radial distance from the antenna. This is the radiated 
or far- zone field, and it is described by the complex vector phasors 5 

E r (r) = E' e {r,6 x 4>)6 + E r <> {r,9,4>)4> 

= [F t {9, 0)0 + F^9, /r, 

B r (jr) = -r xE r (r), (2.95) 

c 

where 

k = k 0 r. 

In Section 3.6 we will derive these expressions and give a more precise definition 
for the radiated field. 


5 The superscript r is used to indicate the radiated field. 
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Fig. 2.14. Coordinates used to describe the radiated electromagnetic field of a transmitting 
antenna. 


This field is a wave propagating in the radial direction away from the antenna. The 
phase factor exp {—jk • r ) is constant on a spherical surface, and the components of 
the field, E r and B r , are transverse to the direction of propagation (? ). The functions 
Fq(0 , 0) and F^(0, 0) determine the directional characteristics of the antenna. 

We will now show that the electromagnetic field (2.95) behaves locally as a plane 
wave within a limited volume A V of space located at an arbitrary point P. For conve- 
nience of representation,; this point is taken to be on the* axis (r 0 , 0 o = 7i/2, <p 0 — 
0), as shown in Figure 2.14. The volume located at P has sides t r = Ar <£ r 0i 
to = r 0 A9 r 0 \ and l $ = r 0 A<p <£ r 0 . When these inequalities are satisfied, 
the following approximations can be used in (2.95): 1 /r & l/r 0 , r & r 0 ,§ & 0 Ot 
0 ^ 0 O , and since AO and A0 are small, F$(0, 0) F e (0 o , <p 0 ) and F^(0, 0) 
F<p(0 o , </>o)' In addition, we will require k 0 t e (te/r 0 ) «; 1 and kol^/ro) «; 1, 
which permits the approximation k • r & k 0 r 0 • r to be used in the phase factor. 

Subject to the above inequalities, the electromagnetic field (2.95) within the 
volume A V of space at the point P is approximately 

E r ir) « <PoA + Ft(8 0 , <p 0 )4’o]e- jk ° ? °-\ 

B r (r) ^ \r 0 x E r (r ). (2.96) 

A comparison with Equations (2.33a), (2.33b), and (2.34) shows that this is the elec- 
tromagnetic field for a monochromatic plane wave propagating in the direction r G . 
Thus, a]l of our methods for describing the state of polarization of a monochromatic 
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Fig. 2.15. a) Dipole transmitting antenna, b) Dipole receiving antenna. 


plane wave (Poincard sphere, Stokes parameters, etc.);apply for the state of polar- 
ization of the radiated field of an antenna. In fact, for experimental purposes, it is 
common to use the radiated field of an antenna to approximate a plane wave with 
the same state of polarization. 

Now we will consider a specific antenna, the simple linear ;dipole formed from 
a thin metallic wire with terminals at its midpoint. The wire lies along the x axis 
in Figure 2.15 a, and we will only be concerned with the field at points along the z 
axis. When the dipole is used as a transmitting antenna and is driven at its terminals 
with the current I 0 , the radiated electric field along the z axis (x = 0, y = 0, z) can 
be shown to be 

£'(z) = ZJSshik e-J^x, (2.97) 

t’A-oZ 

. where the constant h e is the “effective length” of the antenna fo t radiation in the 
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direction (x = 0, y = 0, z)^ Locally, the field is seen to behave as a plane wave 
linearly polarized in the direction x . 

Consider the same dipole used as a receiving antenna ; this case is shown in 
Figure 2.15b. Let the field incident on the dipole be a plane electromagnetic wave 
propagating in the £ direction: 

E l (z) = E i x (z)x + E‘ y (z)y 

: = A' x [x + ia.n(y i )e ii, y'\e~ i{k ° z ~‘ t,x \ (2.98) 

with the state of polarization determined by the angles y t and The voltage 
produced at the open-circuited terminals of the receiving dipole can be shown to be 

Voc = -M' • E\z) = -heE^z) x' • x. (2.99) 

From (2.99), we see that the dipole only responds to the component of the incident 
electric field that is parallel to its axis. Notice that there are two separate right- 
handed rectangular Cartesian coordinate systems in Figure 2.15b. The coordinates 
(*, y, z) are used to describe the incident wave, and the coordinates (x', y\ z') are 
used to describe the orientation of the antenna. • 

A slightly more complicated antenna is shown in Figure 2.16a. It is formed from 
two identical dipoles, one aligned with the x axis and the other aligned with the y 
axis. An additional device is connected to the terpiinals of the y-axis dipole. This 
device changes the amplitude; by the factor tan(y,) and the phase by the angle 8 t 
for the current on transmission and for the open-circuit voltage on reception. We 
will not consider the construction of this device here, but an example is discussed 
in Problem 2.15. 

When this antenna is transmitting , a current source is connected in series with the 
dipoles, as shown in Figure 2.16b. The current at the terminals of the x-axis dipole 
is then I 0 , and that at the terminals of the y-axis dipole is 7 0 tan(y,) expO‘5,). 
The radiated electric field along the z axis (x . = 0, y = 0, z) is obtained by 
superimposing the fields for the two dipoles (2.97): 

£'(*)•= [* + tan (y t )e jS ‘y]e- Jk ° l . (2.100) 

With this antenna, any desired state of polarization for the field can be obtained by 
adjusting y, and <5, . For example, when tan(y,) = 1 and 8 t = 7r/2 (-tt/ 2) the field 
is left-handed (right-handed) circularly polarized. 

Now consider this same antenna ( y t and 8 t fixed) as a receiving antenna placed in 
the path of an incident plane wave (2.98) propagating in the £ direction. The dipoles 
are connected in series as shown in Figure 2.16b, and the sum of their open-circuit 
voltages (2.99) is 

Voc = -h e [x' + t?in(y t )e j& 'y] • E\z) 

= -h e A l x [-X + tan(y r )tan(y/V (5,+5,) ]eT7^-^). (2.101) 

Again, the coordinates (x, y , z) are used for the incident wave and the coordinates 

6 In Section 7.2 we will examine the electrically short, linear antenna or dipole. The effective height 
for that antenna is discussed in Footnote 6 of Chapter 7. 
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y(y') 




Fig. 2. 16. a) Antenna formed from a pair of dipoles, b) Methods for connecting the antenna 
when transmitting and receiving. 

(x' , y ' , z') for the orientation of the antenna. We will examine the squared magnitude 
of this voltage. After introducing the time-average power per unit area of the incident 
wave (2.38), 

• _ l-A^l 2 sec \yi) 


158 


Electromagnetic plane waves in free space: Polarized waves 


and multiplying and dividing by sec 2 (y f ), we obtain 


.IVocI 2 = 2{ o \h t \ 1 S i 0 sec \y,)p r> (2.102) 


where the polarization mismatch factor p r is 


1 + tan 2 (y,) tan 2 (y,) - 2 tan(y,) tan(y,) cos{&, + Sf) 
sec 2 (y r ) sec 2 (y,) 


(2.103) 


This factor determines how well the incident wave is received by the antenna. An 
examination of (2.103); (Problem 2.9) shows that-0 < p r < 1. The mismatch 
factor p r is a maximum (p r = 1) when the incident wave has the special state of 
polarization y, = y r , 5, ;= S r , such that 


or 



f 7T — 8 tt 0 < S t <n 

\ —7i — 5 t , —tc < 8 t < 0 * 


Xr = Xf. Z r =7T - T t . 


(2.104) 


The mismatch factor is zero (null) when the incident wave has the special state of 
polarization y,* = y n \ 5, = S„, such that 

i 


y n =n/2- y r . 


s n 


8 r - 7 r, 

8 r 4- 7T, 


0 < 5 r < 7T 
—n < 6 r < 0 ’ 


or 



| r r + tt/2, z r < 71 /l 

[ r r - tz/ 2, r r > tt/2 ' 


(2.105) 


Here we used (2.68) and- (2.69) to obtain x and r from y and 5, and we have been 
careful to keep the angles within the ranges we originally established: 0 < y < 7r/2, 
— 7T < 8 < 7r, — tt/ 4 < x < zr/4, and 0 < r < n. *. 

These are interesting results. They show that the states of polarization for the 
incident field that produce a maximum reception (y r , 8 r ) and a null reception (y„ , 8 n ) 
for the receiving antenna are simply related to the state of polarization of the field that 
is radiated when the antenna is transmitting (y n <5,). 7 This relationship is illustrated 
in Figure 2.17, where representative polarization ellipses for three fields (r, r , and n) 
are shown. For maximum reception the polarization ellipse of the incident field (r) 
has the same shape, orientation, and sense of rotation with respect to the direction 
of propagation (both are left-handed in the figure) as the polarization ellipse of the 
transmitted field (f). For- null reception the polarization ellipse of the incident field , 
(n) has the same shape, an orthogonal orientation (the major axes are orthogonal), 


7 The subscript t is used to indicate the state of polarization of the radiated field for the transmitting ‘ 
antenna. The subscripts r and n are used to indicate the states of polarization of the incident field 
for maximum reception and null reception, respectively, for the receiving antenna. 
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Fig. 2. 17. Polarization ellipses for the field of the transmitting antenna (r), the incident field 
for maximum reception (r), and the incident field for null reception (n). 


and an opposite sense of rotation (right-handed in the figure) as the polarization 
ellipse of the field for maximum reception (r). 

The normalized Poincar6 sphere is convenient for visualizing the states of po- 
larization for an antenna. The states of polarization for. transmission (t) and for 
maximum reception (r )‘ are shown on the Poincar6 sphere in Figure.2. 1 8a, and the 
states of polarization for maximum reception (r) and null reception (n) are shown 
on the Poincar6 sphere in Figure 2.18b. Note that the points r and n are diametrically 
opposite on the PoincarS sphere. Thus, we see that an antenna that has maximum 
reception for a horizontally (vertically) polarized incident field wUl have null recep- 
tion for a vertically (horizontally) polarized incident field. Similarly, if maximum 
reception is for a left-handed (right-handed) circularly polarized wave, there will 
be null reception for a right-handed (left-handed) circularly polarized wave. 

Consider an incident wave with an arbitrary state of polarization (y,-, <5,) repre- 
sented by the point i on the normalized Poincar6 sphere in Figure 2.18b. The points 
r and i are joined by the great-circle arc of length s. We will now show that the 
polarization mismatch factor p r (2. 103) is a function of the arc lengths, decreasing 
with increasing s. Thus, the polarization mismatch factor is the same for ail of the 
states of polarization represented by points on a circle centered at r on the Poincard 
sphere. This is illustrated in Figure 2. 1 8b. Note that as s increases and p r decreases, 
the circle moves away from the point r . Eventually, when s = tt the circle reduces 
to the point n and p r = 0. ! ' 



6 


Fig. 2.18. a) and b) States of polarization on the normalized Poincar6 sphere: transmitting 
antenna (0. receiving antenna - maximum reception (r), receiving antenna - null reception 
( n ), and general incident wave (/). c) Detail of spherical triangle. 

After introducing the angles y r and 8 r and using trigonometric identities, (2. 103) 
becomes 

l r 

Pr = ^L 1 + cos(2y r ) cos(2y,-) + sin(2y r )sin(2y,)cos(5/ _ s r )]. (2.106) 

For the spherical triangle shown in. Figure 2.18c, we find from the cosine rule for 
sides that [7] 

cos(.y) = cos(2y r )cos(2y t ) + sin(2y r ) sin(2y,-)cos(5/ - 5 r ). (2.107) 

A comparison of (2.106) with (2.107) shows that 

Pr = + co s(s)] = cos 2 Cy/2), (2.108) 

proving our assertion that the polarization mismatch factor is a function of the arc 
lengths. 8 c 

We have examined a very simple antenna, the pair of dipoles shown in Fig- 
ure 2.16a, for a specific- direction of propagation (x = 0, y = 0, z), and we have 
developed interesting relationships between the states of polarization for the fields 
transmitted and received by this antenna. These results are not restricted- to this 

8 Because we are dealing with a sphere of unit radius, the arc length s is the same as the angle subtended 
by the arc at the center of the sphere. Some authors use this angle in the expression for p r . 
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antenna or to a- particular direction of propagation; they apply for any antenna and 
for a general direction of propagation [13]. We will now summarize these results 
for a general antenna. The radiated field of a transmitting antenna has the state of 
polarization y t , 8 t in the direction determined by the angles 0, <p. When the an- 
tenna is receiving an incident plane wave from the same direction 9 , (p, there will 
be maximum response, p r = 1, for the state of polarization of the incident field 
y r , 8 r (2.104), and there will be a null response, p r = 0, for the state of polariza- 
tion y n , 8 n .( 2.105). These two states of polarization (r and n) are at diametrically 
opposite points on the Poincare sphere. For a general state of polarization y,- , 8{ t 
of the incident field, the polarization mismatch factor is p r = cos 2 (j/2), where s 
is the length of the great-circle arc joining the points that represent the states of 
polarization y,- , 5 ( - and y r , 8 r on the normalized Poincard sphere. 

It follows that for two antennas (1 and 2) used in a communications link, their 
states of polarization must be related by (2. 104) for maximum reception on the link 
(ft 2 = Yn\ = tt — <5 r i, 0 < <$ r i <7 r; 8 t 2 = — 7r — 5/i, —tv < 5 fl < 0)! A few 
examples will illustrate this relationship. If antenna 1 transmits a linearly polarized 
wave with y t \ = 7r/4, 8 n = 0 in the direction of antenna 2, then antenna 2 should 
transmit a linearly polarized wave with y t 2 = y t \ = 7r/4, 8a = tv — 8 t \ = n in the 
direction of antenna 1 . If antenna 1 transmits a left-handed circularly polarized wave 
(ft 1 = tt/ 4, 5 r i = tv 12) in the direction of antenna 2, then antenna 2 should transmit 


a left-handed circularly polarized wave ( ya = fti .= 7r/4, 8a = jt - 8 { 1 = 7t/2) 
in the direction of antenna 1. 


2.7 Historical note: The experiments of Hertz 


In this chapter, starting with only Maxwell’s equations, we showed that the elec- 
tromagnetic field in free space can propagate as a plane wave with a velocity equal 
to the speed of light. -The vectors for the electric and magnetic fields of the plane 
wave are transverse to the direction of propagation, and for . the monochromatic 
plane wave, the field can assume various states of polarization. 

One of the great and immediate achievements of Maxwell’s theory was that it 
predicted the wave nature of the electromagnetic field, which we have described 
above. The theory showed that optics was a branch of electromagnetism and that 
many of the phenomena that were observed for light waves should be present for 
electromagnetic waves of lower frequency. Maxwell’s theory and its predictions 
were not accepted by all of his contemporaries, and indisputable experimental 
proof for the theory did. not come until some fifteen years after the publication of 
Maxwell’s celebrated treatise (1873). This proof was provided by a series of inge- 
nious experiments performed by the German physicist Heinrich R. Hertz during the 
period 1887-1888. These experiments represent one of the greatest achievements 
in the development of electrodynamics, and we will now give a brief description 
of a few of the more important experiments that deal with electromagnetic wave 
propagation in free space [14-18]. 

At the time of Hertz, there was no standard instrumentation for generating or 
detecting high-frequency electromagnetic Signals, and he had to develop suitable 



Fig. 2.19. Hertz’s spark-gap transmitter. 


transmitters and detectors before he could make observations on electromagnetic 
waves. A sketch of Hertz’s spark-gap transmitter is shown in Figure 2.19. The 
Ruhmkorff coil is a large induction coil, the primary of which is connected to a 
set of batteries. The secondary of the coil is connected to the terminals of a dipole 
antenna. The antenna is formed from two square (40 cm x 40 cm) brass plates 
connected by a 60-cm copper wire with the terminals at its center. The operation 
of the transmitter is outlined in Figure 2.20. A vibrator (S) in the primary of the 
coil alternately opens and closes the primary circuit. With the vibrator closed, a 
large current I p develops in the primary of the coil. When the vibrator opens, this 
current ceases, the magnetic field in the coil collapses, and the voltage V, across the 
secondary rapidly increases. The charge on the plates of the antenna also rapidly 
builds. When the voltage across the secondary is sufficient to break down the air, 
a spark appears across the spark gap at the terminals of the antenna. The spark 
has low resistance, and it essentially short circuits the terminals of the antenna. 
The antenna is now the only active element in the transmitter circuit. The charge 
oscillates between the two plates of the antenna, producing an oscillatory current I a 
in the wire connecting the plates, as shown in Figure 2.20d. The oscillatory current 
is damped by the loss due to radiation. The frequency of the oscillation is roughly 
co a « 1 /y/L a C a > where L a is the inductance of the antenna (primarily that of the 
wire) and C fl is the capacitance of the antenna (primarily due to the plates). 
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The sequence described above is repeated each time the vibrator completes one 
cycle (closes then opens). The radiation from the antenna is not monochromatic, 
but contains a distribution of frequencies about a> a . 

Hertz used asecond antenna, a thin- wire, circular loop, to: detect the electromag- 
netic signal. The loop was 35 cm in radius and had a spark gap at its terminals. The 
size of the loop was chosen to produce the strongest spark in the gap when the loop 
had the orientation with respect to the applied electric field shown in Figure 2.21a. 
With this orientation, the loop can be approximately represented by the equiva- 
lent circuit in Figure- 2.21b. The current source h in this circuit is proportional to 
the magnitude of the applied electric field £, and Li and :C/. are the inductance 
and the capacitance of the loop, respectively. The voltage V. g across the spark gap 
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is maximum at the resonant frequency for the loop, co t ^ 1/VlJcJ. 9 The rela- 
tive magnitude of the applied field was estimated from the strength of the spark 
at the gap. 

Hertz used the phenomenon' of interference to demonstrate the existence of the 
electromagnetic wave. Figure 2.22a shows a sketch of his arrangement. The dipole 
antenna was placed about 13 meters from a metal sheet mounted on the wall of the 
room. The loop detector was used to observe the pattern produced by the interference 
of the incident wave from the dipole with its reflection from the metal sheet. ' 

Let’s assume that the source is monochromatic and the metal sheet is at a large 
distance from the dipole, so that the incident field is approximately a linearly 
polarized, normally incident, plane wave in the vicinity of the sheet! We will also 
assume that the metal sheet is perfectly conducting and of infinite extent. The 
reflected field is then also a linearly polarized plane wave, but traveling in the 
direction opposite to the incident wave and with the electric field pointing in the 
opposite direction to that of the incident wave at the sheet. For the coordinates 
shown in Figure 2.22a, the supposition of the electric fields for the incident and 
reflected waves is 


£(z, t) = £ x (z, t)x =• A 0 cos [co(t - z/c)]x 
= 2A 0 sin(cot) sih(k 0 z)x. 


A 0 cos [co(t 4- z/c)\x 

(2.109) 


9 The loops used by Hertz were nearly self resonant* which means their circumference was about 
one half of a wavelength. Loops this large have properties quite different from those of electrically 
small loops; for example, their impedance (Figure 2.21b) is not a simple inductance. The reception 
for loops this large is sensitive to the orientation of the loop with respect to both the electric and 
the magnetic fields, and it can be quite complicated [19]. 


6 




Fig. 2.21. a) Hertz s receiving loop, b) Approximate equivalent circuit for the receiving 
loop. fj, 

This is a standing wave whose spatial distribution for various times is sketched 
in Figure 2.22b. Th (^magnitude of the distribution is seen to vary periodically in 
time, but the form of the distribution sin(fc 0 z) is fixed. In particular, the nodes of 
the distribution are spaced at half-wavelength intervals starting at the sheet. 

. ^ Hertz s experiment, the source was not monochromatic, the .waves were not 
plane, and the metal sheet was not infinite in extent. Nevertheless, the interference : 
patterns he determined from his measurements were very similar to the one de- 
scribed above. A sketch of one of Hertz’s patterns is shown in Figure 2.22c. Notice 
that a null does not occur precisely at the surface of the sheet. From these patterns, 
Hertz estimated the wavelength of the radiation he measured to be X 0 = 9.6 m. 

After Hertz had successfully demonstrated the existence of electromagnetic 
waves with the apparatus just described, he constructed improved apparatus for ob- 
serving electromagnetic waves of shorter wavelength ss 66 cm (/ « 455 MHz). 

Both the transmitting and receiving antennas were dipoles positioned on the focal 
lines of parabolic reflectors to concentrate the waves (see Figure 2.23). With this 
higher frequency apparatus, Hertz showed that electromagnetic waves produce 
many of the phenomena associated with light. 
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Fig. 2.22. a) Hertz’s apparatus for demonstrating the interference of electromagnetic waves, 
b) Standing wave formed when a plane wave is reflected from a perfectly conducting plane 
of infinite extent, c) Example of the interference patterns observed by Hertz. 


Hertz formed a slit using two large coplanar metal sheets, and with the transmit- 
ting and receiving antennas on opposite sides of the slit, he observed diffraction 
phenomena, such as we will discuss in Section 3.4. He constructed a large prism 
from hard pitch and showed that electromagnetic waves were refracted by the prism, 
just as light waves are refracted by a glass prism. 

Hertz used a grating of parallel wires to demonstrate the polarization of electro- 
magnetic waves. The wires of the grating were 1 mm in diameter and spaced 3 cm 


ZINC METAL 
PARABOLIC 
REFLECTOR 


Historical note: The 


experiments of Hertz 
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Fig. 2.23. Hertz’s apparatus for observing electromagnetic waves of shorter wavelength 
(A 0 % 66 cm). • li 


apart. When the grating was placed between the transmitting and receiving anten- 
nas, as in Figure 2.24, the reception was a function of the orientation of the grating. 
With die wires of the grating parallel to the electric field of the wave (Figure 2.24a) 
there is no reception. In this case the incident electric field produces axial electrical 
currents in the wires. These currents radiate a field that nearly cancels the incident 
field in the forward direction (to the right of the grating in Figure 2.24a). The grating 
effectively reflects the incident wave back toward the transmitting antenna. With 
the wires of the grating perpendicular to the electric field of the wave (Figure 2.24b) 
the field produces ho significant axial electric currents in the wires, and the grating 

has very little effect on the reception. 

Note the similarity between Hertz’s grating of wires and the H-sheet polarizer 
discussed in Section 2.5. Both devices work on the same principle, but at very 
different frequencies (radio versus optical frequencies). The only difference is that 
the conducting wires of the grating reflect the incident wave, : whereas the resistive 
atomic strings in the polarizer absorb the incident wave. : f • < 

Perhaps the best statement of what Hertz’s experiments accomplished is his own 
conclusion [16]: 

Casting now a glance backwards we see that by the experiments above sketched the propa- 
gation m time of a supposed action-at-a-distance is for the first time proved, this fact forms 
the philosophic result of the experiments; and, indeed, in a certain sense the most important 
result. The proof includes a recognition of the fact that thd electric forces can disentangle 
themselves from material bodies, and can continue to subsist as conditions or changes in 
the state of space. The details of the experiments further prove that the particular manner 
in which the electric force is propagated exhibits the closest analogy with the propagation 
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Fig. 2.24. Wire grating for demonstrating the polarization of electromagnetic waves, a) Al- 
most complete blockage of wave by grating, b) Very little blockage of wave by grating. 

of light; indeed, that it corresponds almost completely to it. The hypothesis that light is an 

electrical phenomenon is thus made highly probable. To give a strict proof of this hypothesis 

would logically require experiments upon light itself. 
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Problems 

2.1 Consider the electric field of a plane wave with elliptical polarization: 

E(z) = [A x e J ^x + A y e : ' lp ’'y]e- jk ‘ l . 

Show that this field can be written as the sum of a right-handed circularly 
polarized wave and a left-handed circularly polarized wave. 

2.2 Show that the expression for B(r) given in (2.33b) follows ffom.MaxweU’s 
equations and the expression for E{r) given in (2.33a). 

2.3 Verify that the matrix product in Equation (2.44) is the equation for the 
' polarization ellipse (2.42). 
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Two electromagnetic waves, one with frequency co\ and the other with fre- 
quency co 2 (co\ ^ co 2), propagate in the direction of the positive z axis. The 
electric field for each wave is 

Si(z> t) = A xi | cos [d)it - k 0 (coi)z + <pxi]x 


+ tan(y,)cos [a>,f - k 0 {a)i)z 4- 


<Pxi + ] y } » 


f = 1,2. 


a) Determine the real Poynting vectors «S(z, t) for the_field E\ alone, for the 
field £2 alone, and for the combination E c = E\ 4- £ 2 - 

b) An instrument measures the intensity 1 = | (S(r , r)) | of the wave: 

(5(r, t))=jj^ 5(r, t)dt. 

The time T is very large compared to the period of either wave: T » T\ — 
2tc/co\,T Ti .= In/ o) 2 , and T » T\ T 2 KT 2 — Tj). Show that 

Ic « h + hs 

that is, the response of the instrument to the combination of fields is the 
same as the sum- of the responses to the individual fields. 

c) If n plane-wave fields with different frequencies are combined, and the 
abqve inequalities are satisfied for all waves, will 



2.5 


2.6 


Obtain the expressions for the Stokes parameters S \ , S 2 , and £3 in Equations 
(2.72b-d) from the corresponding expressions in Equations (2.70a-c). Hint: 
Use the relations (2.64)-(2.67) and the following trigonometric formulas: 


sin(2V0 = 


‘ 2 tan(V0 
1 4- tan 2 (VO 


1 


cos(2V0 = 


tan (2 VO = 


1 — tan 2 (VO 
1 4- tan 2 (V0 
2 

cot(V0 — tan(^) 


Consider the plane, that contains the equator of the normalized Poincard 
sphere, the Si „-S2rt plane. Show that the polarization chart in Figure 2.7 is an 
orthographic projection of the lines of constant y, <5, x, and r fronrthe upper 
hemisphere of the Poincard sphere onto this plane. For the orthographic pro- 
jection, a line perpendicular to the plane and passing through the point (y, <$) 
on the sphere locates the point (y, 8) on the plane. Obtain the equations that 
describe lines of constant y, 8,‘x, and r on this plane. 


2.7 A commercial, two^element, left-handed circular polarizer is formed from a 
sheet of linear polarizer and a sheet that is a quarter- wave plate. The construc- 
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tion is the same as that for the three-element polarizer in Figure 2.11, only 
the first quarter-wave plate, the one that is the closest to the source, is absent. 

a) Determine the Jones matrix for the circular polarizer and verify that the 
device produces a left-handed circularly polarized :wave for an incident 

r wave with general polarization. 

b) Now assume that the. orientation of the polarizer is reversed, so that the 
. incident field first encounters the quarter- wave plate (that is, both elements 

of the device are rotated through 180° about the fast axis of the quarter- 
wave plate). Determine the Jones matrix for this device. How does this 
device now affect the state of polarization of the incident wave? 

2.8 TWo linear polarizers are placed in series. The first polarizer has its transmis- 
sion axis at an angle of \/r = 45° with respect to the x axis, and the second 
polarizer has its transmission axis in the direction of the y axis. 

a) Determine the normalized Jones matrix (normalized transmission matrix) 
for the combination. 

b) The electric field of the incident light is linearly polarized in the direction 
of the x axis, with the normalized Jones vector 



•' Show fo at toe electric field of the transmitted light is: linearly polarized in 
the direction of the y axis. Thus, this combination of linear polarizers has 
changed, the linear polarization of the light from horizontal to vertical. 

2.9 Starting from Equation (2.103) obtain the values of y and <5, given in (2.104) 
and (2.105), for which p r is a maximum ( p r = 1) and a minimum ( p r = 0). 
Only consider the case for 0 < 8 t < jt. 

The state of polarization of an incident plane wave- is to be determined 
using a single dipole receiving antenna. The dipole and wave have the 
orientation shown in Figure P2.1a. A device placed at the terminals of the 
dipold 'measures the modulus of the received voltage | Vod- The dipole is 
in the x'-y' plane, and it is rotated slowly about the z! axis. Let \jr be the 
angle the dipole makes with the axis. Obtain an expression for | vy as 

a function of the angle 

Assume that the incident wave has the state of polarization given by the 
following parameters: A' x = 1.0,’ y, = 33.21°, <$ f := 40:90°. Also let 
\he\ = 1.0 m. Use the expression obtained in part a to make a polar graph 
with |Vocl the radial variable and V' the angular variable, as indicated in 
Figure P2. lb. 

Determine the angles Xi and n for the incident wave of part b. On your 
graph, draw the polarization ellipse for the incident wave so that it is 

circumscribed by the curve of part b. ! , 


2.10 a) 


b) 


c) 



CURVE 



d) Explain how the angles Xi and r,- for the incident wave could be determined 

from the polar graph -of | Vqc | versus 

e) Make a sketch of the normalized Poincar6 sphere and locate the state 
of polarization for the incident wave of part b on the sphere. Show how 
the state of polarization for the receiving dipole changes position on the 
sphere as the angle \j/ changes. Indicate how the polarization mismatch 
factor p r changes as .yj/ changes, and use this to explain the shape of the 
curve obtained in part b. 

2. 1 1 An incident plane wave has the state of polarization specified by the angles 
Xi = 0, Xi — 7r/8..Two antennas are available for use in receiving this signal. 
The first is a linearly polarized antenna when transmitting with xn = 0, 
T/i = 0, and the second is a left-handed circularly polarized antenna when 
transmitting with xn = jr/4. 
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a) On the Poincar6 sphere locate the state of polarization for the incident 
wave and the states of polarization for transmission (x, . ) and maximum 
reception (x r , r r ) for the two antennas. 

b) Use the Poincare sphere to determine which of the two antennas will 
provide the best reception (the largest p r ) for the specified incident wave. 

2.12 Consider a communications link with one antenna on the Earth and the second 
antenna on a satellite. The wave propagating between the antennas must pass 

. through the ionosphere of the Earth. This is a plasma composed of free elec-: 
trons, ions, and neutral particles. The ionosphere when biased by the Earth's ■ 
magnetic field forms an anisotropic medium. As the wave passes through this 
medium, its state of polarization is changed. This change may be as simple 
as a rotation of the polarization ellipse for the wave (i.e., a change in the tilt 
angle of the ellipse from r to r + At) on passing through the ionosphere. 
This phenomenon, known as Faraday rotation , is most important for propa- 
gation through the ionosphere at frequencies below about 7 GHz. The effect 
is nonreciprocal-in that the sense of rotation (right-handed or left-handed) for 
waves propagating from the Earth to the satellite is opposite to that for waves 
propagating from the satellite to the Earth. 

a) Assume that the two antennas are linearly polarized and aligned so that 
the polarization mismatch factor is maximum, p r = 1, in the absence of 
the ionosphere. What will the polarization mismatch factor be when the 
ionosphere produces a Faraday rotation of A r ? 

b) Let the two antennas of part a be circularly polarized, either left- or right- 
handed. What effect does the Faraday rotation now have on the polarization 
mismatch factor? 

2.13 An antenna transmits a wave with the state of polarization y n 8 t . The radiated 
field is 

£' = A x e j<f>x [x -h tan y t e JS, y]. 

Maximum reception for the same antenna occurs for an incident wave with 
the state of polarization y r , 8 r . The electric field for this wave is 

E r = A' x e j(p *[x +' tan y r e jSr y]. 

The relationships between jj , 8 t and y r , 8 r are given in Equation (2. 1 04). Note 
that the two fields E t and E r are described by the two different right-handed 
coordinate systems (* , y , z) and (* , y, shown in Figure P2.2, with x = -* , 
y = y, and £ = — 2 . Show that 

E r = C{E t Y t 

where * indicates the complex conjugate and C is a complex constant. This 
equation constitutes another way of expressing the relationship between 
the state of polarization on transmission and the state of polarization for 
an incident wave that produces maximum reception. 
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Fig. P2.2. Coordinates for the antenna on transmission and reception. 



2.14 Lyot filter The simple optical filter shown in Figure P2.3 is formed by a 
linear retarder followed by a linear polarizer [20]. The x anc) y axes are the 
fast and slow axes, respectively, of the retarder, and the transmission axis of 
the polarizer makes an angle of 45° with the x axis. 

a) Assume that the electric field E ‘ of the linearly polarized incident wave 
makes an angle of 45° with the x axis; it has the Jones vector 
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Use the Jones matrices for the retarder and polarizer to determine the 
Jones vector for the electric field E* of the transmitted; wave. Obtain an 
expression for the transmission ratio 

S'o/ S * 0 

that involves only the retardance A. 

b) The retardance is 


A = 2nf • Sn • i/c, 


where i is the physical length of the retarder and Sn is the difference in the 
indices of refraction for fields oriented along the slow and the fast axes. 
Make a graph of the ratio S l 0 /S l Q versus the frequency / for frequencies in 
the range • 


m - 1 < f/[c/(8n • l)] < m + |, 
where m is an integer. 

• Identify the center frequencies f\ and f 2 for two adjacent pass bands 
of the filter (i.e., points at which = 1). What parameters determine 
the relative spacing (f 2 - f\)/f\ between these pass bands? 

c) The performance of the filter can be improved by using several of the 
simple filters shown in Figure P2.3 in series. Let there be N of these 
simple, two-element filters in series, with the retardance of the z-th filter 
• being : ; ■ 

A; = 2 l-1 (2jr/ • 8n ■ i/c)} 

Determine the transmission ratio Sq/S 1 0 for this composite. Make a graph 
of this ratio for N = 3 and the same range of frequencies used in part b. 
What is the effect of adding more elements to the filter? 


2.15 In this problem we will consider the antenna shown in Figure 2.16a, which is 
an orthogonal arrangement of dipoles. 


a) When the antennas are transmitting , the input impedance to each dipole is 

Z A . Let the device that controls the amplitude and the phase of the current 
in the y-axis dipole be simply an impedance Z p in parallel with that dipole. 
For the transmitting arrangement in Figure 2.16b, show; that the factor in 
Equation (2.100) is " 

tan(y,)e ;{ ' = Z P /(Z A + Z p ). ). : '' 

b) Now consider the same arrangement when the antennas are receivin g. Each 
dipole can be represented by a Th6venin equivalent circuit that consists 
of the open-circuit voltage V oc in series with the impedance Z*. For the 
receiving arrangement in Figure 2.16b, show that the factor in Equation 
(2.101) is 

tan = Z p /(Z A + Z p l . 
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Notice that this is the same result found in part a, so the device (imped- 
ance Z p ) produces the same change (amplitude and phase) in the current 
on transmission as in the open-circuit voltage on reception, 
c) The relation obtained in parts a and b must be solved to determine the 
impedance Z p that will produce the desired values of y t and <$/. Show that 

Zp = Z A /[cot( y,)e~ JS - - l]. 

Assume that the dipoles are resonant and have the input impedance Z a ^ 
Ra & 73 What should Z p be for the antenna in Figure 2. 16a to produce 
the following states of polarization on transmission: 

right-handed elliptical: y t = 7 r/ 8 , <5, = — ^r/ 4 , 

linear: y t = n/4, 8 t = 0 , 

right-handed circular: y t = 7t/4, 8 t = -7t/2. 

Do you see any problems \yith these answers? 

2.16 The following plane waves propagate in the direction of the z axis in free 
space. For each wave, determine the angles 8 , y, x, and r. Make a sketch of 
the polarization ellipse for each wave, and locate the state of polarization on 
the normalized Poincard sphere. 

a) |(z, t) = A x {cos[a)(f - z/c)]x -P cos [co(t - z/c ) + 7r/4]y) 

b) £(z, t ) = A x {cos[o;(f - z/c)]x + 0.5774 cos[tu(f - z/c ) - 0.9553]y) 

c) £(z , t) = -Ax{cos[a>(f - z/c) -f n/4]x + sin [co(t - z/c) + jr/ 4 ]y}. 
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Inhomogeneous plane waves and 
the plane-wave spectrum . 


3.1 Inhomogeneous plane waves 

In the previous chapter, we obtained a wave equation (2.5) for the electromagnetic 
field in free space from Maxwell’s equations expressed in the time domain. Solu- 
tions to this equation that are uniform over plane surfaces at any instant of time 
are plane waves. For the special case of a harmonic time dependence (a monochro- 
matic plane wave), the phasors for the electromagnetic field are uniform in ampli- 
tude throughout space and uniform in phase over plane surfaces, and the wave is 
refened to as a homogeneous or uniform plane wave. 

The case for harmonic time dependence could_also have been developed by 
t starting with Maxwell’s equations for the phasors E(r) and B(r) [(1.1 69)— ( 1 . 1 72) 
with ( 1 . 6 )-( 1 . 8 )]: 


V x E(r) = -ja>B(r) 

(3.1)' 

V x Bp) = i^-Ep) 
c l 

(3.2) 

V • E(r) = 0 

(3.3) 

V • B(r) = 0. 

(3.4) 


% 

These equations can be combined to obtain vector Helmholtz equations (Hermann 
Ludwig Ferdinand von Helmholtz, 1821-1894) for the electric and magnetic fields: 

V 2 E(r) + ^£(r) = 0 ( 3 . 5 ); 

V 2 S(;) + jfc 2 B(r) = 0. (3.6)' 

with k 0 = a>/c. Alternatively, Equations (3.5) and (3.6) can be obtained by assuming 
harmonic time dependence in the wave equations (2.5) and (2.6); hence, (3.5) and 
(3.6) are sometimes referred to as reduced wave equations. 

It is easy to show that the previously obtained complex electric field (2.35a) for 
the monochromatic plane wave, 

E = E 0 e~ jlf , (3.7) 
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with 

k-k = kl, ( 3 . 8 ) 

satisfies the Helmholtz equation (3.5) (Problem 3.1). The relationship between B 
and E for this wave follows from (3.1): 

B — —k x E, ( 3 . 9 ) 

and the transverse nature of the wave follows from (3.3) and (3.4): 

k-E = 0 (3.10) 

k ' § = 0. (3.11) 

Consider the case in which the vector wave number k is real. The planes of 
constant phase for this wave (3.7) are determined from ic • r = constant and are also 
planes of constant amplitude. This is the held of the homogeneous or uniform plane 
wave that we described in the previous chapter. The time average of the Poynting 
vector is (1.180) 

(S) = Re(S c ) = -L|£ 0 | 2 £. (3.12) 

Thus, the direction for. maximum time-average energy flow for the wave is £ = k/k c . 

Now considerate case where the vectdr wave number k is complex with real and . 
imaginary parts k r and k it respectively: 

k = k r + jki. (3.13) 

Since (3.8) still must be satisfied, we have 

k'k = C k r • k r - ki • ki) + 2 j(k r • */) = k], (3.14) 

wliich on equating the real and imaginary parts becomes 

kr ■ kr - ki ■ ki = kl (3.15a) 

and 

\ . k r • ki = 0. (3,15b) 

This last condition (3.15b) requires the real vectors k r and k t to be orthogonal. 
After introducing the notation 

k r = |fc r |t ki = |fc/|, (3.16) 

(3.15a) becomes 

k\ = k) - kf. (3.17) 

All of the relations that describe the electromagnetic wave for harmonic time 
dependence (3.5)-'(3.11) are valid when k is a complex vector. The electric field 
(3.7) is then . _ 


E = Eoe^e-*'- 7 . 


(3.18) 


3,1 Inhomogeneous plane waves 
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The planes of constant phase for this wave are determined from k r • r = constant, 
and those of constant amplitude are determined from i ?,••? = constant. These two 
sets of planes are clearly orthogonal in space as a result of (3.15b). A plane wave 
of this type, one whose planes of constant amplitude and planes of constant phase 
are not coincident, is called an inhomogeneous or nonuniform plane wave} The 
• complex Poynting vector for the wave is (see Problem 3. 12) 


5c 2 (o 


|i|J r + r xhn(ix **> - J \ i^i 2 r ~ r 

k 0 k Q |_ k 0 k 0 


x Im(£ x E*) 


(3.19) 

and the time average of the Poynting vector is 

(5) = Re(5 c ) = ±e* ^E 0 \^ + ^ x Jm (E 0 -x £ 0 *)J. (3.20) 

From (3.20), we see that there is no time-average energy.flpw in the direction of ki 
[k r and ki x ( ) are both normal to ki]. Thus, the maximum time-average energy flow 
is in a direction normal to £/, but not necessarily in the direction of k r . 

For graphical illustration and comparison of the homogeneous and inhomoge- 
neous plane waves, we will consider the simple case where E 0 = A y y , with 
k = k c z for the homogeneous wave, and k = k 0 [(V31/6)x - j(l/6)z] for the in- 
homogeneous wave. The electromagnetic field (phasor) for the homogeneous wave 
is then * *; : ' ? 

a -jk 0 z: 


E(z) = A y e J * oc y 


B(z) =‘ 




-JKz 




or in the time domain 


with 


£(z, t) = A y co s(o)t — k Q z)y 
B(z, t ) = — - cos(cof - k 0 z)x, 


(S) = T~\A y \ 2 z. 

o 


(3.21) 


The electromagnetic field (phasor) for the inhomogeneous wave is 


E(x, z) =A y e-«' 6)k ‘*e-j^' 6 *° x y 


B{x, z) = ^-e +-( a /37/ 6 )£}. 


The orthogonality of these planes in the present case is a consequence of the medium, free space, 
being lossless ( k 0 real). For an inhomogeneous plane wave in a lossy' medium, the planes are not 
orthogonal. . .. 



y z 

PLANES OF CONSTANT AMPLITUDE : 

b) PLANES OF CONSTANT PHASE 

Fig. 3.1. a) Homogeneous plane wave, b) Inhomogeneous plane wave. 


or in the time domain 

S(x,z,0 = A y e- (l ^ z cos [a>t - (V37/6)/c 0 x]y' . 

B{x, z, t ) = ^ e -d/6)U|_(i /6) sin _ (V37/6)/t^]x 


+ (V37/6) cos [cot - (n/37/6)* 0 x]z} , 
with ;; * . 

(B) = '^—^~\Ay\ 2 e~ {Xli)Kl x. ■ ■ -( 3 . 22 ) 

rbo o 

The relationships between the planes of constant amplitude and the planes of con- 
stant phase are shown for both waves in Figure 3.1, and the spatial distributions for 
the electric fields at the time t = 0 are graphed in Figure 3.2. 

The homogeneous plane wave propagates and has maximum time-average en- 
ergy flow in the direction k r = k 0 z. The phase velocity for propagation is 0 / k 0 = c, 
the speed of light in free space. The inhomogeneous plane wave has an exponential 
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• £ y (x, z, t=0) 



Fig. 3.2. Instantaneous electric field £y(x % z, / = 0) for a) homogeneous plane wave and 
b) inhomogeneous plane wave. 


amplitude variation and no time-average energy flow in the direction of £,• = 
~(1 /6)k 0 z. Propagation is in the direction of k r = (Vyj/6)k 0 X, and for this ex- 
ample, the maximum time-average energy flow is also in this direction. The phase 
velocity for propagation in this direction is co/k r = (6/\/37)c. Nolice that this phase 
velocity is less than the speed of light, as it always must be for the inhomogeneous 
wave because 

kr = y/kj + kf > k 0 . ' (3.23) 

The field of the homogeneous plane wave at any instant of time is uniform over 
every plane in space with unit normal k (the planes z = constant in Figure 3.2a). 
No similar planes exist for the field of the inhomogeneous plane wave; this is clear 
from Figure 3.2b. If we had insisted on defining a plane wave as one whose field 
is instantaneously uniform over plane surfaces in space, then the term plane wave 
would be a misnomer for the inhomogeneous wave. 


3.2 Two-dimensional, transverse electric and transverse magnetic fields 

In the next few sections, we will be dealing with. electromagnetic fields that depend 
upon only two of the three spatial coordinates of the rectangular Cartesian system 
(x,y t z). These two-dimensional fields will be chosen to be independent of the 
coordinate y [e.g., E (x, z)]. Thus, the partial derivative 3 / dy in Maxwell’s equations 
will be zero. }■£ 
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The electric field is divided into two components: 

E(x, z) = E± + £||, (3.24a) 

where the perpendicular component is 

! E± = (y * E)y = (3.24b) 

and the parallel component is 

E\\ = E - E± = -y x (y x E). .(3.24c) 


The reason for this choice of notation becomes clear when we consider E± and £| t 
to be real vectors; E± is then perpendicular to the x-z plane, and £|j is parallel to 
the x-z plane. Similarly, the magnetic field can be divided into components: 


B(x, z) = B± + B||, 

(3.25a) 

where 


B± = (y- B)y = B x y 

(3.25b) 

and 


5|| = B - B x = -y x (j! x B). 

(3.25c) 

On substitution of (3.24a) and (3.25a) into Maxwell’s equations, (3.1) and (3.2), 
we obtain two sets of equations (Problem 3.3), 

V x E± = —jcoBjj 

(3.26a) 

i co •* 

V x fi„ = J —E L 
c l 

(3.26b) 

V r E x +k 2 0 E ± = 0 

(3.26c) 

and 


vxii = ji, 

(3.27a) 

V X E|| = - jcdB± 

(3.27b) 

V 1 B JL + k 2 o B x =0. 

(3.27c) 


Here the first two equations in each set were used to obtain the two-dimensional, 
scalar Helmholtz equations for ,E± and fix, (l-26c) and (3.27c). 

From these two sets of equations, (3.26a-c) and (3.27a-c), we see that there are 
two independent fields, each of which satisfies thejsource-free Maxwell’s equations 
in free Space. The first is a two-dimensional field composed of E± and fi| ( ; the 
second is a two-diniensional field composed of E\\ and fix- We will refer to the 
former ^as the transverse electric ( TE) field, and use the alternate representation 
E TE , Bf E for fix,' fin; the latter will be referred to as the transverse magnetic 
(TM) field, with the. alternate representation E ™ , B™ for E| ( , fi X - For the TE 
(TM) field the electric (magnetic) field is transverse to the x-z plane. 
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* ' ! \ r ■ 

The TE problem is solved by first obtaining a solution E te to the scalar Helmholtz 
equation 

V 2 E te + k 2 0 E TE = 0, ; 

and then obtaining B TE from 

B te = -V x E te . 

CO 

Similarly, the TM problem is solved by first obtaining a solution B T M to the equation 
V 2 B™ +k%B™ = 0, 
and then obtaining E™ from 

E™ = x B™. 

CO 

Any two-dimensional electromagnetic field in free space can be expressed as a 
linear combination of a TE field and a TM field. 

As examples of two-dimensional TE and TM fields, we Will consider plane waves 
in free space whose vector wave numbers have components in the x-z plane: 

k = k x x + k z z. , / p' . , (3.28) 

Thus, as required, these fields are independent of the coordinate y . With k x chosen 
to be real,. k z from (3.14) becomes 

• k t - J k o~ k x’ 0 < k l<k 2 0 (3.29a) 

. k i = -jfT*, k x > k l> (3:29b) 

where the positive square root is assumed. 

Values of k x in the first range (3.29a) represent homogeneous plane waves with 

k r = k x x + k z z> ki = 0, 


whereas those. in the second range (3.29b) represent inhomogeneous plane waves 
with 



jh 



The signs in front of the square roots in (3.29a) and (3.29b) were chosen so that the 
homogeneous Waves propagate in the direction of increasing z and the inhomoge- 
neous waves decay with increasing z. 

The electromagnetic field for the TE plane wave is 


E te rjr E oy e-E k * x + k ^y 


(3.30a) 


B te = lit x E te = -~E 0 
w 


h) x (kj* 


- j(k x x+k z z ) 


(3,30b) 
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with 


• & = ^£*1 
. O 


(£)*‘ +r '(£) 


For the TM plane wave the electromagnetic field is 
B™ = B oy e- j( - k ‘ x+k ‘ z) y 


(3.30c) 


(3.31a) 


E™ = -Lfc x b™ = cB. 


oy 


(sMe> 


e -Kk x x+k t z) (331b) 


For later use, it wilbbe convenient to have the TM field expressed in terms of the x 
component of the electric field rather than the y component of the rpagnetic field 
(Problem 3.4): f 


with 


E™ = E 0 


"(s> 


e-j&xx+k^) 


B t V = \kxE™ = U^)e 0 
. : co C \KJ 


e -j(k x x+k t z)j 


(S) = ^\E ox \h~^ k ^(^-X 

2ft. Vl^i/ 




(3.32a) 

(3.32b) 

(3.32c) 


Notice that the maximum time-average energy flow for individual TE and TM 
waves is always in the direction k r : For homogeneous waves k r = k x x. 4- k z z , 
0 <k*< k]\ for inhomogeneous waves k r = k x x, k\ > k*. The plane waves used 
for the illustration in the last section are TE plane waves (see Figures 3.1 and 3.2). 


3.3 Plane-wave spectrum for two-dimensional electromagnetic fields 

Figure 3.3 is a schematic representation for the problem we will now address [1,2]. 
All sources of the electromagnetic field are in the left half space, z < 0, and we 
wish to determine the two-dimensional electromagnetic field everywhere in the 
right half space, z > 0. On the plane z = 0, the tangential components of the 
electric field or the tangential components of the magnetic field are specified. For 
many problems of practical interest, the field will be nonzero, over only a finite 
range for the variable x on this plane. In addition, we will assume that the field is 
zero everywhere on the cylindrical surface of infinite radius that closes the right 
half space. We can think of this as being the result of the medium having a very 
small amount of loss (infinitesimal conductivity a). From the uniqueness theorem 
for time-harmonic fields, discussed in Section 1.7, we know that this information 
ensures a unique solution to Maxwell’s equations in the right half space. 
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Initially we Will assume that the field is a two-dimensional TE field with the 
tangential component of the electric field specified on the plane z = 0: 

-*TP * 

E (* >z = 0) = /,(*)$. (3.33) 

The function f y (x ) can be expressed as an integral through the use of the Fourier 
transform 

fy(x) = 2- J Fy{t-)e-H x dZ. (3.34a) 

where the spectral function F y (%) is 

Fy(l) = [ fy(x)e J(x dx. (3.34b) 

J — OO 

With a change of notation, this is the same Fourier transform pair introduced in Sec- 
tion 1.7 for representation of time-varying fields [Equations (1:200) and (1.201)]. 
Here we assume that the function f y (x) satisfies the conditions sufficient for the 
validity of the transform [3]. 

Now consider the electric field of the TE plane wave described by (3.30&). On 
the plane z = 0, this field is 

* -* 7 1 F 

E (x,z = 0) = E oy e-> k * x y. (3.35) 

The integrand of (3.34a) has the same form (dependence on x) as (3.35) when 
£ = k x . Thus, (3.34a)can be viewedas the field ontheplanez = Oof a superposition 
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of TE plane waves, each with a different value of k x . The spectral function F y is 
the complex weight associated with each plane wave. On setting £ = k x and 
using (3.33), the transform pair in (3.34a) and (3.34b) becomes 

E TE ( X, Z = 0) = /“ F y (k x )e~ JktX dk x (3.36) 

F y (k x )= ^ y ■ E(x, z = 0)e jk,x dx. (3.37) 

By analogy with (3.30a), the electric field at points z > 0 is obtained by including 
the factor exp(— jk z z) with each of the plane waves in the integrand of (3.36): 2 

E te {x, z) = y-i- (°° F y (k x )e- j(k * x+k ‘ z) dk x . (3.38) 

. Z7T J 

The magnetic field is obtained from the electric field by applying the relationship 
(3.30b) to each plane-wave in the superposition (3.38): 

1 roo 

In these equations, k z> is related to k x by (3.29a) and (3.29b); all of the plane waves 
propagate or decay exponentially in the direction pointing away from the source' 
(increasing z). 

This electromagnetic field, Equations (3.38) and (3.39) with (3.37), is the solution 
to our TE problem: On the plane z = 0 the tangential, component of the electric 
field is equal to the specified field (3.33), and the field is a solution to Maxwell’s 
equations everywhere in the half space z > 0, since each of the plane waves in the 
superposition is a solution to Maxwell’s equations. 

It is now a simple matter to obtain the solution for the TM problem by analogy 
with the TE problem.- Let the tangential component of the electric field be specified 
on the plane z = 0: . 

E x (£, z = 0) = f x {x)x. • 'p '. (3.40) ' 

The Fourier transform pair is now . .... . 

; E t x m (x, z = Q) = il- j°° F x (k x )e~^ x dk x (3.41) 

F x (k x ) = f x ■ E(x, z = 0)e Jk ’ x dx. (3.42) 

J -OO 


(£>-(£> 


e -!»,x+k l i) dkx ( 339 )' 


2 


For a different, less intuitive argument for obtaining 


E TE see Problem 3.5. 
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After consideration of (3.32a) and (3.32b), we obtain the superposition of TM plane 
waves that comprises the electromagnetic field in the half space z > 0: 


E™(x,z) = 



F x (k x ) 




e -J<h*+*tz) d k x 


(3.43) 


B? u (x, z) = y^p- J F x {k x )e~ iik ’ x ^ l) dk x . (3.44) 

For the general two-dimensional problem, where the specified tangential electric 
field on the plane z = 0 has both x and y components, the. two spectral functions F y 
and F x are determined from (3.37) and (3.42), and the complete electromagnetic 
field in the half space z > 0 is the combination of the TE and TM fields given by 
Equations (3,38), (3.39), (3.43), and (3.44). The results for the. TE and TM cases 
are summarized in Table 3. 1. In the table we have also included expressions for the 
spectral functions F y and F x for the case where the tangential components of the 
magnetic field are specified on the plane z = 0. 

A simple physical picture helps with the visualization of the procedure developed 
above. The’ two-dimensional plane waves all have the following propagating factor 
(dependence on x and z): 


exp [~j(k x x + fcjz)] 


exp (~jk x x - jjicl - k] Z ), 
exp(-)^x - yjkl - kl z), 


0 < k* < k] 


(3.45) 


The waves in .the first range for k x are homogeneous plane waves propagating in 
the direction of k. The direction of these propagating waves is also specified by the 
angle \jt between k and the z axis, which is given by 


' f = tan -1 (*x/**)- 


(3.46) 


Schematic representations for propagating waves with f = 0°, 30°, and 90° are 
shown in Figures 3.4a, b, and c. Each propagating wave produces a field that is a 
cosinusoidal function of x on the plane z = 0. This is illustrated in Figure 3.4, where 
the real part of the- propagating factor exp[-)(^x + k z z)] is graphed for points 
along each of the axes. As the direction of the propagating wave changes from 
f = 0° to \j/ =90° (0 <k x < k 0 ), the spatial period k x = 2n-/|^| = X 0 /\ sin f \ 
of th? oscillations along the x axis changes from X x = oq to X x =X 0 . 

. • Tlje-waves:in the second range for k x in (3.45) are inhomogeneous plane waves 
that decay or evanesce in amplitude with increasing z. Schematic representations for 
these evanescent waves are in Figures 3.4d and e. Along the x axis, the oscillations 
for these waves are more rapid than for the propagating waves, with the spatial 
period ranging from X x = X 0 to A.* = 0 (k„ < k x < oo). The faster the oscillation 
with x, the more rapid the decay with increasing z. 

The spectral representations in Table 3.1 superimpose plane wave fields (propa- 
gating and evanescent) that oscillate in x with all spatial periods 0 < X x < oo to 
represent the specified field on the plane z = 0. This is the fundamental idea used 
with all Fourier series and Fourier integral representations. 
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Table 3.1. Spectral representations for two-dimensional fields 


Transverse electric fields (TE) 


E TE (r) = y^ Jf Fy(ic x ) e-M‘ x+k ^dk x 

= y — f Fy(k 0 sin yl/)e~j k ° rcos ( B ~^k 0 cos 1 /rdi/r 
2nJc ‘. 

- s; £ [(e) ■ * ■ - (e) ; ] '-****«■ ' 

= jd- J Fy{k 0 sin \/0[ sin(0 — i/O r + cos(# — ^)5]e - £ l,r cos (®~^fc 0 cos i/diji 
F y (k x ) = f°° y ■ E(x, z = 0)e Jk ‘ x dx = -c ) f°° x ■ B(x, z = 0 )e> k ‘ x dx 

J-oo K^zJ J — 00 

Transverse magnetic fields (TM) * 


E™(r) = 3. J°° F x (k x ) [x - zj e-i (k * x+k ' z) dk x 

= d- J F x (k 0 sin f) [sin(0 — f)r + cos(9 — f)§ ]e~J k ° r c ° t( ‘ B ~^k 0 dir 

B™{7) = 9^ e~ jikxX+k ‘ l) dk x 

f F x (k d sin V') e~ jk ° r ca * t -+ ) k 0 difr 
2 nc Jc 

/ oo /it \ r°° 

x • £(*, z == 0) ej k * x dx = c f ~) / J • 5 (jc, z = 0) e^ kxX dx 

-00 \*0/ 7—00 


The complex Pointing vector for the general two-dimensional field composed 
of TE and TM components is 

s c = f-(.E TE + E™) x {B te + B™)\ (3.47) 

2 fi 0 

and the net time-average power transmitted per unit length in y through a plane of 
constant z is 

P; {■ = [°° (« S) ■ zdx = f°° Re(5 c ) • zdx. 

• J x=—oo J X — — 00 


(3.48) 
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X x = o° 


a) 




x ^ 


d) 


X, = 3V4 ' 
i 

r - " 


e) 


K m \J2 

r 


PLANES OF CONSTANT 
AMPLITUDE 


PLANES OF CONSTANT 
PHASE 


Fig. 3.4. a)-c) Propagating plane waves, 0 < k x < k 0 . d), e) Evanescent plane waves, 
k 0 <k x < oo. The real part of the propagating factor exp[-;(^^ +k z z)] is graphed along 
the x and z axes. 

After inserting the expressions for the fields from Table 3.1 into (3.48), we have 


-Jr r r U- 

\ Jx=-oo Jk^-oo J k x ——oo [ So 


+ Fx(k x )F* 


rtvl 

e -m-Kyz 

i 



and, with an interchange of the order of the integrations, we can write 

Pz =rJ r r\ \ r e-^-^dk^x 

\ 7-00 7-00 l J Jx=—oo / 


e -H k *-K)*dk x dk' x dx ) , (3.49) 

(3.5Q) 
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where the terms in the braces {} are the same as in (3.49). Two of the above integrals 
can be evaluated with the help of the Dirac delta function, for which the following 
relations apply (Section 5.2) [3]: 

m = ^I°i eMdri (3 - 51) 

/ ^(£)<5(£ - n)dlj = F(rj). -(3.52) 

. . j — 00 

The first of these relations is used, to write (3.50) as ‘ 

p z- Re (/ ro j - k x )dk x dk'^j, 

and the second is then used to evaluate the integral with respect to fa : 







dk x 


On division of the range of integration into the two regions Q <kl<k] (k z real; 
propagating waves) and k\ > k% (k z imaginary; evanescent waves), we see that 
only the former contributes to the integral, and so 


-5£jCU[ |, ' fc) |! (£) + l ft(w l 2 (x) 


dh x 


(3.53) 


The two terms in this expression are independent; the first is a result of the TE field, 
whereas the second is a result of the TM field. 

From (3.53) we see that only the propagating waves contribute to the net time- 
average power transmitted through a plane of constant z. Recall that these are the 
waves in the spectrum that have spatial periods in x within the range k 0 < k x < oo. 
The evanescent waves make no direct contribution to the net time-average power 
transmitted through a plane of constant z. The evanescent waves in the spectrum, 
with their shorter spatial periods 0 < k x < k„, are, however, required to represent 
the fine details of the field near the plane z = 0. - 
IThe spectral representations we obtained for the electromagnetic field are ex- 
pressed in terms of the rectangular coordinates of the position (x, z) and the rect- 
angular components of the vector wave number ( k x , k z ). Often it is convenient to 
express these quantities in terms of their components in a cylindrical system. In the* 
cylindrical coordinates (r, 9) of Figure 3.5a the position is simply 3 

x = r sin0 ) 

z — r cos 6 j -*/2<0<*/2. .(3.54) 


.This is not the cylindrical coordinate system (p,<f>,z) discussed in Appendix B, but the cylindrical 
coordinate system formed from the spherical coordinates r and 9 in the x-z plane and y. We use this 
System so that the notation for the two-dimensional and the three-dimensional fields will be similar. 



Fig. 3.5. a) The position expressed in terms of the coordinates r, 9; b) The components of 
the vector wave number expressed in terms of k 0 and fa. The drawing is for a wave number 
with k z real. 


When the wave number represents a propagating wave (0 < k\ < k]), the real 
components of the wave number are easily expressed in terms: of k 0 and the real 
angle fa as shown in Figure 3.5b: 


k x = fa sin fa 1 
k z = k 0 cos fa J 


- tt/2 < fa < k /2. 


(3.55) 


Wlien the wave number represents an evanescent wave (^ > ^),;the components of 
the wave number are complex, and the angle \jr must also be complex, xjr = \jr r +j ^ ; 


k x — k 0 sin (i/r r + jx/ri) = /: 0 [sin x\r r cosh ^ j cos Vv sinh xj/{\ 
k z = k 0 cos(t/r r -f jxj/i) = /: 0 [cos \/r r cosh xj/i — j sin ^0- sinh t/r,]. 


Since k x is always real, we must have Vv = ±rr/2, which makes 
k x = k 0 sin(±7r/2) cosh 


k z = —jk 0 sin(±7r/2) sinh . • 


For the evanescent wave to decrease in amplitude with increasing z, k z must be 
negative imaginary. Thus, when ir r - must be negative (-oo < fa < 0); 

and when fa = jt/2, fa must be positive (0 < fa < oo). The components of the 
wave number for the evanescent wave are then 


and 


fa = k 0 sin x// = -k Q cosh fa | fa = —n jl 

. k z = k 0 cos i/; = jk 0 sinh fa j -oo . < fa < 0 


k x = k Q sin fa = k 0 cosh fai 1 'fa r =n/2 
k z = k Q cos fa = —jk 0 sinh fai J 0 < fai < oo. 


(3.56) 


Equations (3.55) and (3.56) describe the path the angle - fa traces in the complex 
plane as the real variable fa goes from -oo to -f-oo. This, path is the contour C in 



— k 0 ), then to \f/ = tc/ 2 (k x = k 0 ), and finally to ^ = 7r/ 2 4- ;oo (fc* = oo). The 
horizontal portion of the contour corresponds to propagating waves; the vertical 
portions of the contour correspond to evanescent waves. 

The spectral representations for the electromagnetic field are now easily ^ex- 
pressed in terms of the. coordinates r, 6 and k 0 , \j/. For example, the field E te 
(3.38) on substitution of (3.54) and (3.55) becomes 

E te = y± f Fy(k 0 sin ir)e~ jk ‘ r(iin * sin9+cos * cos % cos i/rd* 

= yz— f .F y (k 0 sin \ls)e~ jk ° rcos ( e ~^k 0 cos i/sdi/s. (3.57) 

2n Jc 

The representations for the other components of the field are listed in Table 3.1. 


3.4 The uniformly illuminated slit 

We will now illustrate the use of the two-dimensional plane-wave spectrum with a 
simple example. The physical geometry to be considered is shown in Figure 3.7. 
A plane wave, either TE or TM, is normally incident on an infinitesimally thin, 
perfectly conducting screen containing a slit of width d. The electric field for the 
incident wave is 

f E‘ 0 e-j^y, (TE) . 

1 E‘ 0 e-j k ‘*x, (TM). 
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Fig. 3.7. Plane wave normally incident on an infinitesimally thin, perfectly conducting 
screen containing a slit of width d. 

The screen is 'in the plane z = 0, and we wish to determine the field in the half 
space z > 0. This is a classical problem in the theory of diffraction. 

We must know the tangential component of the electric or magnetic field on the 
plane z = 0+ to apply our procedure; we will assume knowledge of the former. 
Because the screen is perfectly conducting, the tangential component of the electric 
field is zero for z = 0-f, \x\ > d/ 2. What is the electric field on the remainder of the 
plane, in the aperture z = 0+, |*| < d/ 2? For sufficiently wide slits ( d/\ 0 » 1), 
we might assume that the electric field in the aperture is equal to the incident field; 
that is, the screen has little effect on the field in the aperture. This assumption is 
sometimes referred to as Kirchhoff's approximation after Gustav Robert Kirchhoff 
(1824—1887), who used a similar assumption in optical calculations [4]. 

To check the validity of the assumption, very good estimates . for the electric field 
in the aperture are graphed in Figure 3. 8. 4 Here results are shown for TE and TM 


The results presented in Figure 3.8 were computed using Babinet’s principle (Section 4.4) and 
formulas for electrically wide strips given in Reference [5]. 
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Fig. 3.8. Tangential component of the electric field in the slit (z = 0) for a normally incident 
plane wave (TE and TM). Solid line: good estimate for electrically wide slit. Dashed line: 
uniformly illuminated slit, a) d/\ 0 = 5.0. b) d/\ 0 = 10.0. 


incident waves and two widths for the slit, d/\ 0 = 5 and 10. From these graphs 
it is clear that the tangential component of the electric field is only approximately 
uniform in the aperture and that the approximation becomes better as the electrical 
width of the slit, d/A 0 , becomes larger. The field for the TE case shows a pronounced 
ripple; this is caused by the interaction of the fields produced by the two edges of 
the slit. The amplitude of the ripple decreases with increasing slit width. The field 
for the TM case is fairly uniform in the aperture except near the edges, where there 
are large peaks. In fact, at the edges the field becomes infinite. This is a consequence 
of assuming infinitely sharp edges for the perfectly conducting screen. 

Let us now proceed with pur analysis, subject to the assumption that the slit is 
electrically wide (d/X 0 » 1 j and the tangential component of the electric field is 
approximately uniform in the aperture and zero elsewhere on the plane z = 0, as 
shown in Figure 3.9a. For the LE case 


E y (x, z = 0) = 
and for the TM case 

£jr(*,Z = 0) = 


[ Ely* W < d/2 

l0, \x\>d/ 2, 


| E l 0 x % . \x\ < d/2 
10, 1*1 > d/2. 


(3.58) 


(3,59) 
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a) 


E x /E‘ , or E y /E‘ 



d/2 x- 



Fx(k 3 c) = E l 0 dsinc(k x d/2). 
Here we have introduced the “sine” function 

sinc(z) = sin (z)/z:. 


(3.61) 


(3.62) 


The spectral function, F y (k x ) or F x (k x ), is graphed in Figure 3.9b. 

The electromagnetic field at points in the half space z > 0 can now be obtained 
using the spectral functions with the appropriate integrals from Table 3.1. For 
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Fig. 3.10. Tangential component of the TE electric field on the plane z = 0 for a slit of 
width d/X 0 = 5.0.' Solid line: field of the total spectrum. Dashed line: field of only the- 
propagating spectrum (0 < k* < k%). ■ * 


example, the electric field for the TE case is 


E TE JyM J°° sine ^Yje- J(hx+ ^dk x 


= y~2n~ / sin^e cos(9 ^cos x/rdf. (3.63) 


At this point we should emphasize that the field given by (3.63) is the exact TE field 
in the half space z > 0 for the specified field (3.58) on the plane z = 0. However, 
it is only the approximate field for the physical geometry described in Figure 3.7. 
If we could construct another physical geometry that produced the specified field 
(3.58) on the plane z =;0, then (3.63) would be the exact field in the half space 
z > 0 for that geometry. 

Let us now study the electric field produced by the uniformly illuminated slit. 
We will only consider the TE case, which involves the evaluation of the integral in 
(3.63). For general values of k 0 d, k 0 r , and 0 , the integration cannot be performed in 
closed form, and numerical evaluation must be used. It is instructive to evaluate this 
integral first on the plane z = 0. If the theory is self-consistent, we should obtain 
the tangential electric field we started with, (3.58) and Figure 3.9a. The result for 
a slit of width id/X 0 = 5 is shown as a solid line in Figure 3.10; as expected, 
the tangential field is recovered. Note that at the points x — ±d/2 the field is 
E y = E l 0 / 2, which is the mean of the assumed values for the field at |jc| = d/ 2-l- 
and \x] = d/ 2—. This illustrates a well known property of the Fourier inversion 
formula: At a discontinuity it returns the mean of the values on the two sides [3]. 

Recall that the contour of integration C in (3.63) consists of two parts, one 
corresponding to the propagating portion and the other to the evanescent portion 
of the spectrum. The dashed line in Figure 3.10 shows the tangential electric field 
on the plane z = 0 that; is due only to the propagating portion of the spectrum 
(0 < k\ < kl). It is clear that the: field of the propagating spectrum has the general 
shape of the aperture field, but it cannot produce the rapid variation in the field 
near the points \x\ = d/2. The shorter spatial periods (X x < k 0 ) of the evanescent 
spectrum are required to produce this variation. The period of the ripple on the 
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dashed line in Figure 3.10 is roughly equal to the minimum period for a wave in 
the propagating spectrum (i.e., X x = k 0 , or k x = d/5 since d/X 0 = 5). 

The development of the field in the half space z > 0 is shown in Figure 3.11a for 
a slit of width d/X 0 =5. Here the normalized amplitude of the field is graphed as a 
function of position, x/X Q and z/X 0 . The field is seen to spread out as it travels away 
from the slit and to extend into the region behind the screen, the shadow region. 
This phenomenon is known as diffraction. 5 The oscillations with x /X 0 seen in the 




5 The crudest approximation for the field behind the slit is that of geometrical optics, for which the 
region \x\ < d/2, z > 0 would be uniformly illuminated, and the remainder would be in shadow. 
That is, on each cross section z/X 0 in Figure 3.11, the plot would be the same rectangular pulse as 
in the aperture plane, z/X 0 = 0. The diffracted field is the difference between the actual field and 
the field of geometrical optics. 
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A r A, 0 = 3 B r/X 0 - 5 




C r/A 0 = 10 


D r/K « 30 


i c ) 



Fig. 3.11. The electric field in the half space z > 0 for a slit of width d/\ 0 = 5.0. a) Field 
as a function of xfk 0 and z/k 0 . b) Field as a function of rjk 0 for points on the z axis (r = t , 
6 = 0). c) Field as a function of 6 for various values of r/k a . 




amplitude of the field appear as light and dark regions at optical frequencies and 
are called diffraction bands. 

Additional insight is gained when the field is graphed in the cylindrical coor- 
dinates (r, 9) of Figure 3.7. In Figure 3.11b the normalized amplitude of the field 
along the z axis (r = z, 6 = 0) is graphed as a function of the radius r/k 0 , and in' 
Figure 3.11c the field is shown as a function of the angle 9 for various radii. The 
field is seen to exhibit the rectangular shape of the aperture for the smaller values 
of r/k 0 (A, B). This is true even though the field is graphed on a cylindrical surface 
(r = constant) rather than on a planar surface (z = constant). 

The amplitude of the field oscillates as we move along the z axis away from the; 
aperture plane; however, at large distances (D, E, F) it becomes a monotonically 
decreasing function of r/k 0 with the dependence ^J\ 0 )r or 1 /y/k^r. In this region 
the distribution for the field (i.e., the field as a function of 9) is roughly the same 
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for all values of r/X a (D, E, F). A comparison with Figure 3.9b shows that this 
distribution is approximately the same as the spectral function (3.60) with k x — 
k 0 sin#. Thus, from these numerical results, we infer that at very large distances 
from the aperture the electric field will have .the simple form 

\E TE \cx.\F y {k 0 sine)\/ s /k^r. : (3,64) 

In the next section, we will obtain this result by an approximation of the integral in 
Equation (3.5.7). 


3.5 Asymptotic or radiated field - the method of stationary phase 

We now wish to establish by analytical means the simple relationship (3.64) we 
inferred from the numerical results for the field at large radial distances from the 
uniformly illuminated slit. We will not restrict our argument to the uniformly illu- 
minated slit, but we will consider general field distributions on the plane z = 0. To 
be more precise, we seek an approximation to the integral representation for the 
TE field (3.57) 

E TE = J F y {k 0 sin ^) e --'*« rcos(9 -*)/. £j cos (3.65) 

that is valid in the limit as k 0 r = 2nr/X 0 -> oo, for -jr/2 <9 <n/2. 

The branch of mathematics that deals with such approximations is called asymp- 
totic methods [6, 7] . Briefly, the problem is often one of obtaining an approximation 
h(x) to a function /(x) that applies for large x; the basic idea is that /(x)//i(x) 
tends to unity as x -* oo. We then say that h(x) is an asymptotic approximation to 
/ (x) for large x, and we indicate this by 

/(x)~fi(x), x -» oo, 

•••■I • • 

where die symbol - is read “is asymptotic to.” The larger is *, the better h(x) 
approximates /(*). A familiar example of an asymptotic approximation is Stirling’s 
formula for estimating n ! when n is large [8]: 



When n = 5, this formula is in error by 1.7%; however, when n = 50, it is in error 
by only 0.17%. 

RetumingjCMDiir problem and using the above notation, we seek an approximation 
to the field E (r), which we will call £ r (r), such that ; 

E (r) ~ £ r (r), k 0 r oo. : 

The asymptotic field is often referred to as the radiated field (hence the superscript 
r ) or far-zone field in antenna analysis, and the Fraunhofer field (Joseph von 
Fraunhofer, 1787-1826) in optics. 
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The procedure we will use to asymptotically evaluate our integral (3.65) is gen- 
erally called the method of stationary phase. It was first used by G: G. Stokes [9]; 
however, our treatment; will follow more closely that given later by Lord Kelvin 
(Wimam Thomson, 1824-1907) [10]. 

We begin by noting from (3.56) and (3.57) that along the two vertical portions of 
the contour C in Figure 3.6 the amplitude of the exponential term in the integrand is 

e ~ k a r cos d sinh 

Thus, in the limit k Q r oo, these portions of the contour make a negligible 
contribution to the integral and can be ignored. Stated differently, the evanescent 
portion of the spectrum does not contribute to the field when k 0 r is large. We are 
now left with the following integral for evaluation: 

i /’tt/2 * 

I=7T F y( k o sin i,)e- jk ° rcas W- e h 0 cos fdf. (3.66) 

W Jf=-n/2 

Let us again concentrate on the exponential term. The “phase” of the exponential, 
g { VO = - k 0 r cos(t/t - 9), 

is graphed as a function of the angle xf/ - 9 in Figure 3.12a; the real and imagi- 
nary parts of the exponential are shown in Figure 3.12b. Both graphs are for the 
numerical value k 0 r = 207T. Notice that the vertical axis in Figure 3.12a was made 
discontinuous so that the scales on the vertical and horizontal axes could be equal. 
The phase of the exponential is seen to vary very rapidly with a change in the angle 
xj/ — 9, except near the point \js — 9 = 0. At this point the derivative of the phase 
with respect to the angle xj/ is zero: 

:= ~k 0 r cos - 9)] = k 0 r smif - 9) = 0, 

and this point is referred to as “a point of stationary phase.” The real and imaginary 
parts of the integrand are seen to oscillate rapidly with a change in the angle xj; - 9, 
except in the vicinity of the point of stationary phase. An increase in k Q r would 
cause more rapid oscillation, and the oscillations would start closer to the point of 
stationary phase. ; 

This behavior suggests the following argument. Consider F y (k 0 sin V0 to be 
a smooth function of the angle xj/. Then away from the stationary point, each 
oscillation in the exponential produces positive and negative contributions to the 
integral (3.66) that are of equal area and, therefore, cancel. Thus, the value of the. 
integral is determined mainly by the behavior of the integrand near the stationary 
point. A simple numerical example will illustrate this argument. Let F y (k 0 sin xj/) = 
1.0 and 9 = 0, making -the stationary point xj; = 0. Now the integral (3.66) will 
be evaluated only over a; panel of width 2/ 'centered bn the stationary point. After 
suitable normalization the integral becomes 

f*e- Jlvrco, +ko cos ireh/r 
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Fig. 3.12. a) Phase of exponential, g(xj/). b) Real and imaginary parts of exponential, 
expL/gWL For both graphs k 0 r = 20tt. 


This integral shows us what fraction of the total integration is coming from a panel 
of width 2x- about the stationary point. In Figure 3-. 13 the magnitude of the integral 
is plotted as a function of the angle x for two values of k 0 r, The.curves are seen 
to rise to. a value close to 1.0 and then oscillate about this value with increasing x • 
The larger k 0 r, the more rapidly the integral settles to the value i .0, indicating that 
only a small region around the stationary point is contributing to the integration. 

Since the major contribution to the integral comes from a small region around 
the stationary point, xj; = 9, we can replace the elements in the integrand of (3.66) 
by approximations valid near this point. For the exponent we will use the first three 
terms in a Taylor series expansion (where the third term is the first nonzero term to 
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Fig. 3,13. The normalized integral as a function of the range of integration about the 
stationary point. 
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dg 
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cos(0) - sin(0)(V r -6>) - - cos(0)(^ - 6f 


= -v[ 

and in the remainder of the integrand, we will simply set ^ = 0, namely, 


k 0 cos \l/F y (k 0 sin VO « k 0 cos 9 F y (k 0 sin 6). 

The integral is then 

1 r 9 + A 

I ^ —k a cos 9 F y (k 0 sin 9)e~ jk ° r / e Jk ° r ^^^ 2 d-[j/, 

271 ./0-a 

where the limits (0 - A, 0 + A) define a small region centered on the stationary 
point. Notice that the limits of integration can be changed to (-oo, oo) without 
affecting the value of the integral; no new stationary points are introduced, and the 
additional oscillations added by ex tending the limits cancel, on integration. With 
the change of variable f - 9 ), the integral becomes 


In 


k 0 cos 9F y (Jk 0 sin0) 


9 r°° 

—e~j k ° r 
k 0 r e 


/ OO 

■OO 


d*. 


The definite integral above has the value Jn expO‘jr/4) [8]; thus, 




~j(k 0 r 
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Table 3.2. Spectral representations for two-dimensio 

nal radiated fields 

Transverse electric fields (TE) 


u k 1 

£ r (0 = y ~ 7 = cos 9 Fy{k 0 sin#)— == e~F k 
V2n y/kffr 

■ .5 (r) = § — cos9 F y (k 0 sin9)—=e- 

v2xc • 

= - r x E r (f ) 
c 

r—n/A) 

j(k 0 r- tt/4) 

Transverse magnetic fields (TM) 



E r (r) = § F x (k a sin 9)-±= e -AV->r/ 

V2n > y/k 0 r 

B[{r) = y ~~ F x (k„ sin<?)— L= 
v2 jtc *Jkffr 

= - r x E r (r) 
c 

) 

4) 


and the radiated field we seek is 

k | 

£ r = 9f== cos8Fy(k°sm9)-j= = e ~j ( - k ° r -’’/ 4 '): (3.67) 

A comparison with (3.64) shows that this field has the same dependence as we 
deduced from our earlier numerical results for the slit. Asymptotic approximations 
can also be obtained for the TE magnetic field and for the field components of the 
TM problem; these are summarized in Table 3.2. 

The results we have obtained for the radiated field are most interesting and 
deserve some further discussion. The field (3.67) is;the product of a function of 
6 with a function of r. This means that the angular dependence of the field is the 
same at different radii, as we observed for the slit in Figure 3.11c (panels D, E, and 
F). Furthermore, it is the angular dependence of the radiated field that characterizes 
different distributions for the field on the plane z = 0; the radial dependence is the 
same for all distributions. The radiated field has many of the same features as a 
homogeneous plane wave, with the vector k 0 r assuming the role of the vector wave 
number k = k a k: a transverse field with an exponential variation of the phase with 
distance, exp(-yV); a simple relationship between B r and E r , 

B r = -9 x E r ; 
c 


(3.68) 
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Fig. 3.14. a) Coordinates for the plane wave and observation point O. b) Regions where k 
lies for positive (white) and negative (black) contributions to the real part of exp[y‘jt 0 r(l - 
cosx)]. c) Same as b), except for the imaginary part. Drawings are for k Q r = 1607T. 


and a complex Poynting vector in the direction of propagation, r : 



2 (» 



| cos 2 6>|F,,Ofc 0 sm6>)| 2 , 
(|F,fcsin0)| 2 ,. 


• (TB) 

. (TM). 


(3.69) 


Probably the most striking feature of the radiated field (3.67) is that its angular 
dependence is simply related to the spectral function F y {k 0 sin i/r) evaluated at the 
angle of observation \j/ = 9. In other words, the radiated field depends only on 
the plane wave in the spectrum that is propagating in the direction of observation. 
There is a simple physical argument that elucidates this result; it is closely related 
to the mathematical argument presented above. 

Consider the plane wave in the continuous spectrum propagating at a small angle 
X with respect to the direction of observation 9 , as sketched in Figure 3.14a. The 
field of this wave at the observation point O is proportional to 

Fy[k 0 &in(e + x)]« _2 *“ r «'*‘’ r(1 ~ C0SX) . ( 3 70 ) 

We will assume that the spectral function is a slowly varying function of the angle 
X and concentrate on. the last factor: b 


e jk 0 r(\ cosx ) _ cos [k 0 r{\ — cos x)] + j sin \k 0 r{\ — cos /)]. 


The real and imaginary parts of this function may be positive or negative depending 
on the angle x- In Figure 3,14b, we show the angular sectors where the angle x, 
or the vector wave number k , lies for the real part of this function to be positive 
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(white areas) and negative (black ^reas)' - Figure 3.14c is a similar drawing for the 
imaginary part. From these pictures it is clear that away from the direction of obser- 
vation (0), adjacent regions representing positive and negative contributions at 0 
have equal areas and, therefore, they approximately cancel. Only the plane. waves 
with vector wave numbers lying within a narrow angular sec tor surrounding the di- 
rection of observation contribute to the field; hence, the factor F y (k 0 sin 9) appears 
in the expression (3.67). Stated differently, all of the plane waves in the spectrum 
destructively interfere at the observation point, except for a small group of waves 
propagating in the direction of observation. The portion of the spectrum - the angu- 
lar sector surrounding 9 - that contributes to the field decreases with increasing k 0 r . 
To see this, assume that the contribution comes roughly from the angular sector for 
which |/^r(l— cos x)| < 7r/2; in Figure 3. 14b this is the white sec tor centered about 
9. For k D r » 1, the angular extent of this sector is approximately 2x « 2 y/n/k 0 r. 
The portion of the spectrum thatcontributes to the field decreases as l/y/k^r with 
increasing k 0 r\ hence, the factor 1 /yfk^r appears in the expression (3.67). 

Let us now apply the formulas for the radiated field to our example - the uni- 
formly illuminated slit. From the spectral functions (3.60) and (3.6 i), we can obtain 
the radiated electric fields. For the TE field we get 


•Jhr 


e -j(k 0 r-J r/4) 


(3.71) 


and the TM field is found to be 




p -j{k 0 r-nf 4) 


(3.72) 


These fields, in normalized form |£ r (0)|/|.E r (O)|, are graphed as a function of 9 in 
Figure 3,15 (dashed lines). Results are shown for two widths of the slit ( d/k 0 = 5 
and 10); these are the same widths used for Figure 3.8. 

Recall that the uniformly illuminated slit is an approximation to the physical 
problem shown in Figure 3.7. Very good estimates for the radiated field for this 
physical problem are also graphed in Figure 3.15 (solid lines). 6 The two sets of data 
are seen to be in good agreement, except at angles well away from the normal where 
the levels are low. As expected, the agreement improves with increasing slit width. 
The reason for the good agreement observed in Figure 3.15 is fairly simple. The 
difference between the actual field in the slit (Figure 3.8) and our approximation 
•of uniform illumination is a rapidly varying field that is mostly a result of the 
evanescent portion of the plane-wave spectrum. Because the evanescent spectrum 
does not contribute to the radiated field, the radiated fields for the two cases are 
nearly the same. 

The asymptotic expressions we have developed apply in the limit k 0 r -> oo; 
however, we expect these expressions to be reasonable approximations to the actual 


6 The results presented in Figure 3.15 were computed using Babinet’s principle (Section 4.4) and 
formulas for electrically wide strips given in Reference [11]. 
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Fig. 3.15. Comparison of normalized radiated electric fields. Solid line: good estimate for 
electrically wide slit. Dashed line: uniformly illuminated slit, a) d/k 0 = 5.0. b) d/\ 0 — 
10.0. 

fields when k a r is simply large. The question then is how large must k 0 r be for the 
expressions to be useful? A precise answer to this question, of course, will depend 
on the specific field we started with on the plane z = 0. However, we can make an 
estimate by examining the uniformly illuminated slit. - 


3.6 Plane- wave spectrum for three-dimensional electromagnetic fields 
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Recall that the contribution to the integral (3 .66) comes from the region surround- 
ing the stationary point. We will again assume that k 0 r » 1, so that this region is 
roughly of angular extent 2x ** 2 y/n)k 0 r (the white sector centered about G in 
Figure 3.14b). For the asymptotic evaluation, the spectral function, F y or F*, must 
be approximately constant over this angle. " : 

Now consider the spectral function for the uniformly illuminated slit shown in 
Figure 3.9b. We see that the spectral function is fairly constant within a region 
\Ak x (d/2)\ <£ 7 r, that is, well within a region bounded by two Consecutive nulls. 
In terms of the angles G and x, this inequality becomes 

\ko sin(0 + xM/2 - k 0 sin(<9 - x)d/ 2| = k 0 d\ cos 0'sin x l <k 0 dx « it\ (3.73) 
or 

2x < 2n/k 0 d. 

Our criterion for the asymptotic evaluation now becomes 
2x « 2y/n /k 0 r < 2 n/k 0 d % 

or •= < l 

k 0 r » ( k 0 d) 2 /n 

r^2d 2 /k 0 , ( 3 . 74 ) 

This inequality together with the inequality k 0 r » 1 determines the region where 
the radiated field is applicable for the uniformly illuminated slit. As an illustration, 
we have marked the radius r = 2 d 2 /k 0 (k 0 r = 3 14) in Figure 3.11b. The graphical 
results (E,F) indicate that the electric field has approximately the asymptotic form 
beyond this point. 

3.6 Plane- wave spectrum for three-dimensional electromagnetic fields 

The simplicity associated with working in two dimensipns has allowed us to 
easily examine the phenomena associated with the plane-wave spectral represen- 
tation of electromagnetic fields. Most practical problems, however, involve three- 
dimensional fields, and fortunately the results for three dimensions can be readily 
obtained using arguments that parallel those for the two-dimensional case. 

3.6.1 General formulation 

Our problem is again one of determining the electromagnetic field everywhere in 
the half space z > 0 when the tangential components of the electric or magnetic 
field are specified on the plane z = 0. Now the tangential field on this plane will 
be a function of two variables, x and y, rather than one variable as for the two- 
dimensional case: • : | ; -v • ; 

£(*, z = 0) = E x (x, y, z = 0) + E y (x , y, z = 0) = /*(*, y)x y)y. 

(3.75) 
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The electromagnetic field in the half space z > 0 will be represented by a 
superposition of plane waves, each with an electric field of the form 


S(r) = ( E ox x + E oy y + E ol z)e % . ( 376 ) 

where the vector wave number is 

k = k x x + k y y -f k z z. (3.77) 

The plane waves are transverse, so 

k- E(r) = 0, (3.78) 

which on substitution: of (3.76) and (3.77) gives 

Eoz = ~—(k x E ox +k y E oy ). (3.79) 

The vector wave number must satisfy (3.8), 

k-k = k 2 +k 2 y +k 2 = kj, (3.80) 

and with k x and k y taken to be real, we have 

K = yfk] -k 2 - k 2 r 0<k 2 +k 2 <kj (3.81a) 

' ~ -Jyfkl + kj- kj, kl + k]>k 2 0 . (3.81b) 


The values of k z in the first range (3.81a) represent propagating waves, 

e -J*+ = e -~j(kxx+k y y+k lZ ) 

whereas those in the second range (3.81b) represent evanescent waves that decay 
with increasing z, 

z e -j( k * x+k yy) 

On substitution of (3.77) and (3.79), the electric field for the plane wave (3.76) 
becomes 


with the accompanying magnetic field obtained from (3.9): 


Z } e~^ ixX+k > ,y+k ‘^ 

(3.82a) 
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In the half space z > 0, the following electromagnetic field,' which is a super- 
position- of plane waves of the form (3.82a), (3.82b), is a solution to Maxwell's 
equations: 


E(P) ~ / TO /_ TO { FAkx ' ky)£ + k >^ ~ (£) (|) Mu k. 


fc) 


+ \l L )Fy(k x ,ky) 


e -j(k x * +t>y+k<z) d k xd k y< 


y) 

(3.83a) 


- - 

F x {k x i ky) I y 


) 


-(I) 


Ey ( k x i k y ) 


- (I) 


Fy (kx t ky) 
Fyikx, k y ) ■ 




ky) 


e~ j(k ’ x+k > y+k ‘ l) dk x dk y . 


(3.83b)' 


- Here the spectral functions F x and F y play the same role as E ox and E py in Equations 
(3.82a) and (3.82b). On the plane 2 = 0, the tangential component of the electric 
field (3.83a) must equal the specified electric field (3.75); thus, 

fA,. y)i + ^ £ £ [«*,. k,)i 

+ Fy(kx , k y )y]e~F k ** +lc yy)dk x dk y . (3.84) 

After introducing the two-dimensional Fourier transform pair • 

f(X ' y)= ct? /_! F( t' ^e-^Mdr, (3.85a) 

F(l,r})= f f f{x, y)e i(Sx+ " y) dxdy, (3.85b) 

it is evident that the spectral functions F x and F y are determined by the following 
Fourier integrals: 


Fi{kx,ky)= f r fi(x, y) e F^+k,y) dxdy 

J— OO J — 00 • 


-oo J — oo 
roo /• oo 


/ oo poo 

/ i • F(x, y,z = 0)e KKx+k ’ y) dxdy, (3.86) 

-oo J — 00 


with / =x t y. 
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Fig. 3.16. The k x -k y plane showing regions for propagating and evanescent waves. 


Each of the plane waves in the superposition (3.83a) is represented by a point in 
the k x - k y plane of Figure 3.16. The circle k* + k* = k] is the boundary between 
the region where the waves are propagating (interior) and the region where the 
waves are evanescent (exterior). The point at the origin (center of the circle) is a 
wave propagating normal (o the plane z = 0 (k = k 0 z)\ points on the circle are for 
waves propagating along the plane z = 0 (k = k x x + k y y). 

Equations (3.83a) and (3.83b) together with (3.86) describe the three-dimensional 
electromagnetic; field we sought; it is a solution to Maxwell’s equations in the half 
space z > O.and is-equal to the tangential electric field on the plane z = 0. These 
results are summarized in Table 3.3 together with those for the case where the 
tangential components of the magnetic field, rather than the tangential components 
of the electric field, are specified on the plane z = 0. 


3,6,2 Asymptotic or radiated field 

The asymptotic forms for the three-dimensional field are obtained using the same 
procedures as for the two-dimensional field. First, we will represent the position 
( x , y, z) and vector wave number k in terms of the spherical coordinates shown in 
Figure 3. 17. 7 The position in the coordinate system (r, 9 , <p ) is • 

t * =rsin0cos0, y = r sin0sin</>, z = rcos9, (3.87) 

with 0 < 6 < n/ 2, -7r < 0 < 7r, and the components of the vector wave number 
in the coordinate system ( k ot \j/, x) are 

k x = k D cos x sin k y = k Q sin x sin . k z — k 0 cos i/r. (3.88) 


7 Note that these coordinates are consistent with those used earlier in Figure 3.5 for the two- 
dimensional case. The latter are obtained from the former by setting <f> = 0 and x = 0. 
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+ (jf) •*>(**.*>)] z} e~ J{k ’ x+k>y+ktt) dk x dky 

+ . j v. 


- { (^) + [‘ - (fc) 2 ] 

- M - (jf) F x(.kx, *y)J zj e~tt kxX+k ’ y+k * l )dk x dk. 


/ OO r 00 

' / i - E(x,y,z = 0)e J(k * x+k > y) dxdy 
-00 J — 00 


,y,z = 0) 




i = x, 

i = y, 


z) • B(x , y, z = 0) | e^ kxX+k y y ^dxdy 

top sign 
bottom sign 


For the propagating waves (0 <&£+&£< k%), the components of the wave number 
are real and the angles are in the ranges 

0 < yj; < nil 

-n<x<7t. ( 3 . 89 ) 

For the evanescent waves (k% + k* > k%), the component k z . of the wave number is 
complex, as is the angle f - fa + jfa\ thus, (3.88) becomes 

k x = k 0 cos x (sin fa cosh fa -f- j cos sitth fa) 

ky = k 0 sin x (sin fa cosh -f j cos fa sinh fa) ■ 

■ ■ k z = k 0 ( cos fa cosh fa — j sin fa sinh'^i). 


(3.90) 
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Fig. 3.17. a) The position in the spherical coordinate system r, 9, <j>. b) The components 
of the vector wave number expressed in terms of k 0 , Vs and x. The drawing is for a wave 
number with k z real. 


Because k x and k y are always real, f r = n/2. Since k z is chosen negative imaginary 
for evanescent waves (3.81b), we must have 0 < f < w when f r = n/2. The 
angles for the evanescent waves are, therefore, 

: 1 k = nr/2 + jf it 0 < < oo 

-n- < x < n. 


(3.91) 
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After introducing the changes in' coordinates (3.87) and (3.88), the electric field 
(3:83a) becomes 

F(F) = (2;r y^ r J c j | F x (k 0 cos x sin if, k 0 sin x sin ir)x 

+ F y {k 0 cos x sin if, k 0 sin x sin \fr)y 
1 , 

- -^T^[cos X sm if F x (k 0 cos X sin f, k a sin x sin ^) 

+ sin x sin F y (k 0 cos x sin if, k 0 sin x sin ^r)]z j 

e-Jkor (smS sin + [co»(0- x )-l]+[cos(*-*)-l]) c0$ ^ $in (3 -92) 

Here we have used the following relationship for the elemental areas: 8 

dk x dk y = k 2 0 cos f sin x/fdxd (3.93) 

The contour C 1/2 is in the right half of the complex plane, and it is the same as 
the right half of the contour C for the two-dimensional case (Figure 3.6). 

In the limit as k 0 r — > 00 , the evanescent portion of the spectrum does not 
contribute to the integral (3.92); thus, the contour C 1/2 becomes the segment 0 <• 
ir < jt/ 2, and we are left with integrals of the following form to evaluate for each' 
component of the field: 

rn/2 pn 

/• = / / W(if, x ) e -;V.(s i n6si n ^ [ c ps(,-^l] +( co S (^fl)-l]l d ^^ (3.94) 

■ J 'jJfBsO J X=—7T * . 

The asymptotic approximation for this double integral is obtained by applying the 
method of stationary phase. 

The phase of the exponential 

gii'.X) = -V{ sin^ sin i/f[cos(x -</>)- l] + [cos(i If ^ 9) - l]j 
has a stationary point whenever 

^ = -'V{ sin0 co$ ^[cos(x - <£) - l] - sin^ - 0)j = 0 

and 

dg 

— = k Q r [ sin 6 sin ^ sin(x - 0)] = 0, 


8 This relationship is obtained by projecting the element of surface area, k ] sin yjrdxdr//, on the sphere ' 
of radius k 0 onto the k x -k y plane: dk x dk y = (£ • k)k 2 0 sin yjrdxdyf/ = k ] cos y\r sin , 
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which occurs fqr ^ = 0, x = 0- The Taylor series expansion that approximates 
the phase near this point is 


gW.x ) « g(0;<£) + 


dg_ 


f=e 

x=* 


W-o) + 


3X 


f=g(X-4>)+\ 

x=* 1 


df 2 


X=0 


+ 2 


; 92 * 


■W*X 


**(* ~ «Xx - *) + Pi 

xW d * 2 


*-fl(X “ 4 > ) 2 

X=0 


= | V[(^ - 0) 2 + sin 2 9(x - 4>f\ 

After substituting this result, the integral (3.94) becomes 

rn/2 rn 

I W(9, <t>) / / e i^(t-ef/l e jKr sin 2 fl(x -*?l 2 dxd ^ 

J}fr=0 J X =— 7T 


2^(61, </>) 

k, 


i^r 

r sin 0 J—ooJ—oo 
: J2n 


k a r sin 0 




(3.95) 


Now using (3-95) and (3.92) and changing to the unit vectors r, 0, and <£, we 
obtain the radiated electric field 


j f 

E r (r ) = J [ cos 4>F x (k 0 cos 0 sin 0 , k 0 sin <p sin 0) 

-f sin^Fy^cos^sin^, £<, sin<£ sin0)]0 
• + cos0[— sin0F x (/: o cos0 sin0, £<, sin</> sin0) 

+ cos <p F y (k 0 cos <p sin 0 , to sin 0 sin 0 )] 0 J e *° r / r, (3 . 96) 

or * 

E r (?) = [ft(0, + F>(0, <t>)4>]e-> k ° r /r, (3.97) 

where we have introduced the pattern functions Fq and F#. The accompanying 
magnetic field, obtained in a similar manner, is 


B'{7) = -[-F^e, 4>)9 + Fe(6, 0)$]e~ Jk - r /r. 


(3.98) 


Note that the radial and angular dependences for the radiated field are separate, 
with the angular dependence for the two components of the field determined by the 
pattern functions Fq and F#. These results are summarized in Table 3.4. 

As in the case for two-dimensional fields, the three-dimensional radiated field 
has many of the same features as a homogeneous plane wave, with the vector k Q r 
assuming the role of the vector wave number k = k a k: a transverse field with 
an exponential variation of the phase with radial distance, exp(- jk 0 r)\ a simple 
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E r (r) = [F e (8,</>)9 + F < i,(.e,<j>)<fi]e-j lc '’ r / r 
$ r (?) = - [-F^e.^e + Fg(9, <t>)$\ e~ 2k ° r j r f 


=? - r x E r (r) 
c 


jk 0 

Fq (0j <j>) = ^ [ cos 4> F x ( k 0 cos 0 sin 0, k 0 sin <p sin 0) 

+ sin <p F y (jk 0 cos <p sin 0 , k 0 sin <p sin 0)] 

j k 0 

F<p(0 , <f>) = {cos0 [ — sin 0 F x (k 0 cos <p sin0, k Q sin 0 sin 0) 

+ cos (f) F y (k 0 cos (ps in 0, k a sin <p sin 0)] } : 


relationship between i? r and E r , 

B r = -r x E r \ 
c 

and a complex Poynting vector in the direction of propagation, r : 

' S r c = ^-|£ r | 2 r 
■ c 2 ; B ' 

l 


= ^2[|^.0 ) | 2 + |W^)| 2 ]r. . (3.100) _ 


(3.99) 


Application of our results for three-dimensional fields to a uniformly illuminated 
aperture on the plane z = 0 would show that the inequality (3.74) 

r » 2d 2 /k 0 : ; : (3.101) 

together with the inequality k 0 r » 1 again determines the region Where the radiated 
field is applicable. Now, however, d is the maximum dimension of the aperture. 


3.6.3 Wavefronts and rays • 

The structure we have observed for the radiated field (3.97)-(3.100), in particular 
its similarity to the field of a homogeneous plane wave, makes possible a simple 
geometrical picture for this field. 

First we will consider the homogeneous plane wave shown in Figure 3.18a. The 
geometrical wavefronts are surfaces of constant phase. For the plane wave they 
are plane surfaces normal to the direction of propagation L The geometrical rays 
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Fig. 3.18. Wavefronts and rays for a) homogeneous plane wave and b) radiated field. 


are vectors that indicate the direction of the time-average energy flow. This is the 
direction of the real part of the complex Poynting vector (S) =±= Re(£ c ). For the 
plane wave the rays are in the direction of k and are orthogonal to the wavefronts. 
Although the rays specify the direction of the time-average energy flow, they tell 
us nothing about its magnitude. For the plane wave, of course, the time-average 
power per unit area of wavefront is a constant. Thus, the transport of energy along 
the trajectory of a ray from a point on wavefront 1 to a point on wavefront 2 is 
simply expressed: 


(Si) = {Sx). 


(3.102a) 
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Fig. 3.19. Conical tube of rays. 


The relationship for the electric fields at these points is 

E 2 = e- jk ° s E 1 , (3.102b) 

where s is the length of the ray joining these points. 

Now let us return to the radiated field, which is shown in Figure 3.18b. The 
electric field (3.97) is the product of two factors, [Fe(0, (p)§ + (p)<p]/r and the 

exponential exp(- j k Q r). For small relative changes in position, only the exponential 
factor changes significantly, and this only affects the phase of the field. 9 The surfaces 
of constant phase, the geometrical wavefronts , are therefore locally determined by 
k 0 r = constant and are spherical. The time-average energy flow for the radiated field 
- the real part of the complex Poynting vector (3.100) - is in the radial direction. 
Thus, the geometrical rays are in the radial direction and are orthogonal to the 
wavefronts. 

The transport equation relating the time-average powers per unit area of wave- 
front at two points along the trajectory of a ray is obtained from (3.100): 

<3> - (£f (3 ' io3i) 

and the relationship for the electric fields at these points is, from (3.97), 



The geometrical interpretation of Equation (3.103a) is obtained from the narrow 
“tube” or “pencil” of rays shown in Figure 3.19. Each ray is a radial line from the 
origin O, and the conical tube of rays subtends the solid angle dSl. The tube cuts out 
the areas dA\ = r^dQ and dAi = r\d£l from the wavefronts 1 and 2, respectively. 

9 The change in position is much less than r; however, the change in position may be several wave- 
lengths. 
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Since the energy flow is in the direction of the rays, no energy flows through the 
sides of the tube. Conservation of energy then dictates that the energies flowing 
outward through the surfaces dA\ and dA 2 must be the same: . 

(S r 2 )dA2 = (S[)dA u /•’’ 



which is (3.103a). 

Our simple geometrical picture for the radiated field is now complete: The geo- 
metrical wavefronts are the local surfaces of constant phase, the geometrical rays 
are in the direction of the local time-average energy flow, and energy conservation 
within a tube of rays is expressed by the transport equation (3.103a). We should 
mention that two observed features of these rays are a consequence of the electri- 
cal properties of the medium, free space: The rays are straight lines because the 
medium is homogeneous, and the rays are orthogonal to the wavefronts because 
the medium is isotropic. 

The terminology we have introduced for the radiated field has its roots in clas- 
sical geometrical optics , a science that was well developed before the advent of 
Maxwell’s equations. Geometrical optics uses the concepts of wavefronts and rays 
to describe the propagation, reflection, and refraction of light, such as in the familiar 
analysis of a lens based on ray tracing. The connection between geometrical optics 
and electromagnetic theory, as expressed by Maxwell’s equations, is examined in 
detail in References [12] and [13]. 


3.7 Examples of three-dimensional fields 

As a starting point for the application of our results for the plane- wave spectrum, 
we must know the tangential components of the electric or magnetic field on a plane 
surface. The location of this reference plane will depend on the particular problem 
being considered; a few examples are given in Figure 3.20. The plane may be on 
the far side of an illuminated aperture in a plane screen, as in Figure 3.20a. We have 
already discussed this case for two-dimensional fields (the uniformly illuminated 
slit). Other possibilities are the aperture plane- of a reflector antenna* such as file 
paraboloidal reflector shown in- Figure 3.20b, or the plane at the center of a cavity 
resonator for a gas laser (Figure 3. 20c). Of course, the details of the electromagnetic 
fields for devices like these will be different. However, many of the general features 
of the fields are similar, and these can be deduced by considering a few simple 
distributions for the field on the reference plane. 


3. 7.1 Uniformly illuminated circular aperture 

We will first consider a uniformly illuminated circular aperture of diameter d. The 
tangential component of the electric field is assumed to be in the y direction: 


E l 0 y, 

0 , 


E y (x,y,z = 0) = 


p — y/P + p < d/ 2 
p, > d/2. 


(3.104) 
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This is probably the most important aperture distribution for practical use. It illus- 
trates many of the features that are common to all aperture distributions, and it is 
often used as a benchmark against which other distributions are compared. This 
field is Kirchhoff’s approximation for the physical arrangement in Figure 3.21. 
Here ‘a plane wave of the form 

E\r) = E^e-^y 

is normally incident on a perfectly conducting plane screen containing a circular 
aperture of diameter d. From what we learned in our discussion of the slit, we expect 
(3.104) to be a reasonable approximation to the actual field when the aperture is 
electrically large (d/X a » 1). 

From Table 3.3, the spectral function corresponding to the field (3.104) is 

J rln rd/2 

! / e j P (k, oo,^ +W ) pdpd<t>< (31Q5) 

0=0 J p — 0 

where the change of variables 

x — p cos 0, y = psin<p - ; 

was used in representing a point on the plane z = 0. The term in the exponent of 
(3.105) will now be rewritten as 


k x cos 0 4" ky sin 0 — A(cos £ cos 0 + sin £ sin 0) = A cos (0 - £), 
from which we find 

£ = tan^fky/kx) 
and 

A = y/k^ + kj; ' - 
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Fig. 3.20. (< continued on next page ) 
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PARABOLOIDAL 

REFLECTOR 




Fig. 3.20. Devices showing the reference planes for the application of the plane- wave 
spectrum, a) Aperture in plane screen, b) Paraboloidal reflector antenna, c) Gas laser with 
symmetric cavity. 


thus, 

r2n fd/2 — 

F y (k JC ,ky) = E , 0 / e i '/V+ i Z fiCos(,( ‘-t ) pdpd<p. (3.106) 

J<P=z 0 J p — 0 

With the change of variable 77 = 0 — £ , (3.106) becomes 

r 2 tt-S r d/2 

Fy{k x ,ky) = E i 0 \ / e ] '^ W y pc0iW pdpdT]. (3.107) 

Jp = 0 

Because we are integrating over one period of the function cos(/ 7 ), the value of the 
integral (3.107) is independent of £ . Letting £ = 0 and using the symmetry of the 
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NORMALLY INCIDENT 
PLANE WAVE 



Fig. 3.21. Plane wave normally incident on an infinitesimally thin, perfectly conducting 
screen containing a circular aperture of diameter d. 


integrand, we have 

Fy(k x , ky) = 2£' o cos \Jk% + kj p cos(r;)j pdpdr). (3.108) 

Now the integral with respect to rj is identified as a standard, form - an integral 
representation for the Bessel function [ 8] : 10 


1 f n 

J 0 (z ) = — J COS [zcos(u)]d«, 


which makes (3.108) 


After using the following property of the Bessel function [ 8 ]: 
rz 


f 


uJ a (u)du = zJ\(z ), 


the spectral function becomes 


Fyifcx » ky) — 


nd*E> 


2JiQkl + kjd/2) ' 

JQ + Qd / 2 


(3.109) 


F y (k x , ky) = 2 nE‘ 0 j ^ J 0 (Jk* + k] p ) pdp. (3.110) 


(3.111) 


(3.112) 


10 J n (z) is the notation for the Bessel function of the first kind and order n. 
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Fig. 3.22. Uniformly illuminated circular aperture, a) Tangential component of the electric 
field on the plane z = 0. b) Spectral function for the field of a). 


The electric field on the plane z = 0 and the accompanying spectral function are 
graphed in Figure 3.22. Note the similarity to the spectral function for the uniformly 
illuminated slit (Figure 3.9b). 

The electromagnetic field in the half space z > 5 0 is obtained by inserting (3.1 12) 
‘into the expressions in Table 3.3. For a general position r, the resulting integrals 
cannot be performed in closed form. The radiated field, however, is readily obtained 
by substituting (3.112) into the formulas in Table 3.4; the radiated electric field is 

• = [^(0, (/>)§ 4- />(0, <p)<p]e~ jk ° r /r, (3.113a) 

with 




sin 0, 


(3.113b) 


F+(9, </>) = -j- ( E‘ 

• 2k 0 \2j^[ ^ sin g 


cos <(> cos 6. (3.113c) 


Graphs of this field for an aperture of diameter d/X 0 = 5 are shown in Figures 3.23 
and 3.24. 1 1 Figure 3.23a is for the normalized field in the plane <f> = 0 (jr): 

\E'(0, 0)|/|£'(0. 0)| = | F*0, 0)|/|F*(0, 0)|, (3.114a) 

and Figure 3.23b' is for the normalized field in the plane <p = n/2 (37t/2): 

|i r (6l, rr/2)|/|£ r (0, n/2)\ = | F e (0, jt/2)|/|^(0, tt/2)|. (3.114b) 


The former is referred to as the “principal H-plane pattern”; the latter is referred to 
as the “principal E-plane pattern.” The principal H plane (E plane) is the plane that 
contains the maximum of the field andfor which the H r (E r ) field lies entirely within 
the plane. In the three-dimensional representation (Figure 3.24) the magnitude of 
the field (vertical axis) is graphed as a function of 8 (radial variable) and <f> (angular 
variable). The principal H- and E-plane patterns are shown as sections of this figure. 


The three-dimensional graphs, such as Figure 3.24, that appear throughout the book were drawn 

using the program described in Reference [14]. 



u.ui i i . 1 * i . H 1 

-n/2 0 n/2 

b) 0 


Fig. 3.23. Normalized electric field patterns for the uniformly illuminated circular aperture, 
where d/k 0 = 5.6. a) .Principal H-plane pattern, 0 = 0 (tt). b) Principal E-plane pattern, 
<t> = n/2(3n/2). . 


The radiated field is seen to consist of a main lobe or beam with maximum field 
in the direction of 6 = 0 and several side lobes of lower level. There are a number 
of fairly standard measures that can be used to describe the structure of this field. 
The ability of a radiator (antenna) to concentrate radiation in a particular direction 
0, 0 is expressed by the directivity : 

^ _ .time-average power radiated per unit area in the direction 0, 0 

time-average power radiated per unit area averaged over all directions 


f.Re[^(fl,0)] : 

UXo /«'=</ • MW, 4>')}r 2 Sind' d&> d<t>'}/4nr 2 


47r[|F g (e,^)l 2 + |F^(F,0)| 2 ] 

+ W, <j>')\ 2 ] sin6' d0' : d<t>' ' 


(3.115) 


The direction 0, 0 is' usually chosen to be that for the maximum field of the main 
lobe. For an aperture that radiates only into the half space z > 0, the limits on the 6' 
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|E r «?.p)|/|E,(0,0)| 



Fig. 3.24. Normalized magnitude of the electric field versus the angles 9 and 0, where 
d/k Q = 5.0. Note that the vertical scale is logarithmic. 


integration in (3. 1 15) become 0 and n/ 2, and (3.115) is referred tq as the aperture 
directivity D&. 

If we substitute (3.1 13a-c) into (3.115) and note that in the limit as z goes to 
zero 2/i(z)/z = 1, the directivity of the uniformly illuminated circular aperture in 
the direction 6 ■= 0 becomes 


D a (0 = 0) = 


fir 

■^py^Ysine')' 

} 2 J 9 ’= 

=6 L Y sin6K - 



-l 


(3.116) 


The width of the main lobe in the principal H or E plane (see* Figure 3.23) is 
characterized by the half-power beamwidth. This is the angular separation between 
the points at which the power per unit area has dropped to one-half of its maximum 
value (the field has dropped to 1/72 = 0.707... of its maximum value). For 
the uniformly illuminated circular aperture, the half-power beamwidths 20 BW are 
determined from the smallest solutions of the following equations: 
in the H plane, 


sin#BWH) 
: ^jr sin 0 B wh 


COS0SWH = —p, 

72 


l 


(3.117) 


and in the E plane, 


sinfl B wE) 

s ^ n $bwe 


72* 


(3.118) 
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The side lobes adjacent to the- main lobe (the first side lobes) are generally of 
most concern. For the uniformly illuminated circular aperture, the positions of these 
lobes Osl are given by the appropriate solutions to the following equations: 
in the H plane, 



= 0, 

0SLH 


or 


(k 0 d . „ \(k Q d . n \ . 

J — sm^sLHjI — sm^sLHjcos 9sui 


- J 1 sifi $SLH^ ( 1+ C °S 2 ^SUi) =5= 0, 


and in' the E* plane, 


— E r e (9,n/2) 


= 0, 


0SLE 


(3.119) 


or 

7 o ^^sin0sLE^ ^-y“Sin0sLE^ - 27i sin^sLE^ = 0. (3.120) 

The levels of the side lobes relative tp the main lobe are determined by inserting 
0slh into (3.1 14a) and 0sle into (3.1 14b). 

. The four quantities - directivity, half-power beamwidth, side-lobe level, and side- 
lobe position - are shown as a function of the electrical size of the aperture k 0 d = 
Ind/Xo in Figure 3.25. 12 As the size of the aperture increases, the directivity is 
seen to increas.e and the beamwidths narrow. Side lobes appear on the patterns when 
k D d > 7.66. . . [the first zero of J\(k 0 d/2)]. The positions of the first side lobes 
move toward the axis ( 9 = 0), and their levels become fairly constant as the size 
of the aperture increases. i 

For electrically large apertures ( k 0 d » 1), a case of practical importance, the 
radiation patterns simplify. The function 

2/l (~F sin£, )/(~F sin0 )' 

which appears in the pattern functions (3.113b) arid (3.11 3c), is negligibly small 
when the argument (k 0 d/2) sin 9 is large. This can be seen from the graph of this 
function in Figure 3.22b. Thus, when k 0 d 1 this function will be significant only 
for small values of the angle 9 . After introducing the small angle approximations 


12 The unit used for the directivity and relative side-lobe level is the decibel (dB): D A (dB) = 
101og 10 (D A ); side-lobe level (dB) = 2Olog lo [|E r (0 S L, 0)|/|£ r (0, 0)|]. 
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Fig. 3.25. Parameters that describe the radiated field of the uniformly illuminated circular 
aperture as functions of the electrical size of the aperture, k 0 d = 2nd/\ 0 . Dashed lines 
show approximations for electrically large apertures, k 0 d 1. 


sin# a* 0 and cos ’ 9 1, the pattern functions (3.113b) and (3.1 13c) become 


Fe(0 


■v-U 




and 




2Jy{^-e) 


2 h{*£e) 

.¥ 0 


sirup 


(3.121a) 


cos <p . (3.121b) 


Note, to this degree of approximation, ‘the principal H- and E-plane patterns, 






(3.114a) and (3.114b), are identical and equal to 


|£ r «?,0)l \E r (6, n/2)\ 


|£ r (0,0)| |E'(0, n/2)\ 

: 


(3.122) 


With the small-angle approximations, the directivity of the aperture (3.116) be- 
comes *. 


where we have used the fact that the integrand is negligible for large arguments to 
replace the upper limit of the integration by oo. The integral in (3. 123) is a standard 
form with the value 1/2 [8]; thus, 


D 1 <« = 0)=(^) 2 = (^) , ! (3., 24) 

The half-power beamwidths and the side-lobe positions and levels are the same for 
the principal H and E planes. The equations for the half-power beamwidths, (3.117) 
and (3.118), become 


27i(^^bw) _ 1 
*^0bw \/2’ 


or 


2(9bw = 6.46/M = 1.03(X o /d), (3.125) 

and the equations for the side-lobe positions, (3.119) and;(3.120), become ;■ 

(M #SL )2„(^% L )-2y,(^).0, . (3.126) 


which is equivalent to [8] 

/ 2 (^sl)=0. . 

or 

<9sl = 10.3 /k 0 d = 1.63 (\ 0 /d)> : (3.127) 

The side-lobe levels are 

|£ r (^L. 0)|/|i r (0,0)| = |£ r (e S L,^/2)|/|£ r (0, 7r/2)| := 0.132 = —17.6 dB. 

: : (3.128) 

The approximate values for the directivity, half-power beamwfdth, and side-lobe 
position and level that apply for electrically large apertures are shown as dashed 
lines in Figure 3,25. . 

• In terms of the area of the aperture (A = nd 2 /4) the directivity (3.124) is 

D a (Q = 0) = AnA/x]. : (3.129a) 
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This important relationship can be shown to apply approximately to uniformly 
illuminated, electrically large apertures of arbitrary shape [15]. 

The main lobe or beam covers a solid angle that is roughly ft BW = 2tt[1 - 
cos(0bw)] % 7r(0B W ) 2 .:The fraction of the total power radiated that is contained in 
the main beam is proportional to the product D A (0 = 0)£2 B w/47r. On substitution 
of (3.124) and (3.125), this is seen to be a constant, independent of k 0 d: 

' D A (0 = 0)^bw/4tt « (tt/4) 2 , 
or 

t 0 

Da(0 = O)(20bw) 2 ** n 2 . (3.129b) 

Thus, increasing the electrical size of the aperture, k 0 d, increases the power density 
on the axis of the beam but decreases ths beamwidth in a manner that keeps the 
total power in the main beam constant. The relationships (3.129a) and (3.129b) 
are worth committing to memory, since they are very useful for estimating the 
directivity (D A ) and beamwidth (20b W ) that can be expected from electrically large 
apertures. /’ • 

Our description of the electromagnetic field of the uniformly illuminated circu- 
lar aperture can be compared to the results of experimental measurements. These 
experiments generally attempt to duplicate the physical arrangement shown in Fig- 
ure 3.21: a plane wave normally incident on a perfectly conducting screen con- 
taining the circular aperture, The field is measured in the half space z > 0. We 
must stress again that the assumption of uniform illumination in the aperture is an 
approximation for this arrangement, only applicable for electrically large apertures. 
This point is nicely illustrated by measurements made at a microwave frequency 
(k a = 8.0 cm) with the apparatus shown in Figure 3.26a [16, 17]. Here an antenna 
(parabolic reflector) produces an approximation to a plane wave in the vicinity of an 
aperture in a thin metallic screen. The electric field is measured with a small dipole 
probe. Figure 3.26b shows the electric field measured within (z = 0) an aperture 
of diameter d/\ 0 = 8.0. The field is seen to be only approximately uniform, with 
oscillations about the value |£ y |/|£*| = 1.0. Note the similarity of these measured 
results to the theoretical computations for the slit (Figure 3.8). The H-plane results 
for the circular aperture are similar to the TE results for the slit; both are for a plane 
in which the incident electric field is parallel to edges of the aperture. The E-plane 
results for the circular aperture are similar to the TM results for the slit; both are 
for a plane in which the. incident electric field is normal to edges of the aperture. 

The electric field along the axis of an aperture of the same electrical size d /X Q = 
8.0 is shown in Figure 3:.26c. A slightly different experimental apparatus was used ’ 
in measuring these results: X 0 = 6.0 cm and the metallic screen’ was coated with 
a material that reduced reflections [18]. The theory for the uniformly illuminated 
aperture (dashed line) is seen to be in good agreement with the measured results 
except at points very close to the screen. Note that there is a succession of alternating 
“light” and “dark” regions along the axis directly behind the aperture, with the 
maximum electric field being about twice that for the incident wave. 
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Fig. 3.26. a) Schematic drawing showing apparatus for measuring diffraction by a circular 
aperture at microwave frequencies, b) The normalized electric field in ithe aperture, d/\ 0 = 
8.0. (Measured data from Andrews [17].) c) The normalized electric field along the z axis, 
d/\ 0 = 8.0. (Measured data from Severin [18].) 
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Fig. 3.27. a) Schematic drawing showing apparatus for observing Fraunhofer diffraction 
at optical frequencies, b) Fraunhofer diffraction pattern of a circular aperture, d/\ 0 = 
1.04 x 10 4 . (Reproduced by permission of E. Wolf from Bom and Wolf, Principles of 
Optics [12].) 


At optical frequencies, a physically small aperture can be electrically very large; 
for example, for visible light (4,000 A < X 0 < 7,000 A) and an aperture 6 mm in 
diameter, 8.6 x 10 3 < d/X 0 < 1.5 x 10 4 . The assumption of a uniformly illuminated 
aperture for the physical arrangement in Figure 3 .2 1 is then very good. The apparatus 
shown in Figure 3.27a can be used to measure the radiated or Fraunhofer field of 
an aperture at optical frequencies. Here light from a point source is collimated by 
a lens to produce a plane wave incident on the aperture. For direct observation of 
the Fraunhofer diffraction pattern, we would have to be at a distance r 2 d 2 /k a 
<3.101) from the aperture (the Fraunhofer region). This distance can be quite l^rge; 
for example, for yellow light with X 0 = 5,790 A and an aperture 6 mm in diameter, 
r 124 m! An alternative arrangement for observing the Fraunhofer diffraction 
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Table 3.5. Numerical values for Airy pattern 



cS 

1 1 

CM 

vfc J 

Percent of energy within 
disc of radius p 

0 

. 1 

(max) 


•• 3.832‘ 

0 

(min) 

: 83.8 

5.136 

0.0175 (max) 


7,016 

0 

(min) 

: 91.0 

. 8.417 

0.0042 (max) 


10.17 

0 

(min) 

: 93.8 

11.62 

0.0016 (max) 



pattern is to place a focusing lens on the far side of the aperture, "as in Figure 3.27a. 
This lens causes each propagating plane wave W in the spectruip of the aperture to 
be focused to a separate point P on the observation plane. Thus, the lens performs the 
same operation as moving the observation point to the Fraunhofer region; it produces 
a field. at each point in space that is simply related to the field of a particular plane 
wave in the spectrum (a plane wave-propagating in a particular direction). 13 The 
pattern on the observation plane is a scaled version of the Fraunhofer diffraction 
pattern. • ’ : S' 

The complex Poynting vector in the Fraunhofer region is obtained by inserting 
(3.1 13a-c) into (3. 100), which gives 



1_ 

8 WV) 2 



27i(Ysinfl) 

^sin0 


The irradiance or intensity at a point on the observation plane (a plane of constant 
z) is ; . 


/ = | (z .^ r ) | = |Re(£ (3.130) 

Recall that for electrically large apertures only small values of 9 are of importance, 
and note that z • r = cos# « 1 and sin# = p/r & p/z , where p is die radial 
distance on the. observation plane measured from the.z axis (see Figure 3.27a). The 
normalized irradiance on an observation plane in the Fraunhofer region is then 


I(p) 

1 ( 0 ) 


2 - / i(zT'°) 


(3.131) 


This distribution, referred to as the Airy pattern , is graphed in Figure 3.28, and 
specific values are given in Table 3.5. It was first derived by George Biddell Airy 
(1801-1892) in a quite different form, without employing Bessel functions [20]. 


13 Recall that the radiated or Fraunhofer field i S simply related to the two-dimensional Fourier trans- 
form (spectral function) of the aperture distribution. Thus, the lens optically performs a two- 
dimensional Fourier transform of the aperture distribution; this is a general property of converging 
lenses [19]. 
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Fig. 3.28. Airy pattern for the uniformly illuminated circular aperture: normalized irradi- 
ance on an observation plane in the Fraunhofer region. 


For comparison with these theoretical results, a Fraunhofer diffraction pattern, 
measured in the manner of Figure 3.27a, is shown in Figure 3.27b [12]. The circular 
aperture is 6 mm in diameter and the wavelength of the yellow light is X D = 5,790 A, 
making d/X 0 = 1.04 x 10 4 . The central portion of the pattern was overexposed 
to show the presence of the Weak outer rings. The circular, spot at the center of 
the pattern, known as the Airy disc, contains about 84% of the total energy in the 
pattern. 


3. 7.2 Circular aperture with tapered illumination - reflector antennas 

The radiated field for antennas, like the one shown in Figure 3.20b, is determined 
by the field on the aperture plane, which, in turn, is determined by the feed antenna 
and the reflector. 

At microwave and millimeter-wave frequencies (3 x 10 8 Hz < / <3 x 10 n Hz) 
reflector antennas can have apertures that are electrically very large- an example 
is shown in Figure 3.29. This is the NASA (National Aeronautics and Space Ad- 
ministration) Goldstone antenna, which is used for deep-space communications. 
The diameter of the main reflector or “dish” is 64 m; this is several thousands of 
wavelengths at the highest frequencies of operation. The great size of this antenna 
can be seen by noting that three of the feed cones shown in Figure 3.29b are located 
at the center of the reflector shown in Figure 3.29a. The feed system for this an- 
tenna is discussed in more detail in Problem 3.6. Large reflector antennas like this 
one are generally used to concentrate radiation in a single direction - to produce a 
“pencil beam.” 
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Now let us consider the aperture field for the simple paraboloidal reflector 
(parabola of revolution) in Figure 3.20b, which is shown in more detail in Fig- 
ure 3.30. When the reflector is electrically large ( k 0 d » 1), the same arguments 
(geometrical optics) as used for optical instruments (mirrors, lens, etc.) can be 
used to approximately analyze this antenna. The paraboloid is assumed to be in the 
radiated field of the feed antenna, which is at the focal point of the paraboloid, 
a “prime focus feed.” Each ray (AB) from the feed, after reflection from the 
paraboloid, is parallel to the z axis (BC). Recalling that, by definition, AB = DB 
or AB 4- BC = DC = a constant for a point on the paraboloid, we see that all rays 
from the feed travel the same distance to arrive at the aperture plane. Thus, all of 
the fays accumulate the same phase change on propagating from the feed Ho the 
aperture plane. 



Fig. 3.29. ( continued on next page ) 
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Fig. 3.29. a) The NASA 210 ft (64 m) Goldstone reflector antenna, b) Feed cones for the 
NASA Goldstone reflector antenna. (Photographs by the author.) 


We will assume that all of the rays leave the feed with the same phase, which, 
according to the argument above, makes the phase of the aperture field uniform. In 
addition, we will assume that the feed produces a linearly polarized, rotationally 
symmetric aperture field. The amplitude of the aperture field will generally not 
be uniform, but will taper toward the edge of .the aperture. Although some of the 
tapering is a natural result of the geometry of the reflector, additional tapering may 
be introduced by. the radiation pattern of the feed, (i.e., a reduction of the radiation 
in the direction of the reflector's edge). To see how the former arises, consider the 
two tubes of rays of equal solid angle in Figure 3.30: Tube 1 is near the center of the 
reflector, and tube 2 is near the edge. The distance from the focus to the reflector 
is longer for tube 2 than for tube 1. Consequently, for equal net power in the two 
tubes, the power per unit area and the electric field will be smaller at the reflector 
for tube 2, leading to a radial taper in the amplitude of the aperture field. 

We conclude that a linearly polarized, rotationally symmetric field with uniform 
. phase and a radial taper in amplitude is a reasonable approximation to the aperture 
■ field of our paraboloidal reflector antenna. This field is often represented by the 



empirical formula 


y, z = 0) = 


E o[p + (1 - p)[ 1 - (2 p/d) 2 ] n )y, 


p_= yfx 2 + y 1 < d/ 2 
P > d/2, 

(3.132) 


which is graphed for the case p = 0.1, n = 2 in Figure 3.3 la [21]. In this expression 
the pedestal height p determines the level of the field at the edge of the aperture, and 
the integer n controls the rate at which the field decreases with the radial position 
p on the aperture plane. 

The spectral function corresponding to the aperture field (3.132) is 


• rn/l rd/1 

F y (k xi k y ) = E 0 I / {p + (l- p)[l - (2p/d) 2 ] n }e Mk ’ cos ^ pdpdtfi. 

(3.133) 

After following the same procedures as used with the integral for the uniformly 




b 

b) JVJVeu 2 


Fig. 3.31. Circular aperture with tapered illumination: p = 0.1, n = 2. a) Tangential 
component of the electric field on the aperture plane, z = 0. b) Spectral function for the 
field of a). 


illuminated aperture (3.105), (3.133) becomes 


F yi^x * ky) 


The remaining 

F y{k x , ky) 


7 rd 2 E 0 | ^/i (y/^x + 

4 V L Jkl+kjd/2 

+ 2 (! - p) ^ «(1 - u2 ) n Jo[yjk% + k 2 y (d/2)u]du 

integral is evaluated in Reference [22]: 

~ 2J x {jkl + k]d/2) 

y/W+Vyd/ 2 

2" +1 (n + l)\J n+l {Jkl + kjd/2) 

(yJkl + kjd/2)' 


Ttd 2 Eo 


G3) 


\n+l 


(3.134) 


(3.135) 


This spectral function is graphed for the case /? = 0.1and/x = 2in Figure*3.31b, 
The radiated 

the formulas in Table 3.4: 

■ E r (r) = [F e (9,cp)§+.F+(0, 


electric field of the aperture is obtained by substituting (3. 135) into • 

- JkoT / r, 


(3.136a) 
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with 




+ (1 - p)(2) n n ! 


/losing) 
sing 

•4i+i(^ sing) 
(^sing) n+1 

YJ/4SM1 

/ | L ^ sin g 


+ (-1 - P )(2Tn\ 


sin 0, 


J n+ i(^ sing) 
. (Ysing) ),+1 


(3.136b)- 


cos (p cos 0. (3.136c) 


This field is compared with the radiated field of a uniformly illuminated circular 
aperture in Figure 3.32. The diameter of the aperture is d/\ 0 = 5, and the total 
power radiated by both aperture distributions is the same. On the right side of the 
figures, the field for an aperture with tapered illumination n = 2 and no pedestal 
p = 0 (dashed line) is compared with the field of the uniformly illuminated aperture 
p = 1 (solid line). The taper is seen to decrease the field and therefore the directivity 
on axis ( 6 = 0), widen the main lobe, and decrease the level of the side lobes. For 
the graphs on the left side of the figures (dashed -line) a small pedestal has been 
adddd to the tapered illumination (n = 2, p = 0.1). The addition of the pedestal 
slightly improves the patterns: It increases the directivity, narrows the main lobe, 
and. decreases the level of the first side lobes. These effects are the result of the 
radiation from the tapered illumination and the radiation from the pedestal being 
out of phase at angles near the first side lobe; they therefore cancel. The pedestal 
height p = 0.1 used for Figure 3.32 is the value that minimizes the level of the first 
side lobes for n = 2 [21]. 

When the aperture is electrically large ( k c d » 1), the directivity for the field 
(3.132) is determined using the same approximations as for the uniformly illumi- 
nated aperture (Problem 3.10): 


Da( g = 0, n, p) _ f n 2 (l-p) 2 

D a {6 = 0, p = 1) L (2 n + 1)(1 + np) 2 J •' 


(3.137)'. 


It is clear from this result that the directivity with tapered illumination will always 
be less than with uniform illumination, Da (6) = 6, p = 1), no matter what values 
of n- and p are selected. ’ 

For a reflector. antenna the gain G(6 , </>) is generally a more useful measure of 
the performance than the directivity of the aperture; the two quantities, however, 



JLU f— ■ ■ r ■■■ ! »■» » ■ II , i », ■ l , 

-*/2 0 ti /2 

a) 0 



Fig. 3 .32. Normalized electric field patterns for circular aperture with various illuminations, 
for d/\ 0 = 5.0. a) Principal H-plane patterns, 0 = 0 (jt ). b) Principal E-plane patterns, 
0 = n/2 On /I). 


are simply related: • 

time-average power radiated per unit area in the direction 6. d> 

0(6', 0) = ; 

(time- average power supplied to the antenna)/ 4 ;rrr 2 

= (3.138) 

Here the efficiency factor t) accounts for the fraction of the power supplied to the 
antenna that is not radiated by the aperture: 

time- average power radiated by aperture. 

*} = : - — - < 1. (3.139) 

time-average power supphed to antenna 

For our simple model 77 is composed of two terms: 

*7 = rjdrjs- (3.140) 

% 

The factor rjj accounts for the power dissipated in the antenna (e.g., the heating of 
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Fig. 3.33. Schematic representations for radiation pattern of feed antenna for a) maximum 
directivity of aperture and b) negligible spillover. ; i ; 


metal parts), and the factor rj s accounts for the “spillover” - power that is radiated 
by the feed and not intercepted by the reflector. The ray AE in Figure 3.30 represents 
spillover. For more complicated models additional factors may be included in 77 , 
such as the loss associated with power being radiated into undesired states of 
polarization. 

Now let us consider the gain of our simple paraboloidal reflector antenna. The 
radiation pattern, of the feed antenna determines the illumination of the aperture. 
We can obtain the maximum directivity D A with a uniformly illuminated aperture. 
This requires a radiation pattern for the feed antenna that increases in amplitude 
toward the edges of the reflector to compensate for the aforementioned natural 
tapering of the aperture field. A pattern of this form is shown schematically in 
Figure 3.33a. Since the pattern cannot go abruptly to zero at the edges of the 
reflector ( 0 - = - 0 .), there will be significant spillover associated with this feed 
(rj s < 1). As ai? alternative we can make this spillover negligible (rj s ^ 1 ) by using 
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Fig. 3.34. Gain versus d/X 0 . (Data for Goldstone antenna frorfi Love [23].) 

a feed antenna that produces little radiation in the direction of the reflector edge: 
one with a radiation pattern like that in Figure 3.33b. However, .this pattern will 
produce a strong taper to the aperture field and a directivity D A substantially less 
than the maximum. Thus, we see that there is a practical difficulty associated with 
maximizing the gain (3.138) by maximizing both the directivity of the aperture D A 
and the spillover efficiency rj s . A good design is one that includes some taper to the 
aperture illumination and for which neither D A nor rj s is maximum. 

The gain for the Goldstone antenna (Figure 3.29a) is graphed as a function of 
d/\ 0 in Figure 3.34* The solid portion of the curve was obtained from measured 
data; the dashed portion is an extrapolation of these data [23]. For comparison the 
gain for an antenna with a uniformly illuminated aperture and 100% efficiency 
(r? = 1.0) is also shown. For values of d/\ 0 less than about 2 x 10 3 , the two 
curves are parallel and separated by about 3 dB; this suggests that gain for the 
Goldstone antenna is proportional to ( d/X Q ) 2 and is thus about 50% of the gain for 
the uniformly illuminated aperture. When d/\ 0 is greater than 2 x 10 3 , the increase 
in the gain with d/X 0 is less, and it eventually decreases with increasing d/X 0 . 
The decrease in the gain is caused by the roughness of the surface of the reflector. 
Surface distortions, which may result from thermal strains, gravity, wind, etc., limit 
the gain of all electrically large reflector antennas. 

3. 7.3 Gaussian beam - paraxial approximation 

In our discussion of the radiated field, we found that at a sufficient distance from 
any source the field exhibits a definite beh&vior: It propagates oufWard in the radial 
direction with a fixed angular or transverse dependence. Thus, a field confined 
to a narrow range of solid, angle, a beam, propagates in a predictable manner, as 
exemplified by the tube of rays in Figure 3.19. In certain applications, a knowledge 
of the radiated field is not sufficient, and a more detailed model for a beam that 
applies at any distance from the source is required. The Gaussian beam is a model 
frequently used in optics. 
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0 12 3 


b) ^/kj'+lcj W,/2 . 

Fig. 3.35. Gaussian beam, a) Tangential component of the electric field on the plane z = 0. 
b) Spectral function for the field of a). 

We will begin our discussion by assuming that the tangential component of the 
electric field on the reference plane z = 0 is described by the Gaussian function 
exp (~p 2 /W$): 

E(x, y, z = 0) = E 0 e~ p2,w ° y, p = jx 2 + (3.141) 

which is graphed in Figure 3.35a. From Table 3.3, the spectral function correspond- 
ing to this field is 

. Fy(k x ,k y ) = E 0 f°° e { - xl/w Z +Jk * x) dx /°° et-y'M+JWdy, (3.142) 

J x=—oo J y=— oo 

Each of the integrals in (3. 142) can be evaluated [22] using 

f°° e (-P*u'± q u) du = ^>0 (3.143) 

7-00 P 

to give 

F y (k x , k y ) = 7tW^E 0 e- (k ’ +k2 ^ 2) \ ' (3.144) 

whach is graphed in Figure 3.35b. Notice that (3. 144) shows an interesting property 
of the Gaussian function: Its Fourier transform is also a Gaussian function. 

The electromagnetic field in the half space z > 0 is obtained from the expressions 
in Table 3.3; the electric field is 

E(r) = Y^Fy(k xt ky)e-^ x +^^dk x dk y . (3.145) : 
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If we inserted (3.144) into (3.145), we would find that for a general position r 
the resulting integrals could not be performed in closed form. This is the same 
situation we encountered in the previous examples. The integrals in (3.145) could 
be evaluated approximately to obtain the radiated field,, but this would be of little 
help since we are interested in the field at all positions in space. There is, however, 
another approximation that proves useful for the Gaussian beam; this is the so-called 
paraxial approximation. 

Recall that the vector wave number (3.77) associated with each point of the 
integration (3.145) is 

k = k x x + k y y + k z z, 

with 

: ** = - {ki + k]i 

In the paraxial approximation we assume that the spectral function is of negligible 
magnitude except for vector wave numbers that are nearly parallel to the z axis; 


that is, 

% 

F y (k x , k y ) 0, 

(3.146) 

except for 


yjk* + k* k Q . 

(3.147) 

This inequality is used to approximate k t in the exponential term of (3.145) by 

. kz=fe-(k 2 + k 2 )*k 0 (l 

( (3.148) 

and in the algebraic term by 


k t « k 0 . 

(3.149) 


Thus, in the paraxial approximation, the electric field (3.145) becomes 


E{?) = 


(2n? 


-jkoZ 




exp [~jk x x + j(k 2 /2k 0 )z] exp [~jk y y + j{k]/2k 0 )z]dk x dk y , (3.150) 
which can be rewritten as 


m (2 rr)* c lKl ( y \ ay) S-oo /-oo Fy(kx ' ky) 


exp [~jk x x + j(k 2 /2k 0 )z] exp [~jk y y + j(k 2 y /2k Q )z]dk x dk y . (3.151) 

Note that this approximation has excluded all evanescent waves from the spectrum. 

Now let us apply these results to the Gaussian beam. First we will consider the 
conditions for the paraxial approximation, (3.146) and (3.147). These conditions 
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will be satisfied by the spectral function (3.144) provided 
e -k 2 0 Wo/ 2) 2 = e -(k 0 w 0 /2) 2 <<c 1} 


or 

(3.152) 


Thus, k 0 W 0 = In W 0 /X 0 must be large for the paraxial approximation to hold for 
the Gaussian beam. Of course, precisely how large k D W 0 must be will depend on 
the accuracy required for the approximation. 

The electric field of the Gaussian beam is obtained by substituting (3.144) into 
(3.151): 






l r ( ex P \- k l[Wo/2) 2 - jz/2ko] - jk x x) 

J —OO J —00 x 

exp {-k 2 y [{W 0 /2f - jz/2k 0 ] - jk y y)^dk x dk y . . (3.153) 

The integrals in this expression can be evaluated using . (3. 143), and after some 
rearrangement, we obtain the. final result: 

E(r) = — e iH ^\ y + /— 2lkL_ c fV'(Oflg-[p/WWl i c -;[U+^p J /2*(i)l 

mz)/Wo L W(z)/w 0 z \ e . : e 

' : (3.154a) 


where p is the radial distance on a plane of constant z (the circular cylindrical 
coordinates of Appendix B) and 


n ’ k 0 W„ ' 

(3.154b) 

lK«) = tan -1 [>(«)], 

(3.154c) 

W(uj = W 0 [l + y\u)]K 

(3.154d) 

R(u) = u[\ +y~\u)]. 

(3.154e) 


The structure of the Gaussian beam is shown in Figures 3.36 and 3.37; these 
results are for k 0 W 0 = 5.0, There are two components to the electric field, E y and 
E z . E y is rotationally symmetric about the z axis, whereas E z is maximum in the 
plane x = 0 for p fixed; notice that \E Z \ is plotted for this plane inTigure 3.36. 
The ratio of the maximuimvalues for these two components is |£ z | m ax/|£ylmax = 
k 0 W 0 ^=. 0.8577 . . . / k 0 W 0 \ hence, E z is negligible when k 0 W 0 is large, 
as is required for the paraxial approximation (3. 152). The component E y is approxi- 
mately a Gaussian function on each plane z/ W c because the term exp{ -[p/ W(z)] 2 } 
dominates the amplitude of the field (3.154a). The factor W(z) fixes the width of the 



Fig. 3.36. Electric field of Gaussian beam in region near plane z = 0, for k 0 W 0 = 5 0 


beam. Since W (z) increases with increasing z, the beam spreads out as it propagates 
away from the plane z/W 0 = 0. F 16 

The radius or “spot size” of the beam is defined as the value of p at which the- 

amplitude of the field has decreased by the factor 1/e from its value on the axis 
that is, ’ 

[p/W{z)f = l. ' 

After substituting (3.154d), we see that this is the equation for a hyperbola: 

: {p/Wo)1 ~{k^w) (^^) 2 = 1 - (3.155) 

The radius of the beam is graphed as a dashed line in Figures 3.36 and 3 37 The 
beam is narrowest at its “waist,” z/W 0 = 0, where its radius is At large 

distances from the plane z/ W a = 0, the radius of the beam subtends the angle 2 a 
at the origin, where 

a = tan -1 (p/z) = tan~ l (2/ k 0 W 0 ). (3.156) 

The phase of the dominant component ( y ) of the field (3.154^) is 

^(z) — k 0 z — k Q p 2 /2R(z), . (i. 157 ) 

making the equation for a surface of a constant phase that includes the point z n on 
the axis ( p = 0) 0 

Hzo) - ir(z) - k 0 (z 0 -z) 4- k 0 p 2 /2R( z ) = 0, 
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or 

p(z) = ^2f?(z)|(z 0 - z) - p[iA(Zo) - ^(z)]^ • (3.158) 

Since this surface is rotationally symmetric about the z axis, it can be characterized 
by the plane curve (solid line) shown in Figure 3.38. Now we wish to determine 
the radius of curvature of this surface on the axis of the beam, that is, the radius of 
the circle R c (z 0 ) (dashed line) that has the same curvature as our curve at the point 
P = 0, z 0 . 

Consider two points, 1 and 2, on the curve. The tangent to the .curve makes the 
angle r with the z axis. In moving from point 1 to point 2, this angle changes by 
Ar, and the arc length increases by As. The curvature is defined [24] as 

* w - * (U) = t , - (£)/(£)• P' i5, > 
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Since the curvature for the circle is Xc = 1 /R c (z), and because this must equal the 
curvature (3; 159), the radius of curvature we seek is 



(3.160) 


Now we notice from Figure 3.38 that 
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The radius of curvature (3.160) then becomes 



(3.161) 


After substituting (3.158) into (3.161) and evaluating the result on the axis (z = z 0 ), 
we find that 


Rc(Zo) — R(z 0 ) 


I- 


(k 0 W 0 n\ + yHzo)] j 


R(.Zo), 


(3.162) 


where, on the right-hand side, we have simplified our result by noting that (k 0 W 0 ) 2 
must be large (3.152) for the paraxial approximation.. We now see the significance 
of the parameter R(z) in Equation (3.154a); it is the radius of curvature of the 
surfaces of constant phase at points along the axis of the beam (z axis). Circles of 
radius R(z) are shown as solid lines in Figure 3.37. At the. beam waist z/W a = 0, 
the radius of curvature is infinite; the wavefront is planar. As z/W„ increases the 
radius of curvature decreases rapidly, becoming a minimum R/W 0 = k 0 W 0 when 
z/W 0 = k 0 W 0 /2 (at z/W 0 = 2.5 for the example in Figure 3.37). Past this point, 
the radius of curvature increases and approaches R/W 0 = z/ W 0 as z/ W„ becomes 
large; the wavefronts then become spheres centered on the ori gin 
At large distances from the plane z/W„ = 0, the field of the Gaussian beam, 
shown in Figure 3.37, clearly has the asymptotic form we expect; spherical wave- 
fronts with a fixed angular dependence for the field, as indicated by the radius of 
the beam occurring at the fixed angle or. The radiated electric field is obtained by 
substituting (3.144) into the formulas in Table 3.4; 


I 

with 


E\r) = [F e (6, <f>)8 + F^Q, <t>)$\ e -»"']r, (3. 163a) 

sintf (3.163b) 

WA) = ^(^) 2 *o*- [W)sinfl] ’ COSMOS*. (3.163c) 


It is interesting to compare the radiated field for the Gaussian beam with those for 
the uniformly illuminated circular aperture and the circular aperture with tapered 
illumination. The side lobes that are prominent for the uniformly illuminated aper- 
ture decrease with the addition of taper and completely disappear for the Gaussian 
beam. This phenomenon is easily understood when we recall that the radiated field 
is related to the Fourier transform of the field on the plane z = 0. It is a general 
property-of the Fourier transform: The transform of a smooth function, such as the 
Gaussian, is again smooth, whereas the transform of a function with abrupt changes 
in amplitude, such as the pulse, is oscillatory. 
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The Gaussian beam plays an important role in the analysis of lasers, such as 
the gas laser shown in Figure 3.20c. The spherical mirrors for this laser form an 
open-cavity resonator. An electromagnetic field that satisfies Maxwell’s equations 
within the cavity and satisfies the boundary conditions at the perfectly conducting 
mirrors is called a mode. Several modefc can exist in the cavity; the simplest of these, 
the lowest order mode, is a Gaussian beam [25]. This mode is usually designated 
TEMo.o. 

Before we show that the Gaussian beam is a solution for the cavity resonator, we 
will make a few general observations concerning the field (3.154a). Our first point 
is that we could perform our analysis for the electromagnetic field in the left half 
space (LHS) z < 0, rather than in the right half space (RHS) z > 0. We would start 
with the same electric field on the plane z- 0 (3.141). The spectral representation 
for the field would be the same as for the field in the right half space (3.145), the 
only difference being that the evanescent waves would decay with decreasing z, 
rather than with increasing z. In terms of the wave numbers, this means that 



Jk 2 o~k 2 x -kj, 
-jy/kl + kj-kl, 

jfe+q-q. 


0<k 2 x + k 2 <k 2 

RHS 


LHS, 


% + **■>%, 


or simply k LH s = k^. In the paraxial approximation the evanescent waves are 
omitted, so conjugation leaves the wave number unchanged. Thus, the electric field 
(3.154a) represents the Gaussian beam in the left half space as well as in the right 
half space. We will rewrite this field as 


E + (r) = [p/W(z)] 2 s,-j[k 0 z+k 0 p 2 /2R(z)]~ /o ir^\ 

: : W(z)/W 0 .. y ' • . ^; A04j 

" * i • 

Here the + sign indicates that the beam is propagating to the right (-f-z j, and we 
have omitted the z\ component of the field, which is usually negligible. 

Our secofid point is that we could solve for a Gaussian beam that propagates to 
the left (-z), rather than to the right. The electric field would then be (3. 164) with 
j replaced by -j: 


E~(r) = — — e-j+We-lP/Wb)) 2 j[k 0 z+k 0 p 2 /2R(z)){: 

• W(z)/W 0 /• 


(3.165) 


Inside the laser cavity the electric field consists of a superposition of two Gaussian 
beams, one propagating to the right and the other propagating to the left. We will 
assume that these beams have equal amplitude; then, the electric field in the cavity 
is the superposition of (3J64) and (3.165) with E+ = E~ = E 0 \ 


E(r) = 


W(Z)/W 0 


COS 


[>(z) - k 0 z - k 0 p 2 /2R(z)]y. 


(3.166) 
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•This standing wave must satisfy the-boundary conditions at the perfectly conducting 
mirrors (i.e., the tangential component of the electric field must be zero). If we 
confine our attention to the region in the vicinity of the axis, then the y component 
of the field must be zero at the mirrors. The spherical mirrors are of radius R m and 
are located at z = ±J/2, as in Figure 3.20c. The boundary conditions are satisfied 
by (3. 166) when the radius of curvature of the beam matches the radius of curvature 
of the mirrors, 


R(±d/2)^R mt (3.167) 

so that the argument of the cosine term is constant on the mirrors, and 

cos[f{z) - k 0 z - k 0 p 2 /2R(z)]\ fi=0 =0, 

'z=±d/ 2 

or, equivalently, 

' M/2 - Hd/2) = (2n + 1)tt/2, n = 0, 1, 2 (3.168) 

After introducing (3.154c) and (3.154d), the conditions (3.167) and (3.168) become 


k 0 W 0 = 




i 


and 


M/2 — tan 




d/W 0 \ 

koWo) 


= (2 n + 1)tt/2. 


(3.169) 


(3.170) 


If we had chosen E+ = -E 0 = E 0 for our superposition of Gaussian beams,* 
we would have obtained (3.169) and, in place of (3. 170), 




) = nn 


(3.171) 


The two solutions represented by (3.170) and (3.171) can be combined in a single 
. equation; *. 


M/2 ~ tan' 


"( 


d/W 0 \ _ 


koWo) 


= nn/2. 


(3.172) 


When the argument of the arc tangent is large ( d/W 0 » k 0 W 0 ), the following 
approximation applies: 


and (3.172) becomes 


tan ] (w) ^ 7 t/ 2 — 1/u, 

, , , , 2 k 0 W 0 

k 0 d = (n 4- 1)7T - 


or 


A 0 = 


2 d + 


4 W 0 
(d/W 0 ) 


]/ 


d/W 0 ' 

(n + 1), n = 0,1,2,.:... 


(3.173) 
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Equations (3.169) and (3.173) determine the conditions under which the super- 
position of Gaussian beams is a solution to Maxwell’s equations within the cavity. 
From (3.173) we see that the wavelength must be slightly greater than 2 d/(n + 1). 
The frequencies (f = c/k 0 ) that correspond to these wavelengths are the resonant 
frequencies of the cavity. The radius or spot size of the beam at its waist is given 
by (3.169). 

In this section we have used the plane-wave spectrum to study a few simple 
problems. The plane- wave spectrum has many other applications in electromagnet- 
ic^; these include practical problems associated with antenna analysis and synthe- 
sis [26, 27] and antenna measurements [28, 29]. Its application to the scalar field 
of optics is the basis for “Fourier optics” [19, 30]. 
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Show that the electric field (3.7) satisfies the Helmholtz equation (3.5) when 
k • k = kl (3.8). In this exercise, it will be helpful to express the vectors E 0 
and k in terms of their components in the rectangular Cartesian coordinate 


system (x,y, z). 
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C& An inhomogeneous plane wave has the following electric field: 

E = A(-x + y + z)e-J if , 

with 

k = (.kr+jk,) 

and ' , : 

k r = k 0 (x + z). 

Determine the vector £,• and the magnetic field B. 

3.3 Obtain Equations (3. 26a-c) and (3.27a-c) from Maxwell’s equations and the 
relations (3.24a*-c) and (3.25a-c). 

3.4 Show that the two-dimensional TM plane wave [Equations (3.3 la, b)] becomes 
(3.32a, b) when expressed in terms of the electric field E ox rather than the 
magnetic field B oy . 

3.5 In this problem, we will examine an alternate derivation for the spectral 
representation of the two-dimensional field. Consider the TE field E te = 
E te (x, z)y . This field must be a solution to the scalar Helmholtz equation 
(3.26c) 

V 2 E te + k 2 0 E TE = 0, 

where the operator V 2 involves only derivatives with respect to x and z. Take 
the Fourier transform of this equation with respect to x. Solve the resulting 
equation for the transformed field E TE (k Xt z). Now equate this field to the 
transform F y {k x ) of the field specified on the plane z = 0: 

/ oo !• 

E te (x, 0 )e Jk ‘ x dx. 

-OO » 

Take the inverse transform of E TE (k Xt z)\ you should obtain the result in 
Table 3.1 for E TE (r).. 

3.6 The antenna shown in Figure 3.29 is a Cassegrain reflector, it is based on, 
its optical counterpart - the Cassegrain telescope. This is a dual-reflector 
antenna that uses a paraboloid as the primary reflector and a hyperboloid 
as the secondary reflector. As shown in Figure P3.1, one of the foci of the 
hyperboloid is coincident with the focus of the paraboloid E, and the other 
is at the feed antenna A. This system places the feed antenna and electronics 
near the primary reflector, where they are easily supported. This is to be 
compared with a prime focus feed (Figure 3.30), where the feed antenna must 
be supported at the focus of the paraboloid. 

a) For a hyperboloid, the difference of the distances from the foci to a point 
on the surface is a constant (i.e., AB — BE = constant in Figure P3.1). 
Using the ray ABCD, show that all rays from the feed antenna travel the 
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Fig. P3.1. Cassegrain reflector antenna. 


same distance to arrive at the aperture plane. Thus, when all rays leave the 
feed with the same phase, the aperture field has uniform phase, 
b) The secondary reflector blocks a portion of the radiation from the pri- 
mary reflector from reaching the aperture plane (e.g., the ray AGHI in 
Figure P3.1). This blockage can be represented by setting the field equal 
to zero over a disc of radius d ' /2 on the aperture plane. For simplicity 
assume that the field on the aperture plane is linearly polarized and has 
uniform amplitude and phase outside the area of blockage: 


E y (x,y,z = 0) = 



d'/2 <f> <d/2 
elsewhere. 


Determine the spectral function F y (k x , k y ) for this distribution. 
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c) Assume that the apertures are electrically large (k 0 d » 1, k 0 d' > 1) 
and determine the principal H-plane field pattern (the pattern function 
F^O, 0)) for the antenna. 

d) Consider two antennas, one with blockage and the other without blockage. 
Both antennas are supplied with the same power, and both antennas have 
the same field E 0 y on the illuminated portion of the aperture plane. Here 
it is assumed that the radiation blocked by the subreflector is lost (i.e., it 
does not contribute to the field over the unblocked portion of the aperture 
plane). 

Compare the axial gains G{9 = 0) of the two antennas. What effect does 
aperture blockage have on the gain? 

e) Make graphs of the H-plane field patterns for antennas with k a d = 400, 
d'/d = 0, and d' / d = 0.316. The subreflector with d'/d = 0.316 is 
much larger than normally encountered in practice; it was chosen this 
large to exaggerate the effects of aperture blockage. The numerical values 
in Table 3.5 will be helpful for making the graphs.. 

What effect does the aperture blockage have on the level of the side lobes? 
Would you expect the results to be similar if the aperture field were tapered 
as in Equation (3.132)7 


3.7 A helium-neon laser operates at the wavelength X 0 = 0.6328 pi n. The cavity 
for the laser (Figure 3.20c) is confocal (R m = d) with the length d = 1 m. 

a) What is the beam waist W 0 1 

b) What is the spot size for the laser beam at the mirror, z = d /2? 

c) What is the angle a (3.156) that determines the spot size for the radiated 
field? What is the spot size for the laser beam at the distance z = 100 m? 


3.8 A TE plane wave is obliquely incident on a perfectly conducting screen con- 
taining a slit of width d. The geometry is similar to that in Figure 3.7, with 
the angle between the incident wave vector and the z axis being <9,-. Assume 
that the tangential component of the electric field on the plane z = 0 is 


E y (x,z = 0) = 


Jjj-An iae ‘y, 

0 .° 


1*1 < d/2 
1*1 > d/2' 


This aperture distribution has a phase that varies linearly with the position 
x - a “linear phase taper.” 


a) Determine the spectral function F y (k x ) and the radiated electric field E r {r). 

b) Let the slit width be d/X 0 = 5 and 0, = 30°. Make a graph of the normal- 
ized radiated field, as in Figure 3.15. At what angle does the main lobe of 
the pattern occur? 

c) Using the results you obtained above, explain how the main beam of 
a paraboloidal reflector antenna could be scanned (its angular position 
varied) by changing the transverse position of the prime focus feed. 
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3.9 a) Consider a Gaussian aperture distribution for which W 6 » 1 (an electri- 
cally large aperture). Determine the directivity D A ( 9 = 0) for this aperture 
by using the same approximations that were used for the electrically large, 
uniformly illuminated circular aperture, 
b) Compare your result from part a with the directivity of an electrically large, 
uniformly illuminated circular aperture (3.124). For the two aperture dis- 
tributions to have the same directivity, what is the: relationship between the 
radius d/2 of the circular aperture and the parameter W 0 for the Gaussian 
distribution? 

3.10 Show that the directivity of an electrically large aperture with tapered illumi- 
nation i$ given by. (3. 137). The following definite integrals will be of help: 

- r & i(»0 U 

Jo “ 2n+1 U 2 2n+l (2n + l)(n!) 2 

r Mu)j n+ i(u) , _ i ; 

Jo u n+1 “ 2 n+I (n + l)n! ’ 
where n is an integer. 

3.11 Figure P3.2 illustrates a famous two-dimensional problem from the theory of 
diffraction: diffraction of an incident plane wave by; an infinitessimally thin 
perfectly conducting half plane. The exact solution to this problem was first 
obtained by Arnold Sommerfeld in 1896. A full account of the solution is 
given in Sommerfeld’s book Optics [3 1] and in Reference [ 1 2]. 
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where C(x) and S(x) are the Fresnel integrals [8]: 





The normalized magnitude of this field is graphed as a function of x/\ 0 for 
a distance three wavelengths behind the screen, z/K = 3.0, in Figure P3.3a. 
Figure P3.3b is a similar graph for z/K = 10.0. The normalized field is seen 
to oscillate about the value 1 .0 in the illuminated region and to monotonically 
decay in the shadow region. Measured results are also shown for the case 
z/K = 3.0, and these are seen to be in excellent agreement -with the theory. 
The measurements are for X 0 = 3. 18 cm (a microwave frequency) and a half 
plane of thickness 0.025A. o [32]. 


a) An approximate solution to this problem can be obtained by assuming the 
electric field on the plane z = 0 to be 

E y (x,z=0) = E l o U(.x)y, 

where U is the Heaviside unit step function (Section 5.2) 


U(.x) 




x < 0 
x > 0* 


Starting with this field, use the spectral representation for two-dimensional 
fields and the paraxial approximation to show that in the half space z > 0 
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b) xA. 0 

Fig. P3.3. Normalized magnitude of the electric field as a function of xj\ 0 at the distances 
a) z/X 0 = 3.0 and b) z/X 0 = 10.0 behind the half plane. (Measured data from Harden [32].) 


The Fourier transform for the unit step function [3] is 


f U(x)e jk ' x dx = n8(k x ) - 
J— bo 



and the definite integral [33] 

r°° e J*“ 2 [J . / / i ’■ \ . 

/ sia(ux)du = tcJ^F[ J- — x ] 

Jo u Y 2 \Y 2na J 

may be of help. 

b) Compare the approximate field from part a with the exact field by graphing 
the approximate solution on Figures 3.3a and b. Is the agreement better 
when z/X 0 = 3.0 or when z/A. o = 10.0? 
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c) The Fresnel integrals have the following asymptotic expansions for x -* 
oo [8]: - 



Use these formulas to show that the exact field reduces to the approximate 
field of part a when the observation point is located both near the z axis 
(■ * 2 « Z 2 ) and electrically far away from the half plane » 1). Are 
your conclusions from part b consistent with these results? 

3.12 Starting from the electromagnetic field for an inhomogeneous plane wave, 
show that the complex Poynting vector and the time average of the real Poynt- 
ing vector are given by (3.19) and (3.20). You may want to use the fact that 
E x E* is an imaginary quantity in obtaining your results. 

3.13 Consider the following integral representation for the Bessel function of the 
first kind and order zero: 

2 f°° 1 

J 0 (x) -.- / sin(x cosh u)du = — / sin(jccosh«Vw, * > 0. 

7* JO ™ J - oo 

Use the method of stationary phase to obtain an asymptotic approximation 
for J 0 {x) that applies in the limit x -► oo. 

3.14 Frustrated total internal reflection. In the arrangement shown in Figure P3 .4, 

the parallel faces of two dielectric regions (e e r € 0 , /x = /x c ) are separated 

by a gap of free space of width d. A homogeneous plane wave is incident at 
the angle fa in the left-hand dielectric. 

First, consider the case where d is extremely large; the right-hand dielectric 
is essentially absent. When fa is greater than the critical angle 

Vv = sin -1 (\/ 1/ £ r ) , 

total internal reflection occurs at the dielectric/free space interface. There is 
a homogeneous reflected wave in the left-hand dielectric, and the magnitude 
of the electric field for this wave is equal to that of the incident wave. There 
is also an inhomogeneous wave in free space. It decays with increasing z. As 
we have shown, this inhomogeneous wave carries no time-average power per 
unit area through a plane of constant z. 

Now, consider the case where the distance d is very small. A thorough 
analysis shows that a homogeneous plane wave is produced in the right- 
hand dielectric. This homogeneous wave, of course, carries time-average 
power per unit area through a plane of constant z. The amount of power 
coupled into the right-hand dielectric is a function of the width of the gap 
d. This phenomenon is known as frustrated total internal reflection, and is 
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(e r ) . 


Fig. P3.4. Illustration for describing frustrated total; internal reflection. 


used to make optical devices such as beam splitters and interference fil- 
ters [12]. 

Notice that there is an apparent contradiction in the above description: In 
the region of free space, there is no time-average power per unit area car- 
ried by the inhomogeneous wave through a plane of constant z, yet in the 
right-hand dielectric, there is time-average power per unit area carried by the 
homogeneous plane wave through a plane of constant z-. This contradiction 
is resolved by noticing that there must be two inhomogeneous waves in the 
region , of free space: the wave that decays with increasing z plus a second 
wave that increases with increasing z. The latter is caused by the reflection 
of the fprmer at the free space/dielectric interface. 

For our analysis, we will only consider the planar interface between free 
space and a dielectric (Figure P3.4 with the left-hand dielectric absent). An 
inhomogeneous TE plane wave with the electric field 


and 


E‘ = E oy e- j{k ‘ x+k ^y 
k i = k l> 


is incident from free space onto the dielectric. The electric field for the re- 
flected inhomogeneous plane wave in free space is 


E r = TEoye-i^-^y, 


with k z as given above. In the dielectric, there is a transmitted wave, that is 
homogeneous and has an electric field given by 

E 1 = x Eoy-e-M^+Wy, : 
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where 

k! % = yje r k% — k\, k% < e r k ’ 1 Q . 

This wave propagates at the angle 

f, = tan" 1 (*,/*') 

with respect to the z axis. Notice that in the two regions we will have the 
types of . waves (homogeneous and inhomogeneous) described above, pro- 
vided k 2 0 < k\ < e r kl. 

a) Use the electromagnetic boundary conditions at the interface, z = 0, to 
determine the reflection and transmission coefficients, T-and r. 

b) Determine the time-average power per unit area passing through a plane 
of constant z for the following waves: 

i) the incident wave in free space, 

ii) the combination of the incident and reflected waves in free space, 

iii) the transmitted wave in the dielectric. 

Discuss your results; in particular, show that the contradiction' mentioned 
above is resolved. 

3.15 We wish to produce a Gaussian beam in the half space z > 0. Propagation is 
to be in the -tz (direction, with the waist of the beam at the position z = z 0 . 
In this situation, the electromagnetic energy introduced at the plane z = 0 is 
brought to a focus at the plane z = z 0 . 

a) What should (he tangential electric field on the plane z = 0 be to form this 
beam? 

b) Simplify your results from part a by assuming that 

, . ' 2z 0 , 

What are the dependences on p for the magnitude and phase of the electric 
field on the plane . z = 0? 

3.16 The electric field on the plane z = 0 is the difference between two sine 
functions: 

- ' A 

E(x, z = 0) = ~[ a sinc(ax) - sinc(£;t)]y, : 

with a ^ p. 

a) Using the following definite integral, determine the spectral function for 
this field: • 

•jrrs^w.jiu ' w<y, 

J - OO L nx J [0. kl > Y 

Make a graph of the spectral function versus k x . 
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b) Determine the radiated field E r and make a polar graph of the magnitude 

of this field versus the angle 9. Use the values ct = *j3k 0 /2 t = k a /2 for 

the graph. 

c) Describe the field in the half space z > 0 in terms of the homoge- 
neous and inhomogeneous plane waves in its spectrum for the following 
cases: 

i) a = k 0 > . P = 0 

ii) or = 2k 0t ’ = k 0 . 


4 


Electromagnetic analogues of 
some optical principles 


In the introduction to Chapter 1 , we mentioned that Maxwell’s theory provided a uni- 
fied explanation for electric, magnetic, and optical phenomena. Prior to Maxwell, 
classical optical phenomena were explained, more or less, by theories based on 
scalar fields. After Maxwell, these phenomena were shown to follow from 
Maxwell’s theory for the vector electromagnetic field and to exist for general fre-' 
quencies, not just for those in the optical range. We have seen graphic examples of 
' this in our discussions of the experiments of Hertz (Section 2.7) and the diffraction 
by a circular aperture (Section 3.7). 

Many of the older principles developed in classical optics have analogues in 
electromagnetic theory. Often the beauty and utility of the original optical principle 
is preserved in the electromagnetic counterpart. Of course, the former is usually for a 
scalar field, whereas the latter is for the vector electromagnetic field. Consequently, 
the statement of the principle, its derivation, and the requirements for its use may 
be quite different for the two cases. 

In this chapter, we will obtain the electromagnetic analogues for a few of the 
more important optical principles and illustrate their use with examples. To simplify' 
this task, whenever possible we will make use of the results already developed in 
Chapter 3 for the plane-wave spectrum. ' 


4.1 Huygens’ principle: An alternate representation 

The representation we obtained in Chapter 3 considers the electromagnetic field in 
the half space z > 0 to be composed of a spectrum of plane waves; this is shown 
schematically in figure 4.1 a. Here the field on the reference plane z = 0 is assumed 
to extend over the aperture. |r '| < d/2. The entire spectrum of waves is required 
to represent the field at a point in the aperture. However, only a single plane Wave 
propagating in the direction of observation determines the field at a large distance, 
the radiated field. . • 

An alternate representation is shown schematically in Figure 4.1b. A set of dis- 
crete elements, Small patches of area, fills the aperture. Each of these elements 
•acts as a source radiating a spherically symmetric electromagnetic wave. The 
’superposition of the waves from these elements forms the electromagnetic field 
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4.1 Huygens’, principle: An alternate representation 


ASYMPTOTIC 

FIELD 




Fig. 4.1. Representations for the electromagnetic field in the half space z > 0. a) Spectral 
representation, b) Huygens’ principle. 


in the half space z > 0. At a point in the aperture, one element determines the 
field, whereas at a large distance, all of the elements collectively determine the 
radiated field. 

It is interesting to contrast these two points of view. In the former the entire 
spectrum of plane waves collectively determines the field in the aperture, but a 
single wave determines the radiated field. In the latter a single element determines 
the field in the aperture, whereas all of the elements collectively determine the 
radiated field. 

The alternate representation* we have outlined above historically preceded the 
spectral representation. Its optical counterpart is attributed first to Christiaan Huy- 
gens (1629-1695). Later mathematical formulations that express this idea are often 
referred to ns Huygens’ principle. Figure 4.2 is a reproduction of a drawing from 
Huygens’ treatise [1]. It shows his interpretation of the light produced by the flame 
of a candle. Each of the points in the flame, A, B, and C, acts as a source producing 
a spherical wave; these waves combine to determine the | wavefront at a distance 
from the candle. Huygens’ model, although novel for his time, lacked many of the 
features that are incorporated in electromagnetic theory. For instance, interference 
phenomena were not included. The radiation from individual elements may arrive 
at a point of observation with different relative phases and, therefore, add destruc- 
tively as well as constructively. The principle of interference was first introduced 
into optics by’.Thomas Young (1773-1829) in 1801 [2]. : : ; ■■ 

The two approaches, the spectral representation and Huygens’ principle, are 
totally equivalent; when correctly applied to a specific problem they produce the 
same numerical results for the electromagnetic field. However, the methodologies 
underlying the two approaches are quite different, and a knowledge of both increases 
our basic understanding of electromagnetic radiation. 
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Fig. 4.2. Illustration from C. Huygens’ Traiti de>Ja Lumikre , 1690 [1]. 


4.1.1 General formulation 

We will now obtain a rigorous mathematical expression for the electromagnetic field 
that incorporates Huygens" idea. We will restrict our argument to the geometry of 
Figure 4.1; that is, we seek an expression for the field in the half space z > 0 due 
to a specified field on the plane z = 0. There are many approaches we could use to 
derive this expression; however, since the spectral representation is available, we 
will simply rearrange it to obtain the desired form. 

From Table 3.3, the spectral representation for the electric field is 


E(r) 



Fx(k Xt kf)x 4“ Fy(Jc Xt ky) y 



Fx(kxi ky) -F 



z 


e ~ j{kxX+k y y+klZ) dk x dk y . (4.1) 

First, we will write this expression in a more compact form. Note that (4.1) is 
equivalent to ; 


im -dfll £ p + - ( f 4 + e ’b 

Zg-jikgX+kyy+ktz) 


\k z 


— dk x dky , 


(4.2) 
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which, after introducing 


- e-j(k x x+k y y+k t z) 

U = U x x + U y y = £ x F 


= -F v 


e - j(k x x+k y y+k t z) ^ e -j(k x x+k y y+k z z) 


'X + F } 


becomes 


Now, we recognize the integrand of (4.3) to be -V x U\ thus, 

— / r°° r°° 


dU x , . (dU 1 _dUy\. 

v dy . a* r 


0> + 


dk x dk y . (4.3). 


-00 J — 00 

r*oo r oo 


e -j(k x x+k y y-\-k t z) 


= 7 x L L £ x Hkx ' ky) 1 — Tr~~ dkxdky ■ (44) 


-OO d —OO 

When the spectral function from Table 3.3, that is, 

roo poo 


Z X F{k x ,ky) = f ( Z X E{x',y\z' = 0)e J( - kxX ' +kfy ' ] dx‘dy\ 

* J — OO J — 00 

is substituted, and the order of the integrations is interchanged, (4.4) becomes 
E(f) = 2V x 

—j roo' * oo ^jlkxXx-x^+kyiy-y'Mtf) 


•00 roo 

/ £ x e ( x \ y, y = o) 

/=-oo J x'——oo 


j f°° f°° 

,8tT 2 Jic^-oo Jk.=- 


“ dk x dky 


dx dy > , (4.5) 


with k z given by (3.81a), (3.81b), and z > 0. 

Surprisingly, the formidable looking integration within the brackets can be eval- 
uated in closed form: 

r 00 e -j[k x (x-x')+ky(y-y')+k t z) 


i.gr £ 


;y=-ow K x =—mj ,V Z 


-dkxdky 


(4.6) 


Airjix - a:') 2 + Ty - y') 2 + (z) 2 

The function G 0 is called the free-space, scalar Green’s function for harmonic time' 
dependence (George Green, 1793-1841); it can be written in a more compact form, 
by introducing the vectors 

r = xx + yy + zz, 

• ?' = x'x -F y'y -F z'£, 
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and 


then 


G*(r,F) = 


R = RR=zr-r'\ 

e -jKR e -jke\r-r'\ 


4nR 


4iz\r — r'| 


(4.7) 


where it is understood that z! = 0 for our case. We will have more to say about this 
function in Section 5.5. 

For those interested in the mathematical details, we will briefly describe the 
evaluation of the definite integral in (4.6); others may proceed directly to Equation 
(4.8). First, we will write the exponent in terms of the vectors R and k:. f . . 


r _zi r r 

^ “ 8tt2 7* 00 A,— 


,-jk-R 


k z 


-dk x dky. 


Next, the position in space, R , and the vector wave number, k, are expressed in terms 
of spherical coordinates. This was done in Section 3.6: The spherical coordinates 
in Figure 3.17a are used for R , with r replaced by R, and the spherical coordinates 
in Figure 3.17b are used for k. The integral then becomes 


G 0 = 


-jk 0 

%tc 2 


f f e ^ ^ sin \l/dxdyk> 
JC\/2 J x=—n 


where C\ji is the right half of the contour shown in figure 3.6. 

Now we will use a clever procedure introduced by^Hermann Weyl to quickly 
evaluate the integrals [3, 4]. The vector wave number k can be expressed in terms 
of the new coordinates k ' x , k ! , k[ (spherical coordinates k o ,a,0) shown in Figure 4.3 . 
These new coordinates are oriented so that the polaraxis, k' z , coincides with the 
direction of the position vector R. The angle between k and R is then the new polar 
angle a, so the exponent is simply 

—jk ‘ R = — jk 0 R cos a. 

Notice that sin \/r d% d\// is the differential solid angle dQ, which becomes sin adfida 
in the new coordinates (Appendix B). Using these observations, the integral 
becomes 


G 0 = 


-jk-o 

8 K 2 


II 


e jkoRcosa sfaadpdci. 


Weyl recognized from the theory of complex variables that the limits on the 
above integrals involving the variables a and would be the same as they were 
on the original integrals involving the variables \j/ and x; that is, a goes from 0 to 
tt/2 4- ;oo (the end points of the contour C \/2 in Figure 3.6) and goes from n 
to 7r. The evaluation of the integral is now straightforward: 


G 0 = 


8 7T 2 


/” / 

J fiss—n Jot — 0 


n/2+joo 


e i k ‘ >Rc0Sa sin adadp 



Fig. 4.3. The new coordinate system k' x ,k' y , k’ z (k 0 , a, 0) for the vector-wave number. The 
drawing is for a wave number with real components. 


as — ^£j__L_r e -;'*.«cos«l>r/2+foo] 

4n -1“=° J 

— 1 r e —jk 0 R _ g—kr ff sinhtoc)"] ^ 

4tr« L J - 4 k r \ 

Our final result for the electric field is obtained by substituting; (4.7) into (4.5): 

E(r) = 2V x / r Z x E(r')G 0 (r, r')dx'dy'\ - (4.8) 

This is a mathematical expression stating Huygens’ principle for our electromag- 
netic problem. At.each point on the plane z = 0, the field E(P) is the source of 
a spherically symmetric wave of the form G 0 {7, 7'). The superposition of these 
waves, after the operation 2V x (z x), comprises the electric field in the half space 
z > 0. The magnetic field that accompanies (4.8) is 

* - / 2 r°° r°° 

B{7) = — (V V • +kl) / / z x E(7')G 0 (7, 7')dx'dy'. (4.9) 

w J —oo J —oo ■ 

Table 4.1 summarizes these results together with those for the case where the 
tangential components of the magnetic field are specified on the plane z = 0. The 
second forms for the expressions in Table 4. 1 are obtained by moving the differential 

operators under the integral. signs (Problem 4.18). 1 

1 Here we have simplified expressions by using notation such as 
(1 - RR-)A — A — R(R • A). 
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Table 4. 1 . Huygens ’ principle for fields: harmonic time dependence 


E(r) = 2 V x f°° f°° £ x E(r') G 0 (r, r')dx'dy' 

7 — oo 7 — oo * 

= -2 jko J_ co J_ oo ^ x [ ix (*- G 0 (r,r')dx'dy' 

_ 2 / • /•OO roo 

S(r) = -i ( V V • + * 0 2 ) / / £ x £(?') G 0 (r, r V* V/ 

W 7—00 7—00 

-^££H«-(^£-H 


[jxHIrl^F.rW 


—7 in r°° r°° 

£(?) = -r^CW ■ +£) 

./-oo ./-oo 


/ f°” £xi(?)(?„(f,r>V 

/—DO /— OO ■ 

-refill [" - "->-(6 + 


[z x fl(F)]G 0 (r, PJrfjf'rf/ 
/•oo poo 


B(r) = 2 V x (°° f°° £ x B(r') G 0 (r, r'^jc^y' 

7 -oo 7 -oo 

- - VK £ £ * * I s * i<? >] (‘ - la) 


G 0 (r,r') = 


e —jk 0 R e -jk 0 lr-r'\ 


4*R 4jr|r-r'| 


4,1.2 Radiated field 

At a large distance from the aperture, the expressions in Table 4. 1 for the electromag- 
netic field simplify to become the radiated field. The radial distance r must satisfy 



• % 

k 0 r » 1 

(4.10) 

and 

r'/r < d/2r <$C 1. 

c> • 

(4.11) 


The first of these inequalities states that r must be large compared to the wavelength 

b 
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Fig. 4.4. Coordinates for evaluation of the radiated field. 


[k 0 r = 27t (r/X 0 )]\ the second states that r must be large compared to the maximum 
dimension ( d ) of the aperture. 

The Green’s function G 0 (r , r) (4.7) depends upon the distance R, so first we 
will consider the approximation of this distance using (4.1 1). From Figure 4.4, 

R = |r - r\ = y/r 2 + r'2-2rr' cos y/r = r >/l + (r'/r) 2 - 2 (r'/r) cos y/r , . 

' (4.12) 

where y/r is the angle between the vectors r and ? . The binomial series for R is 
R = r 1 1 + ^[(r'/r) 2 - 2 (r'/r) cos y/r] - ^[(r'/r) 2 - 2(r'/r)oos y/rf + . . • J 
= r - / cos \// + i r'(r f /r ) sin 2 y/r H . (4.13) 


In applying this result to the Green’s function (4.7), we will- consider the ampli- 
tude and the phase of the function separately. The amplitude of G 0 (r t r) is 


JL_ 

R 


1 — (r'/r) cos yj/ -f i( r'/r ) 2 sin 2 y/r ■ f • • • 


■l-i 



(4.14) 


where the approximation clearly follows from (4.11). The phase of G 0 (r, r') is 

k 0 R = — k 0 r ' cos ^ 4- -/^'(PA) sin 2 ^ + *• * • 

‘ ; ^ k Q r - k 0 r' cos y/r = k Q (r - r • r'), (4. 15) 

where in the last line, we have recognized r' cos y/r to be the projection of r onto r 
(see Figure 4.4). 
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Notice that. in approximating R , we have kept an additional term (fc 0 r' cos VO in 
the phase (4. 1 5) that we did not keep in the amplitude (4. 14). Even though this term 
is much smaller than the first term ( Jc 0 r ) in the series (4.15), it cannot be ignored 
for it may still represent a significant phase; that is, 

e Jk 0 r' cosVr i 


The third term in the series (4. 15) can always be made negligible because of (4. 11). 

Precisely how large r must be to make this approximation (4.15) for the phase 
acceptable, of course, will depend on the particular field specified on the plane 
z = 0 and on the accuracy desired. However, a useful inequality can be established 
by noting that r' < d/2 and sin \j/ < 1; thus, the third term of the series (4.15) is 
negligible, provided 


or 




7T 

r>> 8 



(4.16) 


In general antenna analysis, this inequality is often replaced by [5] 



(4.17) 


In other words, an error in the phase as large as 7t/8 = 22.5° is allowed. We should 
emphasize again that the adequacy of a criterion like (4.17) for using the radiated 
field depends on the particular problem being considered and the accuracy desired. 

After substituting (4.14) and (4.15), the approximation for the Green’s function 
is obtained: 

e -jkoTr-r-r') 

G « (rV)= " 4 • (4J8) 

The electric field (Table 4.1) is now 



? x z x E(r') 



g-/*»(r-rr') 


An r 


dx'dy\ 


where we have used (4.14) and made the following approximation for the unit 
vector R : 






R 


(4.19) 
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Table 4.2. Huygens 1 principle for radiated fields: 
harmonic time dependence 


_ r — jJcr, e~j^o r r°° r°° ^ . i a - 

E (r) = -f-E rxzx / Efr'W V * r' 

• 2 * r 7-00 7-1 


E(r )e JK ° r * r dx'dy' 

— g J K o r roo r oo A -»/ 

"'■ST — — iY ' riy ' 


iV) - • 


-00 J — oo 

r 00 r 00 . 


= - r x E\r) 
c 


-r jk 0 C e J k ° r A A A f 00 ^ ^ 

£ (0 = — rxrxzx / fl(r ) e jk ° r ‘ ^ dx dy' 

. r J 7 —oo 


_ r — jk.„ e jko r foo /'•oo 

(r) = ~ — fxi *)_ O0 }_ B ^ el ° r '[ **'*y r 
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After using (4.10), we obtain our final result for the radiated electric field: 

E (r) - — r x £ x J j E(r')e jk ° r ? dx'dy'. (4.20) 

The accompanying radiated magnetic field can be obtained in a similar manner: 


B (?) = 


-jk B e jk ° r A ' 


27TC 


r x r 


x Z x f °° Z 00 E(r')e Jk °' r f ' dx'dy' 
7 — oo 7 —oo 


= - f x E r (jr). 
. c . . 


(4.21) 


Since neither of the vectors (E , 5 ) has a radial component, it is evident that the 
radiated field is transverse to the direction of propagation (?) - a feature expected 
from our previous analysis. The formulas for the radiated field are summarized in 
Table 4.2. • 

The inequalities we have used in obtaining the radiated field are 


k Q r » 1, 
d/2r < 1, 


(4.22a) 

(4.22b) 
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and 



(4.22c) 


The three are not independent; if the strengths of the inequalities are taken, to be the 
same, then any two of the inequalities imply the third. For example, when. (4.22a) 
and (4.22b) are satisfied such that k a r = 100 » 1 and djlr = 1/100 << 1, 
then (4.22c) is also satisfied, since (l/2)k a r(d/2r) 2 = 1./200 « 1. It is gratify- 
ing to see that these; inequalities for the radiated field are essentially the same as 
those obtained earlier from spectral analysis, k 0 r » 1 and (4/nr)k 0 r(d/2r) 2 « 1 
(3.74). ' : • 

To illustrate the use of these formulas, we will again consider the uniformly 
illuminated circular aperture with the geometry shown in Figure 3.21' and with the 
electric field on the aperture plane given by (3.104). On substitution of (3.104) and 
a change of coordinates from rectangular (x\ yO'to circular cylindrical (p' : <f>'), the 
radiated electric field (4.20) becomes 


E\r) 


jk„ • e-J**' 

2 ^ e °~ 7 ~ 


(sin <p§.+ cos 0 cos 00) 


pdf'! p2n 

/ / e ;*.p' S »n9cos U-4>') p ' d( p' dp < 

J p '= 0 J cp'=Q 


(4.23) 


(see Problem 4.1). We have considered the integrals appearing in this expression 
before; using (3. 109) and (3. 1 1 1 ) they can be evaluated to give 


E\r) 



2/ 1 (Y sinfl) 
^ sin0 


(sin 0 0 + cos 0 cos 9 0). 


Notice that, as expected, this is the same result obtained using the plane-wave 
spectrum (3.113). 


4.1.3 Discussion 

Formulas that can be used to continue a field from a surface into an adjoining 
region of space are prevalent in electromagnetics and optics. Their inception dates 
from the treatise of Huygens that we have already mentioned. These formulas 
are not necessarily restricted; to plane surfaces as are the results presented in this 
section. For example, when all sources are exterior to the volume V (Figure 4.5), 
the electromagnetic field interior to the volume is given by the following formulas 
[6-9]: 


E(r) = V x (fp [n x J^rOjG^r, r')dS' 


~Y 0 (VV ' +k ° ] § s 1" X r')dS' 


(4.24) 


4.2 Fresnel zones 
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B(r) = V x jj) [ii x B(r')]G 0 (r, r')dS‘ 

+ Aw • +k 2 0 ) [n x E(.r')]G 0 (r, r')dS': (4.25) • 

Here the integrals involve only the tangential components of the field on the closed 
surface S with inward pointing normal h. When the surface S is the plane z = 0 
closed by a hemisphere of infinite radius (the volume V is the half space z > 0), 
these formulas can be related to the results in Table 4.1 (Problem 4. 9). 

4.2 Fresnel zones 

Accurate evaluation of the integral in the electromagnetic Huygens’ principle (4.8) 
is generally a formidable task, made practical only by the advent of electronic com- 
puters. Simple techniques, based on physical principles, can be used to approximate 
the integral. Although these techniques do not give precise values, they often can 
increase our understanding of the electromagnetic phenomena. We will examine a 
technique based on procedures first introduced into optics by Augustin Jean Fres- 
nel (1788-1827) [10], Recall that Huygens did not include interference phenomena 
in his original principle and that Young introduced the interference principle into 
optics about one hundred years later. Fresnel combined the ideas of Huygens and 
Young in a geometrical construction, which he used to explain, for the first time, 
many of the observations of optical diffraction. 

We will confine our discussion to the evaluation of the electric field on the axis of a 
uniformly illuminated circular aperture. The geometry is the same as in Figure 3.21, 
with the field on the aperture plane specified by (3.104). The circular cylindrical 
coordinates for a point on the aperture plane are p, 0, z = 0; those for the point 
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of observation on the axis are x = 0, y = 0, z. The integral for the electric field 
(Table 4.1) is then (see Problem 4.20) 


- Ei f 2 * r d / 2 / 1 

£(*) = r-/ / (zy + psin<fiz)( — 

0=0 y />=0 \ P 2 + 4 


ih 


Vp 2 + - 


e -jkc^J P 1 +l 2 


pdpdip. 


(4-26) 


After evaluating the integral with respect to <f>, we find that E{z) = E y (z)y with 

rd,2 / . v 

£-■/*.( W+* 2 -*) 


Vp 2 + - 


-dp. 


(4.27) 


Now we will concentrate on the all-important exponential term in the integrand of 
(4.27). The exponent is the difference in phase for two waves: a wave that propagates 
from t he radial position p in the aperture to the observation point over the distance 
r = y P 2 + z? and a wave that propagates from the center of the aperture to the 
observation point over the distance z. With z held fixed, this phase difference will 
be a multiple of n when 


k 0 ( r n — z) — k 0 (^J p 2 + z 2 — z^ = nn. 


n = 1,2,3,... 


or 




(4.28) 


(4.29) 


The annular regions that these circles define on the aperture plane are called Fresnel 
half-period zones ; they are illustrated in Figure 4.6. The first zone extends from 
P = 0 to p = pi, the second from p = pi to p = p 2 , etc. 

An integer number m of these zones just fits within the aperture of radius d /2 
when the observation point is at z m . To determine z m , we let n = m, p. = d/2, and 
z = z m in (4.29): 


d 

2 




mA ( 

Tyv 2 


■> 


which, when rearranged, becomes 

Z«Aa = — [(d/A.„) 2 -m 2 ], m = 1,2, 3, ...,m max , (4.30) 

where m raax — Integer Part(J/A 0 ) is the maximum number of zones that can fit 
within the aperture. For this case (the observation point is at one of the z m ), the 



Fig. 4.6. Fresnel zones on the aperture plane. The first four zones are shown. 


integral in (4.27) can be expressed as a sum of m 
zones: 


E y (z m ) = -E l 0 e~ ik,tm J2 


integrals, each over one of the 


" f pl Zm 

1 

( , j ) 

_ Jp=pi - 1 y/ p 2 + 

4 

\ Wp 2 + 4' 


■: x(-jkoP)- 


-jko(^P 2 +zl-Z m ) 


fp 2 + $ 


-dp 


(4.31) 


In this formula po = 0. 

To this point, we have not introduced a ny approx imations into the evaluation of 
the integral. Let us now assume that k oy /p 2 + z 2 m » 1, so that we can drop the 
second term in the parentheses above. In addition, we will assume that the first 
factor in the integrand varies little over each Fresnel zone; hence, it can be replaced 
by its value at the inner radius of each zone; thus, in the i-th zone, ; . 


Zm 


Zm 


^ 2 + Z » yjpU+li 

With these approximations, (4.31) becomes 


E y (z m ) = -E‘ 0 e-J^J2 
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(4.32) 
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Table 4.3. Fresnel zones for circular aperture, d/\ 0 = 8.0 


Number of zones 
filling aperture 

m 

» 

Observation point 
Zm/^o 

\EyUm)/E‘ 0 \ 

1. 

15.75 

2.00 

2 

4 7.50 

0.13 

3 . 

4.58 

1.84 

4.' 

3.00 

0.45 

5 : 

1.95 

1.59 

6 

1.17 

0.90 

7 ■ 

0.54 

1.51 

8 ; 

0.0 

- 


the integrals in (4.32) are easily evaluated to give 


m 

£,(?*) = Yj 


Zm 


‘~ i y Pi~ i 


+ 4 


z[e W3+5 z m)_ g—jkoi^/ 


or, on inserting (4.28) and (4.29), 

E y ( Z m) = 2E l 0 e~^ koZm ^ A/, 

»=i 

where 


(- 1)' +1 

l + (/-l)A 0 /2z m * 


(4.33) 


The properties of the series in (4.33) are best described by a numerical example. 
We will let the electrical size of the aperture be d/X Q = 8.0, since we have already 
considered this case in detail (Figure 3.26). The values of z m /k 0 and \Ey(z m y/ E^ 
form = 1, 2,.._. , 8 are given in Table 4.3 and are graphed in Figure 4.7a. The curve 
was drawn freehand between the calculated points. A comparison of Figure 4.7a 
with Figure 3.26c shows that our estimate for the field based on (4.33) is in good 
qualitative agreement: with our previous more accurate results. 

The field is seen to oscillate with zj k 0 and to have a relative maximum whenever 

an odd number of zones fills the aperture, m = 1,3 and a relative minimum 

whenever an even number of zones fills the aperture, m = 2, 4, ... . We can easily 
explain these observations by recalling that the phase of the radiation received 
from a point in' the aperture increases by n as the point moves radially outward 
through each Fresnel zone. As a result, radiation from a point in the zone n is nearly 
cancelled by the radiation from a corresponding point in the adjacent zone n + 1. 
Thus, whenever there is an even number of zone.s in the aperture the net radiation 
from the aperture is small. 
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Fig. 4.7. a) Normalized field along z axis for a uniformly illuminated circular aperture 
with d/\ 0 = 8.0. Points are calculated from Fresnel zones, and curve is sketched freehand, 
b) Fresnel zones in aperture when observation point is at various positions, z/k 0 (A, B, C). 


Once z/k 0 is greater than about 16, less than one Fresnel zone fills the aperture. 
The field then ceases to oscillate with increasing z/k 0 and decays monotonically, 
eventually assuming the form for the radiated field: E y oc exp(— jk 0 z)/z- 
The construction based on Fresnel zones, although approximate; provides a useful . 
physical interpretation for the structure of the field near the aperture. The struc- • 
ture results from constructive and destructive interference of the radiation from 
different parts of the aperture. The Fresnel zones provide an approximate method 
of accounting for the phase difference that occurs when radiation propagates from 
different regions in the aperture to an observation point. They are used in the design 
of practical device's .such as the zone plates discussed in Problem 4^2. 


4.3 The scattered field 

In Chapter 3 we considered problems like those shown in Figures 3.7 and 3.21, 
where an incident electromagnetic field (a plane wave) interacts' with a perfectly 
conducting object (a plane^ screen with aperture). For these problems, the total 
electromagnetic field (E , B ) throughout space can be thought of as being com- 
posed of two_terms: the specified incident field (£ ,5*) and the scattered or rera- 
diated field (£ , B ), which is the field produced by the charge and current induced 
in the object by the incident field: 


&' = e‘ 4- E s 


B 1 = S ‘ + B\ 


(4.34) 
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RECEIVER 



TRANSMITTER 


INCIDENT WAVE 


CONDUCTING 

TARGET 




Fig. 4.8. Schematic drawing of simple radar system. 


Inside the perfectly conducting object, the total field is zero; that is, the scattered 
field cancels the incident field. * \ • . 

The scattered field contains information about the object, such as its shape and 
orientation, and is important in radar, figure 4.8 shows a schematic drawing for 
a simple radar system. The transmitting antenna radiates the incident field, which 
closely approximates a plane wave at the target. The current induced in the target 
by the incident wave produces the scattered wave, which is approximately a plane 
wave at the receiving antenna. The received signal is processed to obtain information 
about the target. 

The radar signal is a pulse-modulated carrier of frequency / (see the inset in 
Figure 4.8 for a typical signal). The duration T of the pulse is chosen so that 
it contains many cycles of the carrier (Tf 1). When the length of the pulse 
in space, cT t is large compared to the dimensions of the target ( cT » d), the 
interaction with the target is approximately the same as if the incident field were 
monochromatic (purely time harmonic). 

Notice that it is the pulsing of the signal that allows the separation of the incident 
and scattered fields in this radar system. The transmitter and receiver are often at the 
same location (monostatic radar) at the distance r from the target. The transmitter 
produces a pulsed incident field at the receiver, the direct wave in Figure 4.8, which 
is followed by the pulsed scattered wave at a time approximately t = 2r/c later. 
The pulses for the incident and scattered fields are separated in time, provided 
2 rfc >T. 

For the cases we have considered, the object producing the scattered field is 
fairly simple: a plane, infinitesimally thin, perfectly conducting screen containing 
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Fig: 4.9. Scattered field produced by charge and current in plane screen. 


an aperture. The geometrical and electrical simplicity of :this scatterer leads to 
certain symmetry for the scattered field, which we will examine next. Recall that 
the incident field induces charge and current in the perfectly :conducting screen and 
that the* charge and current, in turn, produce the scattered field. For calculating the 
scattered field, we can then remove the screen and replace it by the Surface densities 
of charge and current. The perfectly conducting screen first can be thought of as 
having finite thickness; there are then surface densities of charge and current on 
both sides of the screen: p+, If ; p~; J s . As the thickness of the screen is made 
infinitesimal, the surface densities associated with the two sides combine into one, 
and the screen can be replaced by the surface densities p 5 = p + + / 0 “, J = 

K + h • 

The symmetry of the scattered field is easily deduced by considering the elements 
of charge and current, p s dS and J s dS t in the screen (see Figure 4.9). The tangential 
components of the electric field are the same on both sides ( z = 0-f-, z = 0—) 
of the screen, whereas the normal components are equal in magnitude but point 
in opposite directions. Within the aperture the normal component- of the scattered 
electric field is zero. The tangential components of the magnetic field are equal in 
magnitude but opposite in direction on the two sides of the screen, whereas the 
normal components are the same. Within the aperture the tangential component of 
the scattered magnetic field js zero. 

The symmetry observed for the fields on the two sides of the: screen extends 
throughout the half spaces. This can be seen from the plane-wave spectral rep- 
resentation, where the field in the half space z > 0 (z < 0) is determined from 
the field on z = .0 + (z = 0-). These results are summarized below and in 
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b) 


z = 0- 


z = 0+ 


Fig. 4.10. a) Symmetry for scattered field on the two sides of the screen, b) Components 
of the total field on the screen and in the aperture. 

Figure 4.10a: 


?,(<) = 

£?(>), : 

h x ji\<) =.h 

x i\>) ; 

(4.35a) 

En(<) = 


fi ■ E\<) = 

-n ■ E\> ) 

(4.35b) 

£>) = 

0, h 

~*s 

. E (0) = 0, in the aperture 

(4.35c) 

b;«) = 

-b;(». 

h x b\<) = 

- h x B\>) 

(4.35d) 

K(<) = 

*»(>). 

h ■ B\<) = h ■ 

b\>) 

(4.35e) 

bU 0) = 

0 h 

x B S (P) = 0, in 

the aperture. 

(4.35f) 


Here we have introduced a shorthand notation (symbols in the arguments of the 
field) to indicate the location in space. For a point in the right half space (x, y t z, 
with z > 0), we use the symbol > ; for the corresponding point in the left half 
space (x, y , - z ), we use the symbol < ; and for a point on the plane z = 0, we use 
0. The subscripts t and n refer to the components of the field that are tangential and 
normal to the plane z = 0, respectively. 

These results- together with the electromagnetic boundary conditions for a perfect 
conductor (Table 1.6), determine the total- field (4.34) on the surface of the screen 
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and in the aperture. This is summarized in Figure 4.10b. Notice^ in particular, that 
in the aperture the normal component' of the total electric field and the tangential 
components of the total magnetic field are the same as these components for the 
incident field: 

B n (0) = £ n (0)» « • E (0) = n • e\ 0), in the aperture (4.36a) 

5^(0) = b[(0), h x S\o) = h x fTfO), in the aperture. (4.36b) 

The results we have obtained show that once the field (total or scattered) on one 
side of the screen (z > 0 or z < 0) is known, the field on the other side is also 
known. For example, in our discussion of the circular aperture in Section 3.7, we 
obtained an approximation for the total field e\ B * on the “shadow side” of the 
screen, z > 0. The field on the “illuminated side” of the screen, z < 0, is easily 
obtained from these results using (4.34) and (4.35a-f). 

As a simple, almost trivial, illustration of these results, consider the geometry in 
Figure 3.21 for the case when there is no aperture in the screen ( d = 0); a normally 
incident plane wave then illuminates an infinitely large, perfectly conducting screen. 
Of course, the total field in the right half space (z > 0) is zero: 

e\>) = 0. 

or 

E (>) = —£*(>) = —E l 0 e~J k ‘ z y. 

After noting that the electric field has only a tangential component, we have front 
(4.35a) 

E s (<) = E\>) = -E i 0 eJ' k ° z y 

and from (4.34) 

£'(<) = e‘(<) + e\<) 

'i = E' 0 e~ Jk ° z y - Ey k °*y 

= -IjE^SMikoz)}. 

As expected, there is a pure standing wave in the region z < 0. Recall that this is 
what Hertz observed in his famous experiment in which an electromagnetic wave 
was reflected from a large, metallic sheet (Section 2.7). 

4.4 Babinet’s principle 
4.4,1 Optical formulation 

In Figure 4.11a we show the optical counterpart of the problems we have been 
discussing: The light- from a source falls on a plane, opaque screen containing an 
aperture. Notice that in optics the screen is considered to be opaque rather than 
perfectly conducting. We will call the arrangement in Figure 4.11a the original 
problem. There is a corresponding complementary problem shown in Figure 4. 1 lb. 
Here the areas on the plane z = 0 occupied by the opaque screen and the aperture in 
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ORIGINAL PROBLEM b) COMPLEMENTARY PROBLEM 


U* 



SOURCE 


c) SOURCE ALONE 

Fig. 4.1 1. Diagrams describing Babinet’s principle in optics. 

the original problem are interchanged; the region occupied by the aperture is now 
the obstacle. 

In 1837 Jacques Babinet (1794-1872) briefly mentioned in a memoir on mete- 
orological optics a connection between the optical effects produced in these two 
problems [11]. The mathematical statement of this relationship has since become 
known as Babinet’s principle [7, 12]. Consider the light source shown in Fig- 
ure 4.11c. In the absence of any screen or obstacle, the source produces the incident 
field U l , (Here U is the scalar field of classical optics and is not to be confused 
with the electromagnetic field.) The irradiance or intensity is / = |t/| 2 . 

When this source is used with the screen in Figure 4.11a, the field is U a for z > 0; 
whereas, when it is used with the obstacle in Figure 4. 1 lb, the field is U b for z > 0. 

‘.Babinet’s principle is that \ 

U a + U b = U\ . (4.37a) 

or 

U b = U ( - U a . (4.37b) 

Hence, once the solution to the original problem is known, the solution to the 
complementary problem is automatically known. 

The relationship between the irradiances or intensities is 

h = i£4| 2 = I 1 ' + I a - 2Re(I/ , £/*) l (4.38a) 

or ' ‘ 

I a = \U a \ 2 = I i + I b -,2mu i u;). (4.38b) 




Fig. 4.12. Diagrams describing Babinet’s principle, in electromagnetics. 


An interesting consequence of the principle is that at any point where the irradiance 
is zero for one of the problems, the irradiance for the other problem equals that of 
the incident field. 'For example, if the irradiance in the aperture in Figure 4.1 la is 
assumed to be that of the incident field, /„ = I 1 , then the irradiance directly behind 
the obstacle in Figure 4. 1 lb is zero, I b = 0 (a perfect shadow). 


4.4.2 Electromagnetic formulation 

The electromagnetic counterpart of Babinet’s optical principle is best explained by 
first stating the principle and then showing that it follows directly from Maxwell’s 
equations and the symmetry for the field presented earlier in Section 4.3. 

Consider the sketches in Figure 4.12. The original problem, shown in Fig- 
ure 4.12a, consists of the original source and a plane, infinitesimally thin, perfectly 
conducting screen containing an aperture. The original source produces the incident 
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field E l a , cB l a (a solution to Maxwell’s equations) when the screen is absent. Here 
we represent the magnetic field by the quantity cB t which has the same units as the 
electric field. ■ 

The complementary problem , shown in Figure 4. 12b, consists of the complemen- 
tary infinitesimally thin, perfectly conducting obstacle whose shape is the same as 
that of the aperture in the original problem. The complementary' source produces 

the incident field E b , cB b (a solution to Maxwell’s equations) with the obstacle 
absent, and this i§ related to the incident field of the original source: 2 


: ^ = -c5l, cSl^E 1 ,,. 

(4.39) 

Notice a significant difference from the optical principle, where the sources are fhe 
same for the original and the complementary problems. 

The electromagnetic form of Babinet’s principle states that in the half space 
z > 0 the electromagnetic fields for the original and the complementary problems 
satisfy the relations [13, 14] 

E ] b = ( E b - e [ ) = cB a 

(4.40a) 

and ■ 


: cB s b = (cB b - cB‘ b ) = -E ai 

(4.40b) 


where we have.used the notation for the scattered field introduced in (4.34). 3 

To prove this principle, we will consider the equations- that determine the total 
field ( E a , cB a ) for the original problem and the scattered field (££, cB* b ) for 
the complementary problem. For the original problem, the total field must satisfy 
Maxwell’s equations in the half space z > 0, 

V x = —jk 0 (cB a ) t V x (cB a ) = jk 0 E a , (4.41) 

and on the plane z = 0, 

h x E a = 0 on 1 (screen) (4.42a) 

n x (cB a ) = n x (, cB' a ) on 2 (aperture), (4.42b) 

where the last result follows from (4.36b). 

The scattered field for the complementary problem is due to the charge and 
current in the obstacle; it is also a solution to Maxwell's equations in the half space 
z > 0, 

V x E s b = -jk 0 (c§ 5 b ), V x (cB s b ) = jk 0 E s b , (4.43) 

2 Some authors define the complementary source so that the minus sign is in the relation for cB* h and 
not in the one for e\. Actually, only one of the two relations in (4.39) need be specified; the other 
follows from the fact that both incident fields (a and b) satisfy Maxwell’s equations (Problem 4.7). 

3 Here we have dropped the superscript t used previously in Section 4.3 to indicate the total field. 
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Fig. 4.13. Experimental confirmation for the electromagnetic Babinet’s principle for a 
circular aperture with d/\ 0 = 3.0. a) Experimental arrangement, b) Measured results. 
(Measured data from Ehrlich et al. [15].) 


and on the plane z = 0, 

h x (cBl) = 0 


on 1 


n x E b = 


-h x E b = h x ( cB a ) on 2 (obstacle). 


(f44a) 

(4.44b) 


In obtaining the last result, (4.39) was used. 

Now we notice that Equations (4.43), (4.44a), and (4.44b) become Equations 
(4.41), (4.42a), and (4.42b) when we make the substitution E* b -» cB a > cB* b -> 
— E a - Hence, the solutions to Maxwell's equations for the fields of the original 
problem and complementary problem are related by (4.40a) and (4.40b); that is, 
they are related by Babinet’s principle. 

Convincing experimental verification for the electromagnetic Babinet’s principle 
can be obtained from microwave measurements such as those described earlier 
in Section 3.7 and Figure 3.26a. The arrangement for one such measurement is 
sketched in Figure 4.13a [15], Here the original problem is for a circular aperture 
in a plane metallic sheet, and the complementary problem is for a circular metallic 
disc (obstacle). The original and complementary sources produce approximately 
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plane waves, normally incident on the aperture/obstacle. Small probes, are used 
to measure the electric and magnetic fields close to the aperture/obstacle on the 
shadow side (z > 0): E y and B y as functions oix/k 0 with z = k 0 . 

From Babinet's principle, (4.39), (4.40a), and (4.40b), for this case we have 

cBb y c Bb y = E ay , 


or, on dividing by cB l byt 


Bby __ J _ Egy ^ E ay 


B\ 


by 


cB ‘by 


E ‘°> 


Bby _ J 


B 


by 


(4.45) 


Figure 4. 13b shows measured results for a circular aperture and disc with diameter 
d/X. 0 — 3.0 [15]. The solid dots show E ay /E l ay for the aperture, and the open dots 
show Bbyt B l by for the disc. The crosses show the sum of these two measurements, 
which should equal 1.0 according to Babinet’s principle (4.45). 


4.5 Transmission coefficients and scattering cross sections 

It is customary to describe the transmission through an aperture and the scattering by 
an obstacle in terms of certain quantities: transmission coefficients and scattering’ 
cross sections. When the screen and obstacle are formed from plane, perfectly 
conducting sheets, these quantities for complementary apertures and obstacles are 
simply related through Babinet’s principle. 

The directional characteristics of the radiation from an aperture are described by 
the directivity of the aperture , D A , which was introduced in Section 3.7. When the 
aperture is illuminated by a plane wave incident in the direction £,-(0/, <£,), as in 
Figure 4. 14, the directivity in the direction £(0, 0) is 

D a $, ki) 

time-average power per unit area radiated in the direction 0, (f> 
time-average power radiated per unit area averaged over all directions 


■ • 4 ff r 2 |£ r (g, 0)| 2 • 

f^o fe^o |£>. ^')l 2 r 2 sin 0'dVd#' ~ 


(4:46) 


The transmission coefficient is a measure of the total power transmitted through the 
aperture of area A: 


a _ total time-average power transmitted thr ough the aperture 
A • (time-average power per unit area of the incident plane wave) 


4>')\ 2 r 2 sin 9'dd'd^ 


A\e‘ 0 ? 


(4.47) 
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Fig. 4.14. Coordinates for describing transmission through an aperture and scattering by 
an obstacle. 


The scattering cross sections describe the power scattered by an obstacle relative 
to the power per unit area of the incident plane wave; they have the dimension of 
area [16, 17], For the coordinates in Figure 4.14, the bistatic of differential cross 
section is 

or(£, £,) = 

[ 47rV 2 • (time-average power per unit area scattered in the direction 0, 4>) ] 


(4.48) 


L time-average power per unit area of the incident plane wave 

4;rr 2 [£ Jr (fl, 4>)\ 2 

' \ e [\ 2 


Notice that the numerator of this expression is the total power scattered by a fictitious 
obstacle that radiates the same field in all directions (isotropic scatterer) as the actual 
obstacle radiates in the direction k. For the special case k ±= —£,■ (0 = n — 0,- , 0 = 
0/ 4- ?r), the bistatic cross section is called die monostatic or backscattering cross 
section: 


a B $i) = cr(-ki, it). I ■ i . (4.49) 

This cross section is particularly important for radar systems that have their trans- 
mitter and receiver at the same location. 4 
The total scattering cross section is a measure of the total power scattered by the 

■ r . • ■' 

4 When the radar uses the same antenna for transmission and reception, the backscattering cross 
section is sometimes referred to as the radar cross section , and it is defined so as to include the state 
of polarization of the antenna. The numerator of (4.48) is then the part of the power in the scattered 
■ wave that can be received by the antenna [18]. 
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obstacle: 

total time-average power scattered ■ 
time-average power per unit area of the incident plane wave 


_ /;io / g " =0 l^ r (^'. <P')\ 2 r 2 sin 9'd9'd<p' 


|£ll 2 


(4.50) 


All of these quantities, (4.46)-(4.50), depend upon the state of polarization for the 
incident wave, even though this is not shown explicitly in the formulas. 

Using Babinet’s principle, it is a simple matter to show that the above quantities 
describing transmission and scattering for complementary apertures and obstacles 
are related (Problem 4.3) by the equations 

cr(ic, Hi) = x(ici) A D A (k, £,). ( 4 . 51 ) 

<rB(£i) = r(£,)A,D A (£/, £,). (4.52) 

and 


0T(h) = 2 A x (£/). 


(4.53) 


We will illustrate the use of these formulas by again considering the comple- 
mentary problems of transmission through a circular aperture and scattering by a 
circular disc. Recall that in Section 3.7 we used Kirchhoif s approximation with the 
plane-wave spectrum to estimatethe field transmitted through a circular aperture 
illuminated by a normally incident plane wave (£,• = £). We can now use these 
results to estimate the field scattered by the circular disc. 

We will only consider the radiated field, for which 

E r = -£ x (cB\ cB r = £x E\ 
making Babinet’s principle (4.40a, b) 

. ^Di SC = £ 


B 


Disc ‘ 


or 


I^Dis 


x e\ 

Aperture ' 

(4.54a) 

~*r 

X ^ Aperture » 

(4.54b) 

1 -^Aperture 1 » 

(4.55a) 


' “^Aperture 1* 

(4.55b) 


Thus, the field patterns for the circular aperture (Figures 3.23 and 3.24) apply to 
the scattered field for the circular disc. Ifiey are actually cr 1/2 (£, £) multiplied by 
a constant. Notice, however, that the principal E-plane (H-plane) pattern for the 
aperture is the principal H-plane (E-plane) pattern for the disc. From these results, 
we see that a .normally incident plane wave is scattered by an electrically large 
disc most strongly in the forward (k = £, = £) and backward (£ = -£,■ = -£) 
directions. 
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4.5 Transmission coefficients and scattering cross sections 

The radiated field (3.113) and directivity (3.116), previously obtained for the 
aperture using Kirchhoff’s approximation, can be used with Equations ' (4.47), 
(4.52), and (4.53) to determine the transmission coefficient of the aperture and the 
scattering cross sections for the disc at normal incidence (£/ — 2). (Problem 4.4): 


t(£) 


(M ) 2 

4 D a (z, £) 


n 2 d 2 

k 2 D A (z, 2 ) ' 


°a(£) = *(.z)A D A (z, z) ■ 


(k a d) 2 A n 2 d* 


4^o . 


(4.56) 

(4.57) 


cr-r(z) = 2 A r (£) : 


7T 3 C? 4 


(kpdfA 
2 D a (z, £) “ 2k 2 D A (z, £)' 


(4.58) 


where A = 7t d~ / 4 is the area- of the disc. These approximate results are com- 
pared with exact results and measurements in Figure 4.15 [19-22]. As expected 
from our earlier discussion in Chapter 3, the approximate results are in reasonable 
agreement with the exact results only for electrically large apertures and discs, 
k 0 d > 10 (d/X 0 > 1.6), in which case D A (z, £) 4 nA/X 2 0 (3.129a), making 


r(£) 1 (4.59) 


and 


<r r (£) « 2 A = nd 2 !2. (4.60) 

We will say more about the exact results in Figure 4.15 when \ye discuss scattering 
from electrically small discs in Section 7.6. 

As you might expect, the power ttansmitted through the electrically large aperture 
is simply the physical area A times the power per unit area of the normally incident 
plane wave, making the transmission coefficient (4.59) one. For the electrically 
large disc and normal incidence, the total scattering cross section (4.60) is twice the 
physical area A. This may seem surprising, since at first glance it may seem that 
the disc should block, hence scatter, the amount of power contained in the area A 
of the incident wave, not in the area 2 A. There is a simple physical explanation for 
this result. • 

On a plane directly behind the electrically large disc (Figure 4. 16a), the total field 
is approximately zero in the shadow and equal to the incident field on the remainder 
;of the plane. Hence, the scattered field is approximately equal to the negative of the 
incident field in the shadow and zero on the remainder of the plane. This means that 
the total power scattered into the right half space ( z > 0) is approximately AS' 0 , 
where S l 0 is the time-average power per unit area of the incident plane wave. Owii)g 
to the symmetry of the problem, the currents in the disc radiate the same power 
into the right and the left half spaces, so the total power scattered is 2 A 5^, making 
ctt ^ 2 ASq/SI = 2A. This result, <jt % 2 A, is true for an electrically large, planar 
obstacle of any shape illuminated at normal incidence. 

Our knowledge about the scattering from the electrically large disc can be used to 
gain some physical insight into the scattering from other electrically large obstacles 
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Fig. 4.15. Cross sections for a disc irradiated at normal incidence, a) Total scattering cross 
section versus k 0 d. b) Backscattering cross section versus k a d. (Theoretical results from 
Andrejewski [19] and Hodge [22]. Measured-data from Huang et al. [20] and Hey et al. [21].) 

that are not necessarily planar. Here we will only consider the case of scattering 
from a perfectly conducting sphere. Patterns for the bistatic cross sections of the 
disc (normal incidence) and the sphere are in Figure 4.17 [16, 19]. These are graphs 
of the exact results for a versus the angle 6 defined in Figure 4. 14. The top (bottom) 
half of each pattern is for the E plane (H plane). The disc and sphere have the same 
diameter and are electrically large ( k a d = 20.0). The figures are enlarged in the 
regions where the scattered field is small to show the details of the patterns. 
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Fig. 4. 1 6. Approximations for the field of a) an electrically large disc, and b) an electrically 
large sphere. „ 


As we saw earlier, the disc scatters most strongly in the forward and backward 
directions ( 9 = 0°, 180°). .The sphere, however, scatters predominantly in the 
forward direction (right half space), where the pattern is almost the same as that for 
the disc. This similarity can be explained using Figure 4. 16b. On the plane directly 
behind the electrically large sphere, the field is nearly the same as that for the 
disk: approximately zero in the shadow and equal to the incident field elsewhere. 
Hence, the scattered field to the right of the plane (calculated using the plane-wave 
spectrum or Huygens’ principle) must also be nearly the same as that for the disc. 

Detailed calculations show that the total scattering cross section, err, for the 
electrically large sphere is the same as that for the disc (4.60) [17]. Thus, the two 
objects scatter the same total power. For the disc, half of the power is concentrated 
in each of the beams in the forward and backward directions. For the sphere, one 
half of the power is concentrated in the beam in the forward direction, as for the 
disc, and the other half of the power is very roughly distributed uniformly over all 
directions, as can be seen in the enlarged portion of Figure 4. 17b [23] (Problem 4.6). 

One might ask, what approximation for the planar obstacle (e.g. disc) is equiva- 
lent to KirchhofFs approximation for the field in the aperture? Again, we can use 
Babinet’s principle to answer this question. Kirchhoff’s approximation for the field 
. within the aperture is 

z x E a (z = 0+) = z x E l a (z = 0); (4.61) 
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90 ° 



Fig. 4. 17. Patterns for the bistatic scattering cross section, 4a(0)/nd 2 , for a) an electrically 
large disc (normal incidence) and b) an electrically large sphere. Both results are for k 0 d = 
20.0. Notice that the top half of each pattern is for the E plane, while the bottom half is for 
the H plane. (Data for disc from Andrejewski [19]. Data for sphere from King and Wu [16].) 


Now from equations (4.39) and (4.40b) and the symmetry (4.35d), the scattered 
and total magnetic fields at the front and back surfaces of the complementary 
obstacle are 

Z x B s b (z = 0+) = -z x B l b {z = 0) (4.62a) 

z x B s b (:z = 0-) = z x B b (z = 0) (4.62b) 

and 

fx5 i ,(z = 0+) = 0 ' (4.63a) 

z X B b (z = 0-) = 2z X B b ( 0). (4.63b) 

Using the boundary condition for a perfect conductor (Table 1.6) with (4.63a) and 
(4.63b), the surface, current densities on the shadow (z = 0+) and illuminated 
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(z = 0— ) sides of the obstacle are 


j = z x Hb(z = 0+) = 0, • * shadow side 

—Z x H b (z = 0—) — —2 z x ff b (z = 0—), illuminated side. ^*64) 

After dropping the subscript b and introducing the unit, outward-pointing normal 
h to the surface of the obstacle, (4.64) becomes 



Js = 


°, 

2n x H\ 


shadow side 
illuminated side. 


(4.65) 


This approximation for the surface current density on the obstacle, which is 
equivalent to Kirchhoff ’s approximation for the field in an aperture, is known as the 
physical optics current. There is a simple physical explanation that accompanies the 
approximation. When the object is an infinitely large, perfectly conducting sheet, 
the surface currents on the two sides of the sheet are given exactly by (4.65). So 
this approximation holds under the assumption that the current at each point on the 
surface of the planar obstacle of finite size is the same as it would be on an infinite 
sheet illuminated by the same incident field. The physical optics approximation 
(4.65) is used to estimate the current on electrically large objects of general shape, 
notjust for the planar obstacles we have discussed here. 

Before we leave this topic, we will mention an important theorem derived in 
Problem 4.5: tjie optical ox forward scattering theorem [12, 24]. The transmission 
coefficient of an aperture and total scattering cross section of an obstacle are given by 


and 



(Kr • E\h)rej' k ‘ F 

l^l 2 


ffr(£;) = — p— Im 


& ■ E s \h)re^ ' r 


liil 2 


(4.66) 


(4.67) 


Here £ r (h;) indicates the electric field radiated in the direction of the incident wave 
*/: the forward direction. Notice that the left-hand sides of these relations are for 
quantities that involve an integration of the radiated field over ail directions, (4.47) 
and (4.50), whereas, the right-hand sides involve the field in a single direction, the 
direction of the incident wave £/. The value of these relations is now obvious; the 
quantities z and cr T can be determined from a calculated or measured value of the 
field in a single direction. Although (4.67) is derived in Problem 4.5 for a planar, 
perfectly conducting obstacle, it can be shown to apply to nonabsorbing obstacles 
of general shape. 
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Fig. 4.18. Practical construction for a) a strip dipole and b) a complementary slot dipoJLe. 

4.6 Complementary antennas 

Figure 4.18a shows a simple dipole antenna, each arm of which is a thin, metallic 
strip of width u; and length h. A signal from -the coaxial line connected at the 
midpoint excites the antenna. The voltage and current at the drive point, V a and 7 fl , 
determine the input impedance of the strip dipole: 

Zstrip = V a /I a . . (4.68) 

The complementary antenna to the strip dipole is the slot dipold shown in Fig : 
ure 4.18b. It consists of a slot of width w and length 2h in a thin, metallic sheet, 
and it is also excited by a signal from a coaxial line connected at its midpoint. The 
input impedance' of the slot dipole is 

Zsiot = V b /I b . (4.69) 

The complementary geometry for these two antennas suggests that their perfor- 
mance is related. We could determine this relationship using Babinet’s principle 
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Fig. 4.19. Ideal sources fo/ a) strip dipole, and b) slot dipole. 
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directly; however, it is more instructive to use the basic symmetry of the electromag- 
netic field for^this purpose, and we will take this approach. We begin by replacing 
the practical antennas in Figure 4.1? by ideal models in, which the plane sheets are 
infinitesimally thin, perfect conductors and the sources, which excite the antennas, 
are the ideal ones shown in Figure 4.19. 

The source for the strip dipole is an infinitesimally thm region of area w s x i on 
the plane z = 0. It maintains the tangential electric field 

E 0 a = E oa y , z = 0+, 0- : (4.70) 

on its front and rear surfaces, and it produces no tangential magnetic field on the 
remainder of the plane z = 0 [h x (cB oa ) = 0]. The source occupies an electrically 
small volume, so the voltage across its terminals is simply 



or 


(4.71) 


Eoa = ~V oa /l. . 
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Fig. 4.20. Tangential components of the electromagnetic field on the plane z = 0+ for 
ideal models: a) strip dipole, b)'.slot dipole. 


This source is equivalent to the ideal voltage generator of circuit theory; it maintains 
the voltage V oa independent of the current I a through the source.- 
The source for the slot dipole is of the same physical size as the source for the 
strip dipole. It produces the tangential magnetic field 


( cB ob )y , z = 0+ 

-(cB ob )y t z = 0— 


(4.72) 


on its front and rear surfaces and no tangential magnetic field on the remainder of 
the plane z = 0[nx ( cB ob ) = 0]. The current through the electrically small source 
is simply ' 


f 1 ' 2 r l/2 - ‘ 2 

lob = / Hob(z = 0+) • ydy + / H ob (z = 0-) • ydy = — (< cB ob )l t 

Jy=-l/2 . Jy=l/ 2 Co 

or 

cB ob ^CoI ob /2L (4.73) 

This source is equivalent to the ideal current generator of circuit theory; it maintains 
the current I ob independent of the voltage V b across the source. Here we will not 
examine the physical construction for these ideal sources; this is discussed in some 
detail in Problem 4.10.: 

The ideal sources are shown with the Corresponding antennas in Figure 4.20. 
The electromagnetic fields for both antennas (E at cB a and E bi cB b ) must satisfy 
Maxwell’s equations in the right half space ( z > 0) and have the specified values 
on the plane z = 0+. 5 The latter are given in Figure 4.20. 

5 Here we are dealing with the total field as defined in Equation (4.34). Therefore, for both antennas, 
in the open areas of the pl.ane z = 0 

h x ( cB ) = n x ( cB 0 ) + n x ( cB *) = 0, 


because h x (cfi 9 ) = 0 for either source and because h x ( cB *) = 0 for the charge and current in 
the sheet. 



Fig. 4.21. Sketches of the electromagnetic field near a) a strip dipole and b) a slot dipole. 


Now we notice that Maxwell’s equations and the specified values for the field of 
problem (a) become those of problem (b) on the interchange 

E b = cB a (4.74a) 

cB b = —E a . (4.74b) 


For the ideal sources this means that 

cB ob = -E oa , (4.75) 

which on substituting (4.70)~(4.73) becomes 


lob — 2 V oa /£o‘ (4.76). 

Thus, we see that the electromagnetic field of the slot dipole (b) can be obtained 
from that of the strip dipole (a), on the simple interchange of field components 
(4.74a, b). Of course, the two antennas must be excited by sources that satisfy 
(4.76). . . .\ 

The electromagnetic field in thfe vicinity of the strip and the slot are sketched 
in Figure 4.21. These sketches show the field at a single instant of time and were 
constructed using calculated and measured data [25, 26]. The magnetic field lines, 
cB a , encircle the axial current, J sa , in the strip, while the electric field lines, £ at run 
from the positive charge, p sa , on the upper arm to the negative charge on the lower 
arm. The sketch for the field lines of the slot is similar, only the electric and magnetic 
fields are interchanged from those for the strip. The electric field lines, £ bt run from 
the positive charge, p sbt on the left-hand side of the slot to the negative charge 
on the right-hand side, while the magnetic field lines, cB b , encircle the transverse 
electric field in the slot (actually, the displacement cunrent dV b /3t = e 0 d£ b /3t 
in the slot). 
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Fig. 4.22. Measured input impedances illustrating Booker’s relationship. (Data for strip 
dipole (actually, a circular, cylindrical dipole) from Scott [28]. Data for slot dipole from 
Long [29].) 


The input impedances of these two antennas obey a simple relationship, which 
is easily obtained from the results at hand. The input impedances of the strip dipole 
(4.68) and the slot dipole (4.69) are 


and 



Ka Voa. V oa • toVoa 

la 2 f c H a . dl ~ 2 f c cB a • di ' 


(4-77) 




v* 

lob 


/c 

lob 


(4.78) 


•Here the current l a and the voltage V\, are expressed as integrals over the contour C 
in the drive-point region (see Figure 4.20). On using (4.74a) and (4.76) with (4.78), 
we find that 


or 


Zsiot = 


2V oa Jc 


cB a ■ dl = 


£ 1 

4 Zstrip 


ZstripZsiot — £ 0 / 4. 


(4.79) 


This result, known as Booker’s relation , shows that the input impedance of the slot 
dipole is simply related to that of the strip dipole [13, 27]. 

The validity of this relationship is illustrated by the measurements presented in 
Figure 4.22. These results are for antennas that are only approximately comple- 
mentary: The dipole is formed from round wire, not a strip (diameter d, d/h = 
6.1 x 10“ 2 ); and the slot is in a sheet that is not infinitesimally thin (thickness r, 
t/w = 0.64, w/h = 8.0 x 10“ 2 ) [28, 29]. The magnitudes of the impedances, 
IZstripl and |Zsiotl, are shown as functions of the electrical length of the strip/slot, 
k 0 h = 2nh/k 0i for frequencies near the resonance of the antennas ( k a h % n/2). 
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The square root of their product, v'lZsttipllZsiotl, is seen to be roughly equal to 
f 0 /2, in agreement with Booker’s relation (4.79). 

4.7 Images 

The very word image brings to mind the familiar experience of observing one’s 
reflection in a pool of water or in a mirror, and, no doubt, the origin of this word is 
in such observations. Our physical description of the optical image will make use 
of the sketch in Figure 4.23a. Here an object is placed in front of a planar mirror: 
a polished, metallic surface assumed to be a perfect reflector (perfect conductor). 
The light from the object in front of the mirror is reflected 'from the surface of the 
mirror and enters the eye of the observer. As the rays in the figure show, to the 
observer the light appears to come from a virtual image behind the mirror. 

The apparent location of each point in the image is simply related to the corre- 
sponding point in the object; for example, the position vector r to point A in the 
object is 

r=xx+yy + zz, (4.80) 




Fig. 4.23. a) Virtual image of object in planar mirror, b) Replacement of minor by physical 
image object. . J J 
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while the position vector r' to the corresponding point A' in the virtual image is 

r = x'x -f y'y + z'z = xx + yy - zz. (4.81) 

This relationship between r and ? is the mathematical statement of a reflection in 
a plane, the plane z = 0 in this case. It is important to recognize that the image in 
Figure 4.23 a cannot be obtained by simply rotating the-object to the other side of 
the mirror (for example, by a rotation through the angle tt about the y axis). 

Our experience suggests that we could replace the mirror in Figure 4.23a with 
a real image object, one that is identical to the original object except that the po- 
sitions are interchanged according to (4.81) as in Figure 4.23b, and the observer 
would not be able to tell the difference. The two arrangements would be equiv- 
alent as far as an observer located in the left half space (z > 0) is concerned. 
Since light is an electromagnetic field, we might expect this equivalence to apply, 
in some sense, to general electromagnetic fields, not just to light. Recall, how- 
ever, that observations with light, like those discussed above, involve the inten- 
sity, which is the magnitude of the time average of the Poynting vector (3.130). 
Thus, they tell us little about the relationships between the electric and magnetic 
fields, charges and currents, etc. for the original object and the image object in 
Figure 4.23b. 

From the uniqueness theorem for time-harmonic fields (Section 1.7) we know the 
conditions that must bei Satisfied for the two arrangements depicted in Figure 4.23 
to have the same electromagnetic field in the left half space (z > 0): The impressed 
currents in the half space must be the same, and the tangential components of either 
E or B must be the same on the boundary surface of the half space. 6 The boundary 
surface for the half space is composed of a hemispherical surface of infinite radius 
and the plane z = 0. On the former, we will assume that the field is zero, based on the 
same argument as in Section 3.3. On the latter, for the arrangement in Figure 4.23a, 
the tangential components of the electric field are zero, because the mirror is a 
perfect conductor. For the arrangement in Figure 4.23b, the image object must be 
chosen to make the tangential components of the electric field zero on the plane 
z = 0; that is, the original object and the image object must produce electric fields 
whose tangential .components cancel on the plane z = 0. 

We can obtain the pecessary electromagnetic properties of the image object using 
a simple heuristic argument, based on the sketch in Figure 4.24. Here the original 
object and the image object^ are in free space and cany the impressed charges 
and currents p,-, and p-, J> , respective^. From our discussion in Chapter 3, we 
know that the electromagnetic field of the original (image) object can be expressed 
as a spectrum of plane waves all propagating to the right (left). A few of the* 
propagating waves are shown in the sketch. Notice that the vector wave numbers 
k and k for corresponding waves from the original object and the image object 
are drawn as reflections of each other; their components satisfy (4.81). This is in 
keeping with the directions for the rays drawn in Figure 4.23. 

6 We have now assumed that the field has harmonic time dependence. For a situation like that in 
Figure 4.23, the source illuminating the object would be monochromatic. 
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Fig. 4.24. Sketch showing plane waves from original object and image object. 

Now we see that the tangential components of the electric field will be zero on 
the plane z = 0 if the electric fields for the plane waves satisfy the relationships 

K(r’) = -E x (r), (4.82a)'. 

E'y(r') = -E y (r), (4.82b)'; 

E' z (r') = E t (r). (4. 8 2c) 

Because we are dealing with plane waves, this implies that the magnetic must 
satisfy the relationships 

B' x (r) = B x (r), ; (4.83a) 

B' y {r') = (4.83b) 

B' z (?) = -B z (jr). \ (4.83c) 

If. we assume that the above symmetry for the electromagnetic field extends into ! 
the regions of the sources, these results can be used with Maxwell’s equations to ; 
determine the relationships for the impressed charge and current in the original and 
image objects. From Gauss’ electric law, we have for the original object 


V ■ E(r) - ±EAf) + + £*,<?> = l„(f) 


and for the image object 

’ a 

a* 


V • m - £*;<?'> + +± m - Ejn 


(4.84) 


302 


. Electromagnetic analogues of some optical principles 


‘ From (4.82a-c), the derivatives in this expression are 


dE' x {r') _ dE x (r) dx dE x (r ) 

dx / dx dx' dx 

dE' y (r') ^ dE y (r) dy‘_ dE y (jr ) 
dy' dy dy ' dy 

dE'(r') = dE z (r) dz = dE z (r) 

dz' dz dz' dz ’ 

so 


V' • E'(r') = ~E x (r) - ^ E,(r) - yE t (r) = ip, '(?'). (4.85) 

A comparison of (4.85) with (4.84) shows that the volume densities of impressed 
charge must satisfy the relationship 

Pi(r') = -Pi(r). (4.86) 

In a similar manner, the relationships for the volume densities of impressed current 
can be obtained from the Ampere-Maxwell law (Problem 4.14): 


4(r') = -J ix {r) 

(4.87a) 

= - Jiy{ r) 

(4,87b) 

W) = 

(4.87c) 


For future reference, the results obtained above, which are often referred ^tp 
collectively as the method of images , are summarized in Figure 4.25. Here we 
have generalized the argument to include perfect conductors, and regions of simple 
materials. The original problem consists of the impressed sources p it Jj , perfect 
conductors and various regions of simple materials (e, p, cr) located in front of an 
infinite, perfectly conducting, plane surface. In the image equivalent problem , the 
. perfectly conducting plane is replaced by the impressed sources p\, j\ and perfect 
•conductors and material regions that are the images of those in the original problem. 
All positions r' in the image objects are related to the corresponding positions in 
the original objects r by 

r = r f + r„, (4.88a) 

r' = (4.88b) 

where the subscripts n and t refer to components normal to and tangential to the 
plane, respectively. The relationships between the impressed sources are 

Pi<?) = -Pi(jr) (4.89a) 

and 

%(?') = -?»<?) + Jin(r), 


(4.89b) 
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PERFECTLY CONDUCTING 
PLANE SURFACE 



these two problems. Sometimes the solution to the image equivalent problem is 
easier to obtain, hence, the utility of the method of images. : 

Figure 4.26 illustrates a particularly practical use of the method of images. Here 
the original problem is. to determine the field radiated by an antenna on a ship oh 
the sea. At the frequency of interest, the ship and.the sea can both be approximated 
by perfect conductors. One way to determine a pattern for the radiated field would 
be to move a probe antenna, over a large, spherical surface surrounding the' ship, 
sampling the field at a number of points. Although this measurement is impractical 
for a real ship, it can be easily made using a scale model for the ship, as shown in 
Figure 4.26b. Notice that the sea has been replaced by a large, metallic plate in the 
model. The dimensions of the model ship are decreased by the scale factor fc/ < 1 






Fig. 4.26. a) Ship on the sea. b) Scale model of ship, c) Image equivalent scale model. 


from those of the full-size ship, and the frequency used with the model is increased 
by the factor 1/A:/ > 1 over that used with the full-size system [30, 3 1]. The electric 
field measured with the model is simply related to the electric field for the full-size 
system (Problem 4.17). For a typical case, k t = 1/50, so a 100-m-long ship with 
a communications system operating at 30 MHz would be modeled by a 2-m-long 
miniature ship operating at 1.5 GHz. 

The measurement can be made even simpler by using the method of images 
(Figure 4.26c). The metallic image plane can be replaced by an image object for 


the model ship. Notice 


that the antennas on the model ship and image model ship 
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Fig. 4.27. Illustrations for the method of images, a) Electrostatic charges! b) Magnetostatic 
currents. 

are fed so that the impressed currents I and /' satisfy (4.89b). The pattern for the 
radiation is determined by rotating the'model ship plus image, with the position of 
the probe antenna fixed. 

The method of images was apparently first used by William Thomson (Lord 
Kelvin) in 1847 [32, 33], and it was later presented in detail by. Maxwell in his 
famous treatise [34]. Thomson and Maxwell were primarily concerned with static 
problems. For static problems, it is particularly easy to see from a few simple 
sketches (Figure 4.27) that the fields of the charges (electrostatic) and currents 
(magnetostatic) in the object and the image object add to produce the correct fields 
on the plane z = 0: The tangential components of the electric field are zero, and the 
normal component of the magnetic field is zero. Such sketches provide a convenient 
means for remembering the method of images. 

4.8 General time dependence 

To this point, the discussion in this chapter has been for the special case of fields 
with harmonic time dependence, and all of the results have been , given in terms 
of the vector phasors £(r), B(r) for the field. However, the fundamental relations 
we have obtained, such as Huygens* principle, Babinet’s principle, and the method 
of images, are applicable to fields with general time dependence. This is most 
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easily seen through the use of the Fourier transform. Recall from Section 1.7 that 

Maxwell’s equations for the Fourier transform, £(r, co)> B(r , co ), of a field with 
general time dependence are of the same form as Maxwell’s equations for the 
vector phasors, E(r), B(jr ), of a field with harmonic time dependence. Thus, the 
fundamental relations obtained in this chapter also apply to the Fourier transform 
of a field with general time dependence when the following changes in notation 

• 4 . ^ ^ *4 ^ 

,are made: IT (r) becomes 2s(r,o>). B(r) becomes B(r t co), etc. After taking the 
inverse Fourier transform of these relations, the results for fields with general time 
dependence, £(r , r), #(r, /), are obtained. 

We will illustrate this procedure for Huygens’ principle. From Table 4.1 the 
Fourier transform of the electric field is 


E(r, co) =.—2jk„ r ^ Rx [£ x E(r', co)] ( 1 - /-) G 0 (r , r')dx'dy' 
7—00 j — 00 \ KoKJ 

~ £ 5 ® * {t [i x 


-jeoR/c 


+ r^[£ x E(r\ <o)]e jcoR/c J dx!dy'. 


(4.90) 


If we take the inverse Fourier transform ( 1 .200), we can obtain the result for general 
time dependence: 


£(r, t) 




x f jco[z x E{r\ co)]e ja)R ^ c e J<ot dco\ 

\C l 2?r J co=—oo ) 

+ /°° t £ x ^' co '>] e ~ jmR/c eia,d< ° } W# t 

’ 5 ‘ 4 ; 91) 


I 
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Table *4.4. Huygens ’ principle for fields: general time dependence 


i(p ' 0 = ir LL (f* {£ xi(F> ' f,) W 

+ 7 R k *{btt* k7, ' t % = ) dx ' dy ' 

^ i L L (f (i - 3 ™> /L [ £ * f, >] * + > - ***•> 

[£ x £(?', + T(1 - **.) jA[£ x £(£', ,')] j ^ j dx'dy' 


» - 2 £X (f“ - 3 “-> O x ^ + > - 3jM -> 

[£ x ^,0]^ + T(i - M)jA[£ x B(r',r')]j^ ^ j 

® (r “ 0 = £r /I/I (f* x x ® (?/ - + 7 ** : ; T 


*1 

^[ixB(r>,t')][ ^ dx'dy' 


II 

1 

>3 





The same operations applied to the magnetic field give (see Problem 4.19) 

rt-R/c 


- 1 r 00 Z* 00 / c a a f'-tf/c _ - 

B(r ' *>- s: L L [# (1 ~ 3 RR) L„ v w, 

+ > **-*i}^ W- •* 


In Table 4.4 we summarize these results together with those: for the case in which 
the tangential components of the magnetic field are specified on the plane z = 0. 
Notice that the terms in the integrands of these expressions are evaluated at the 
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earlier time t- = t - R/c,. which we will call the retarded time t r . We will have 
much more to say about the retarded time in Chapters 5 and 6. 

As an example, we will, apply these results (4.91) to the ease of a uniformly 
illuminated circular aperture. The geometry is the same one we have used before 
(Figure 3.21), only now the field in the aperture has general time dependence: 


£ y (x, y, 2 = 0)= | P = v / * 2 + >' 2 < d/2 


10. 


P > d/2. 


(4.93) 


After substituting (4.93) into (4.91) and changing to circular cylindrical coordinates 
Go, 0, z) on the- aperture plane, we have 




xx R pdpd<p. 


(4.94) 


We will confine our attention to points along the z axis; then (4,94) simplifies to 
become • . • 


S(z t t) = 


-41 

dp 


yZ Ip=o{ (P 2 + 1 1 ? 11 £ ‘°^ {pl + " 2)1/2/ ^ 

i i r a4(o i . ), , 

c{p* + ?)[ 9/' l =t , \ pdp - 


-(p 2 +? 2 ) 1/3 /c J 

Notice that the integrand of (4.95) can be rewritten as 


(4.95) 


| (p2 + ^2)1/2 (P 2 + ^ 2 ) 1/2 /c]|; 


therefore, the electric field on the z axis is 

—Z 


&+#* f£[. - (o 2 + 


or 


£(z 


•»-(*<- 


. J />=o 


z/c) [{d/2) 2 + Z 2]l/ 2 e o{ ( [W 2 ) 2 + z 2 ] 1 /c} j 


y • 

(4.96) 

At large distances from the aperture, (4.96) becomes the radiated field, £ r (z, t). 
Taking the limit as z/d -» oo, we have 

£ r (z, t) * Slit - z/c) - T " - (J 1 /z)2/8 £l[t - z/c - (d/Sc){d/z)]y 


[ 


£‘o(‘ - z/c) - £'(f - Z/c) + 9£ ° (f 9? Z/C) (d/ScXd/z) 


y, 
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or 


£ r (z, t ) = 


d 2 r ag*(/-z/c) i, 

8cz L Bt y 


(4.97) 


To graphically illustrate these results, we will let the electric field within the 
aperture be a Gaussian pulse in time; that is, in (4.93) we will let 


£’ o 0) = £ 0 e-' 2/r \ (4.98) 

A picture of this waveform is in Figure 1.36. Figure 4.28 shows the electric field 
as a function of time for three points along the z axis; the pulse width is chosen 
so that d/cT = 32. Close to the aperture (z = d/2 in Figure 4.28a), two distinct 
pulses, marked A and B, are present; these correspond to the two terms in (4.96) for 
the electric field. The first pulse, A, arrives at time t = z/c, the time it takes light 
to travel from the center of the aptrture to the observation point: For a diffraction 
problem like that shown in Figure 3.21, this pulse represents the incident field 
unpert urbed by the presence of the screen. The second pulse, B, arrives at time 
t = y/(d/ 2) 2 + z 2 /c (at (f — z/c)/ x = 6.63 in Figure 4.28a). This is the time’ 
it takes for light to travel from the rim of the aperture to the observation point.. 
This pulse accounts for the presence of the screen. As the observation point is* 
moved farther out along the z axis, the two pulses, A and B, approach each other, 
as in Figure 4.28b, which is for z = d. At large distances from the aperture, as in 
Figure 4.28c where z = lOd, the two pulses merge to form a waveform that is the 
derivative of the field in the aperture (derivative of the Gaussian pulse), as predicted 
by (4.97). 

The explanation offered in this example gives us yet another way of viewing the 
field for a diffraction problem: as the superposition of two terms, the undisturbed 
incident field (the geometrical optics field) and a field originating at the edge of 
the screen (the diffracted field). This explanation was first used by Thomas Young 
in 1802 to describe optical diffraction [35, 36]. More recently it was incorporated 
into the geometrical theory of diffraction for electromagnetic waves [37]. 


4.9 Discussion 

In Chapters 3 and 4, we have introduced a number of concepts', all of which are 
associated with obtaining and interpreting solutions to MaxwelFs equations. In 
some cases the results are exact and in other cases they are approximate, and it is 
important to keep in mind which results belong in these two categories. 

• The plane-wave spectrum and Huygens’ principle are methods for obtaining’ 
a solution to Maxwell’s equations in the half space z > 0, given the tangential 
components of the electric or magnetic field on the plane z = 0. They provide a 
rigorous solution in the half space, and they are self-consistent in that they reproduce 
the prescribed field on the plane z = 0. However, these formulas do not directly • 
provide a solution to diffraction problems, such as those shown in Figures 3.7 • 
and 3.21. That is, they do not tell us what exact field is produced in the aperture 
and on the perfectly conducting screen by the incident plane wave. If the exact 
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a) ( t-z/c)/r 



Fig. 4.28. Electric field as a function of time for various points along z axis. Uniformly 
illuminated circular aperture excited by a Gaussian pulse in time, d/cr = 32.0. 
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field is known in the aperture and on the screen, then these formulas can be used 
to determine the exact field in the half space. However, if an approximate field is 
specified in the aperture and on the screen, such as with Kirchhoff ’s approximation, 
then these formulas can provide only an approximate field in the half space. 

Similar comments to those above apply to our other results: Babinet’s principle, 
the transmission coefficients and scattering cross sections, the optical theorem, and 
Booker’s relation. These are exact relationships; however, when they are applied to 
approximate results, they can only produce approximate answers. 
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Fig. P4.1. Zone plate. Black rings block radiation, while white rings pass radiation. ’■ 

Problems 

4. 1 Apply Huygens’ principle to the uniformly illuminated, circular aperture and 
obtain the integral (4.23) for the radiated electric field. 

4.2 Zone plate We used the concept of Fresnel zones to explain the behavior 
of the field on the axis of a uniformly illuminated circular aperture. Alternate 

* zones were found to add destructively to the field. Thus, if the contribution 
from alternate zones could be blocked, the field on the axis could be in- 
creased. A zone plate is a device that is placed in the aperture to block the 
• radiation from alternate zones. At optical frequencies, it is formed by simply 
placing an opaque material over the annular regions for alternate zones (Fig- 
ure P4.1) [38]. At radio and microwave frequencies a thin metal conductor 
is Used to cover alternate zones [39]. 

a) Consider a circular aperture of diameter d/\ 0 = 8.0 containing a zone 

plate. Calculate the electric field |£ y (z m )/£ , J,| at the points z m given in 
Table 4.3. Assume that at each position the zone plate blocks the radiation 
from the alternate zones m = 2, 4, 

b) A zone plate can also be constructed that blocks the radiation from the 
zones m = 1, 3, . . .. The plate would be as in Figure P4.1, except the light 
and the dark regions would be interchanged. Calculate |£ )> (z m )/^| for 
this plate at the same points as used in part a. 

c) The zone plate produces a focusing effect similar to that of a lens. For this 
example, what is the maximum increase in the field that can be obtained 
using a zone plate [maximum value of |E y (z m )/E^|]? 

4.3 Use Babinet’s principle to obtain Equations (4.51)-(4.53), which relate the 
scattering cross sections for a plane, perfectly conducting obstacle to the 
transmission coefficient and directivity for the complementary aperture in a 
plane, perfectly conducting screen. 

4.4 Obtain the expressions in (4.56)-(4.58) for the transmission coefficient and 
scattering cross sections of the electrically large, circular aperture and disc. • 
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4.5 The transmission coefficient for an aperture of area A in an opaque plane 
screen is defined in Equation (4.47). Let the plane screen be infinitesimally 
thin and perfectly conducting and the plane wave be incident in the direction 
£/, as in Figure 4.14: 


Et = E^e -*' 7 

ki = k 0 ici = k;xX -f k iy y + k iz z. . \ 

a) Show that the transmission- coefficient is simply related to the spectral 
functions F x and F y for the aperture evaluated at the wave number of the 
incident plane wave: 

—Reiter • (£,• x {£ x [F,(fr x , k iy )j + F y (k ix , Jfc, y )y]})] 

A \ e ‘ 0 \ 2 

Hint: Make use of the fact that within the aperture, the component of 
the magnetic field tangential to the screen is exactly equal to that of the 
incident magnetic field. 

b) Show that the result from part a, when expressed in terms of the pattern 
functions Fq and becomes 

x(jct) = 2*im{(glr ■ um, 4>i)e, + F^e,, mm) 



or, when expressed in terms of the radiated electric field E r in the direction 


.4.6 


r(£/) = ~Im 
A 


(E l o y E\ki)re &+ 


i K 


\K 


c) Using Babinet’s principle and the results from part b, show that the total 
scattering cross section for a planar obstacle is given by (4.67). 

Consider the results for the electrically large sphere (k 0 d = 20) shown in 
Figure 4.17b. Assume that half of the scattered power is in the forward beam, 
and that the remainder is roughly distributed uniformly over all directions. 
Also assume that the total scattering cross sections for the electrically large 
sphere and disc are approximately the same. * 

a) What is the value of 4 u/jid 1 associated with the uniform distribution? 
Compare your answer with the numerical results in Figure 4. 17b for angles 
in the range 30° <9 < 180°. . 

b) What is the backscattering cross section when these approximations are 
assumed? 


4.7 Show that only one of the two relations for the complementary incident fields 
(4.39) need be specified. The second relation follows from the fact that both 
\ incident fields (a and b) satisfy Maxwell’s equations. 



Fig. P4.2. Two self-complementary antennas. 

4.8 Self-corhplementary antennas Antennas like those shown in Figure P4.2 
have a special property: If the metal portions are rotated about the z axis 
through an angle of 90°, they coincide with the areas that were originally 
open. Such antennas are called self complementary [27]. 


a) Show that the input impedance of a self-complementary antenna is Z = 

U 2. * 

b) In Figure P4.2 the metal portions of the antenna are assumed to be infinitely 
large (i.e., they extend out to an infinite radial distance in the x-y plane). 
What effect do you think there would be on the performance of the antennas 
if the metal plates were truncated at some finite radius, as must be done 
for practical antennas? 

4.9 a) Apply Huygens’ principle as given in (4.24) and (4.25), which is for the 

general volume V with the surface S , to the special case where V is the 
half space z > 0 and S is the plane z = 0- Compare these results with 
those derived directly for the half space (Table 4.1). 

Show that the equation for the electric field E (4.24) is equal to the 
mean of the results for the electric field given in Table 4.1 (i.e., the mean 
of the results when E is specified on the plane z = 0 and the results when 
B is specified on the plane z = 0). Similarly, show that the equation for 
the magnetic field B (4,25) is the mean of the results for the magnetic field 
in Table 4.1. q 

b) To use the equations ^obtained in part a, one must know the tangential 
components. of both E and B on the plane z = 0. Does this agree with 
the uniqueness theorem? What will be the consequences of using these 
equations as compared to directly using those in Table 4.17 

4. 10 In this problem we will examine simple physical arrangements of current that 
produce the ideal sources shown in Figure 4.19. The source in Figure 4.19b 
can be realized as a uniform sheet of surface current • 

Jsb = -(Iob/l)x ’ : J; 

over the area w s x /. This produces the desired change in B 0 b (4.72) on 
crossing the plane z = 0. 
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Show that the source in Figure 4.19a can be realized as a sheet of perfect 
conductor of area w s x / with a double layer of current 

Cj = -&oa/jco 0 l)y : 

placed in front of each side of the sheet ( z = 0+, 0—). The boundary condi- 
tions for the double layer of current are discussed in Problem 1.20. 

4.1 1 Consider a two-dimensional field that is independent of the coordinate y. On 
the plane z = 0 the electric field is 

E(x j z = 0) = E x (x , z = 0)* + E y ( x, z = 0)y, 

where the first term is associated with the TM field and the second term is 
associated with the TE field in the half space z > 0. Starting from Equation 
(4.8), show that Huygens’ principle for the two-dimensional electric field is 

roo 

E(r) = 2V x / £ x E(f')G 0 (f, r')dx ' . 


Here it is understood that the vector r* has the components y' = 0 and z! = 0 


and that the vector r has 
the two-dimensional free-, 


• the component y = 0. The function G 0 (r , ?') is 
-space, scalar Green* s function for harmonic time 
dependence , which can be expressed in terms of a Hankel function (Bessel 
function of the third kind) of order zero, 

; G 0 (r,r') = -r'\). 

The Hankel function has the following integral representation: 

f 00 exp (-jWx 2 -F u 2 } 


n y_ 0 


du , 


x > 0. 


vVT 

4. 12 The radiated electromagnetic field for a strip dipole of resonant length (k 0 h = 
jt/2) is approximately (Section 8.5) 

jtola e~ jk ° r cos[(7r/2)cos0] 


: E r ea = 


In 


sin0 


: Ka = -e*. 


9a 


when the dipole hjas the orientation shown in Figure P4.3a, where I a is the 
total current at the: drive point. 

a) What is the radiated electromagnetic field of the complementary, resonant, 
slot dipole antenna that has the same orientation as the strip dipole in 
Figure P4.3a? : 

b) Consider the orthogonal arrangement of a strip monopole and a slot dipole 
antenna shown in Figure P4.3b. The current at the drive point of the strip 
monopole is I a , and the voltage at the drive point of the slot dipole is 
Vb = -f 0 / a /2:. Make sketches of the electric field pattern in the upper 
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Fig. P4.3. a) Strip dipole, b) Strip monopole with orthogonal slot dipole. 


half space (z > 0) for this combination of antennas (i,e., a graph of |ZT r | 
versus angle for the .x-y-plane). 

4. 1 3 The zone plate complementary to the one shown in Figure P4. 1 (Problem 4.2) 

has the open and opaque regions interchanged. If the number of rings is large 
enough so that the outer rings contribute little to the field at the focus, then, 
it is not necessary to replace the last open region in the original plate, which 
extends to infinity in the x-y plane, by an opaque region in the complementary 
plate. '• 

Let the plane waves normally incident on both plates (the original plate and 
the complementary plate) have the orientation shown in Figure 3.21. Using 
Babinet’s principle, compare the electromagnetic fields for the zone plate and 
its complement for points near the focus. Assume that near the focus the 
magnitude of the total field is much greater than the magnitude of the incident 
field. 

Calculate the time-average power per unit area on a plane of constant z 
near the focus, and compare the results for the two plates., 

4.14 a) Obtain the relationships (4.87a-c) for the volume densities of impressed 

current in the original and image objects by starting from the Ampere- 
Maxwell law. 

b) Show that the volume densities of impressed charge arid current for the 
image object, (4.86) and (4.87a-c), satisfy the equation of continuity if the 
volume densities of impressed charge and current in the original object 
satisfy the equation of continuity. 

' 4. 15 In a particular direction, the radiation from an antenna is right-hand circularly 
polarized. This radiation is normally incident on a perfectly conducting, plane 
surface. Assume that the radiation can be approximated by a plane wave in 
the following calculations. 

a) Use the method of images to determine the state of polarization for the 
wave after reflection from the plane surface. 

b) Will the antenna that radiated the incident wave receive the reflected wave? 
(You may need to review the material in Section 2.6 before doing this part). 
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GROUNDED, 

PERFECTLY 

CONDUCTING 

SPHERE 



a) b) h S ► 

Fig. P4.4. The electrostatic problem of a point charge and a perfectly conducting sphere, 
a) Original problem, b) Equivalent problem. 


4.16 In electrostatics the method of images can be applied to a few geometries in 
addition to the infinite, plane conductor. Figure P4.4 shows one such case. 
Here the original problem is a point charge q located a distance s from the 

\ center of a grounded, perfectly conducting sphere of radius a. The equivalent 

problem replaces the sphere by an image point charge q' located a distance d 
from the center of the sphere on the line through the center and q . The values of 
q' and d are chosen to make the tangential component of the electric field zero 
everywhere on the spherical surface of radius a (dashed line in Figure P4.4b). 
The electric fields for the two problems are then the same everywhere outside 
the spherical ;surface. Determine q' and d in terms of q , a, and s. 

4.17 Scale model Consider a full-size system and scale model such as those 
shown in Figures 4.26a and b. The essential elements in both can be considered 
to be perfect conductors surrounded by free space. Let the electromagnetic 
field, angular frequency, and position vector in the full-size system be 

Efy Hfy Q)fy Tfy 

and let the corresponding quantities in the model be 

Em* Hm t r m> 

The quantities in the full-size system and the model are related by the scale 
factors k Et kfi, k w , and fy: 

E m (r m ) = k E E f (r f ), H m (r m ) = k H H f (r f ) t 
(Dm = kcoCDf, r m =kir f . 

Assume that the field Ef t H / satisfies Maxwell’s equations for free space. 
Show that the field for the model E m , H m will also satisfy Maxwell’s equations 
for free space if ki and k w are chosen so that k m = 1/k/. Also show that this 
choice makes k E = &//. An electromagnetic measurement with the scale 
model can directly yield information about the full-size system. 
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4.18 Obtain the alternate expressions in Table 4.1 for E(r) and B(r) when E(r) is 
given. Do this by moving the differential operators in the original expressions 
under the integral signs. 

4.19 With £(r, t) specified on the plane z = 0, obtain the expression for E(r, t ) 
given in Table 4.4. Use the Fourier transform with the results in Table 4.1. 

4.20 Obtain the integral in (4.26) for the electric field on the axis of a uniformly 
illuminated circular aperture. 
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Radiation from distributions of charge and 
current: General formulation 

In Chapters 3 and 4 we studied the problem sketched in Figure 5.1a, in which the 
electromagnetic field was determined in the half space z > 0 from the tangential 
components of the-field specified on the plane surface z = 0. All of the sources for 
the field, the charge and the current, were assumed to be in the half space z < 0. 
Now we will examine this problem from a different point of view (Figure 5.1b): 
The situation in which the electromagnetic field is determined directly from the 
specified distribution of charge and current. 

A summation procedure, which follows directly from the linearity of Maxwell’s 
equations, will be used for this calculation. The electromagnetic field at the obser- 
vation point P will be determined for an infinitesimal element of volume dV within 
the distribution (Figure 5.1b). The total field at the observation point will then be 
obtained by summing the contributions from all of the infinitesimal elements that 
form the distribution. The results obtained will have general application; the source 
may be as simple as a moving charged particle or as complex as the charge and 
cun-ent on a large antenna, such as the one in Figure 3.29a. 

Recall that the radiated field from a time-harmonic source was found to fall off as 
1/ r, where r is the radial distance from the source. This is to be compared with the 
field of an electrostatic source, which falls off at least as rapidly as 1/r 2 . .The slower 
rate of decay for the time-harmonic field, and for time-varying fields in general, 
makes possible such important practical applications of electromagneti$m as radio 
communication. In the remainder of the book, we will examine in detail the special 
characteristics of time-varying sources that give rise to radiated electromagnetic 
fields. 

We will restrict our discussion to sources in free space with two exceptions: the 
description of Cherenkov radiation in Section 6.4 and the discussion of the related 
problem of radiation from the insulated linear antenna in Section 8.4. 


5.1 Electromagnetic potentials 

The determination of the electromagnetic field from Maxwell’s equations can often 
be aided by the introduction of auxiliary functions — electromagnetic potentials. The 
use of potentials is usually first encountered in electrostatics and magnetostatics, 
and we will review these special cases first [1-4]. 
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a) 
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TANGENTIAL COMPONENTS 
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. (nx8 OR DXS ) 

DETERMINE 
8, B Z > 0 




Fig. 5.1. a) Electromagnetic field in half space (z > 0) determined from tangential com- 
ponents of field on plane z = 0. b) Electromagnetic field determined.directly from source 
(charge and current). 


5.1.1 Electrostatics 

For the electrostatic problem we have d/dt = 0 and J = 0; thus, Maxwell’s 
equations (Table 1.3) reduce to 

7 x f(f) = 0 (5.i) 

and « 

V • 2>(r) = p(r). (5.2) 

Since V x (VO) = 0 for any scalar function <3> (Appendix B), Equation (5.1) will 
be satisfied automatically if we let - 

S = — V<t>. (5.3) 

The function is calle_d the electrostatic scalar potential, li we assume the medium 
is free space, V = e 0 £, and substitute (5.3) into (5.2), we obtain Poisson’s partial 
differential equation for <t> (Simeon Denis Poisson, 1781-1840): 

-s 0 V • (V4>) = p , 
or 

V 2 4> = -p/e 0 . ( 5 . 4 ) 

When the charge density p is specified, this scalar differential equation, together 
with appropriate boundary conditions, can be solved for the scalar potential and the 
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electric field determined from (5.3). For practical problems this procedure is often 
easier to implement than a direct solution of the vector differential equations for 
the electric field, (5.1) and (5.2). 


5.1.2 Magnetostatics 

The magnetostatic problem is characterized by d/dt = 0 and p = 0, which make 
the relevant Maxwell’s equations (Table L3) 

VxH(r) = J(r) (5.5) 

and 

V • B(r) = 0. (5.6) 

Now V • (V x A) = 0 for any vector function A (Appendix B); thus, Equation (5.6) 
will be satisfied automatically if we let 

£ = VxA. (5.7) 

The function A is called the magnetostatic vector potential. After assuming the 
medium is free space, H = B/ii 0y and substituting (5.7), (5.5) becomes 

VxVxi = fJL 0 J , 


or 


V 2 .4 - VV • A = -fioJ, (5.8) 

where we used the 'vector relation Y 2 .4 = V(V J)-Vx(Vxi) (Appendix B). 

To this point, we have gained nothing by introducing the vector potential 
A\ Equation (5.8) is not simpler than Equation (5.5); each is a set of three coupled 
partialidifferential equations. For example, in the rectangular Cartesian coordinate 
system, (5.8) is equivalent to the three equations 


d 2 A u d 2 A u a f3A v SA W \ _ _ 

d'v 2 dw 2 du \ dv dw ) u 


(5,9) 


where u, v, w stands for a cyclic permutation of >,-y, z. 

A further simplification of Equation (5.8) can be accomplished once we recognize 
that the following transformation 

i' = i + V* (5.10) 


leaves the magnetic, field unchanged: 

. £' = Vxi' = Vxi + Vx(Vx) 

= Vxi = i (5.11) 

Here x is an arbitrary scalar function. A direct substitution of (5.10) into (5.8) 
shows that the differential equation for A\ 

V 2 i' - VV • A' = .-fioJ, 


(5.12) 
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is the same as^the equation for A. This is net surprising, because (5.8) is really an 
equation for £, and A and A! have the same relationship to B. Equation (5.8) can 
also be written as 

V 2 i' - V(V 2 x + V , A) = -HoJ, (5.13) 

where we have substituted (5.10) into only the term V 2 *4:in (5.8). Now we are free 
to choose the arbitrary function x* We will let x be a solution to the equation 



<i 

K> 

X 

II 

1 

<1 

>4 

(5.14) 

which makes ’(5. 13) 

V 2 i' = : 

(5.15) 

From (5.10) we have 

V-i' = V-i + V 2 x, 


which on substituting (5. 

14) becomes 


: ' 

V • = 0. 

(5.16) 


Our new equation for A! (5.15) is simpler than our original equation for A (5.8). 
In the rectangular Cartesian coordinate system, it is equivalent to three uncoupled 
partial differential equations: 


aM; , a 2 ^ a 2 ^ 

i « 


du 2 


+ 


dv 


dw 2 




(5.17) 


where w, u; w again stands for a cyclic permutation of x, y, z. Each rectangular 
component: of the current density, J Uy now produces only a component of the 
vector potential in the same direction, A' u . 

Even after our restriction (5.16), there is still some flexibility in the choice for 
the vector potential. To see this, consider a second transformation from A! to A": 


which again leaves B unchanged. After the substitution o 
V 2 i"-V(V 2 x') = - Mo J. 

If we let x' be a solution to the differential equation 

V 2 x' = 0, 

then (5.19) becomes 

v 2 i" = ~nj, 

and from (5.18) 


(5.18) 

f (5.18), (5.15) becomes 

(5.19) 

(5.20) 

(5.21) 


V • A" = V • A' + V 2 x', 



Fig. 5.2. Schematic drawing showing relationship between magnetostatic vector poten- 
tials (.4) that determine the same magnetic field. 


or ; ; 

V • A" - 0. (5.22) 

The new potential A" satisfies the same equations as A!: (5.15) and (5.16). 

Now we will summarize our findings with the help of Figure 5 4 2. We will simplify 
the notation by omitting the primes and double primes on A. With the current 
density J specified, there exists a set of functions A , all of which satisfy the 
differential equation 

V 2 A-VV ■A = -IX 0 J (5.23) 

and give the same magnetic field 

5 = VxJ. (5.24) 

Two different functions in this set are related by the gauge transformation 

^-►i + Vx, .. > ' (5.25)* 

where x is an arbitrary scalar function. A subset of this set has A as a solution to 
the differential equation : 

t ; , 

V 2 A=-ii 0 J (5.26) 

and satisfies 

V-i = 0. (5.27) 
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The functions within this subset are related by a restricted gauge transformation : 
(5.25) with x restricted to be a solution to the differential equation 1 

V 2 X = 0. (5.28) 


\ 

5.1.3 Electrodynamics 


We will now return to the case of primary interest - the electromagnetic field with 
general time dependence. In Chapter 1 we argued that this field is determined by 
the three independent Maxwell's equations 


V x£(r, 0 = - 


dB(f,t) 
dt . 


(5.29) 


-VxB(f,/) = J(rV).+ £.~ (5.30) 

Mo dt 


V • Jiff, t) = — 


3p(r t Q 

dt ’ 


which contain the two dependent Maxwell’s equations 
e 0 V • S{r, t) = p(r, t) 


(5.31) 

(5.32) 


V • B(r , 0 = 0. (5.33) 

Note that the medium is assumed to be free space in these equations. Recall that 
we are interested in determining the electromagnetic field S, B for a speci- 
fied distribution of charge and current. Hence, we will assume that the specified 
densities p and J satisfy die equation of continuity for electric charge (5.31) and 
determine the potential functions so that the two remaining independent equations, 
(5.29) and (5.30), are satisfied. Equation (5.33) and our discussion of the magne- 
tostatic case suggest that we let * 

B = VxA, (5.34) 

where A will now be called simply the vector potential. After inserting (5.34), the' 
first of the independent equations (5.29) becomes 

- 3 - ' 

V x S = - — V x A, 

. St 

or . • ‘ ... 

Vx (* + ^r)= a (5 - 35) 


1 The condition V • A can be motivated by another argument. From vector analysis we know that a 
vector function A is uniquely determined within a region by V x A, V . A, and some additional 
information about the behavior of A on the surface of the region [5]. The magnetic field (5.24) 
only fixes V x A\ we are free to choose V . A. The choice V ’• ^4 = 0 (5.27) eliminates the terra 
VV . A from the differential equation (5.23). 
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Our discussion of the electrostatic case suggests that we let 

i 


* dA 

e + 17 —”*• 


or 


£ = -V <t> 


dA 
dt ’ 


(5.36) 


where 3> will now be called simply the scalar potential. 

With the potentials defined as in (5.34) and (5.36), the second of the independent 
equations (5.30) becomes 

3 / . dA\ 

. i V(i> + "37/ i 

l terms, 


or, on rearranging terms, 


(5.37) 


An auxiliary equation is obtained by inserting (5.36) into (5.32): 

vV = --P - ~(V ■ A). 

Po. ot 

On adding — (9 2 <t*/3r 2 )/c 2 to both sides, this becomes 


V 2 d> 


1 3 2 <1> _ _J_ 
c 2 at 2 “ b 0 P 


a /„ - l 3<t>\ 
7tV' A+ s!7 } 


(5.38) 


* Before we proceed, let’s pause and summarize what we have done to this point. 
A distribution of charge and current was specified such that p and J satisfy the 
equation of continuity (5.31). The potentials A and $ were defined as in (5.34) and 
(5.36) so that the first of the independent Maxwell’s equations (5.29) is automat* 
ically satisfied. For the remaining independent equation (5.30) to be satisfied, the 
potentials must be a solution to Equation (5.37). As in the magnetostatic case, this 
equation can be simplified by a suitable gauge transformation. 

Consider the gauge transformation 

- d\I/ 

A A! = A + Vt/r, <D O' = <D - (5.39) 

• dt 


which leaves the electromagnetic field unchanged: 
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Direct substitution of (5.39) into (5.37) and (5.38) shows that the new pair of 
potentials A ! , O' satisfies the same differential equations as the original pair A , 0: 


, V 2 A' - 


v 2 d>'- 


l d 2 A 


c 2 3r 2 
i a 2 <& 


(5.40) 


c 2 3/ 2 

Equations (5.37) and (5.38) can also be written as 


^ +v ( vi ' + :?7r)' 




V 2 <t>' - 


Here we have substituted (5.39) into only the left-hand sides of (5.37) and (5.38). 
Since the scalar function is arbitrary, we can choose jt so as to simplify Equa- 


tions (5.42) and (5.43). If we choose i// to be a solution to 


1 3 V 


1 3<E> 


■V 2 i/f — = -V • A — 

..... Y c 2 dt 2 A c 2 dt" 

then Equations (5.42) and (5.43) decouple to become wave equations for A! and 4>': 


the differential equation 
(5.44) 


V 2 A'~ 


V 2 <t>'. 


1 3 2 A! 

c 2 3 f 2 

1 3 2 <J>' 
’ c 2 3r 2 


— * 


1 


(5.45) 


(5i46) 


Substitution of. (5.39) into (5.44) shows that the restriction on f is equivalent to 
choosing 


■ A -f = 0, 


(5.47) 


1 3<E' 
c 2 ~dT 

which is known as the Lorentz condition. _ ■ 

The simplification gained by introducing the potential functions is now evident. 
The coupled partial differential equations for £ and B, the two Maxwell’s equations 
(5.29) and (5.3Q), have been transformed into the two uncoupled partial differen- 
tial equations for A! and (5.45) and (5.46). In the rectangular Cartesian coordi- 
nate system, each component of the current density, J u , produces only a component 
of the vector potential in the same direction, A' u : 

1 3 2 A' U ' 

T- = -HoJu,' (5.48) 


B 2 A' U , d 2 A! u , d 2 A'„ 
■ + + ■ 


d u 2 dv 2 


dw 2 


dt 2 


where u,v,w stands for a cyclic permutation of x, y,z. The scalar potential O' 
and the three components of the vector potential A' Satisfy the same scalar partial 
differential equation - the scalar wave equation. 
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Further restrictions can still be placed on the potentials without affecting the 
electromagnetic field. To see this, consider a second gauge transformation from A ! , 
O' to i", 4>": 




& <t>" 


(5.49) 


which again leaves the electromagnetic field unchanged. On substitution of (5.49), 
' (5.45) and (5.46) become 


V 2 A" - 


v 2 o // ^~ 


182 n 

c 2 3r 2 
1 3 2 <D" 


3f 2 J 


= -HoJ, 


-v(v 2 t' - 

d(„ 2l , 1 9V\ 1 


; ■ .- 1 

If we choose to be a solution to the differential equation 


(5.50) and (5.51) reduce to 


and from (5.49) 


V • A" + 


’ 9 , i aV 

i a 2 i" 


2 7" . 


VM' 


-C2-9/ 2 


= - HoJ . 


V 2 <t>" - 


1 3 2 4>" _ _J_ 
c 2 3r 2 £ 0 ^’ 


(5.50) 

(5.51) 

(5.52) 

(5.53) 

(5.54) 


1 „ 7, 1 34>' , , , 1 3 V 

?ir = v ' yl+ ?'3r +v,/r 


which on substitution of (5,47) and (5.52) becomes 

- 1 a$" 

v *^ ,, + -2-7r = °- ‘ (5.55) 

c z 

The new potential pair A"> <J>" satisfies the same equations as A! , 3>': (5,45)-(5.47). 

Let’s summarize our findings. As for the magnetostatic case, we will use a 
schematic drawing (Figure 5.3) to help with this process, and we will omit the prime 
and double prime superscripts for clarity. A distribution of charge and current is 
specified such that p and J satisfy the equation of continuity (5.31). There exists a 
set of potential function pairs A , <£, all of wfrich satisfy the differential equations 


2 "a i d 2 A : - 7 1 a<&\ 

V A - ^2~^j2~ = -^oJ + V f V • ^4 4- - 7 - 7 - I 


c 2 dt J 


(5.56) 


9 i a 2 o i a / 7 l d<t>\ 

V 2 4> — p - — ( V ■ A+ — — - ) (5.57) 

c 2 dt 2 e 0 dt \ c 2 dt J . ' 


and 


W I 
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and give the same electromagnetic field 


£ = -Vd> - 


d_A 
9 1 ’ 


S = VxA 


(5.58) 

(5.59) 


Two different pairs in this set are related by the gauge transformation 

' -» - d\Is 

A-tA + Vf, 4> -► $ - -A (5.60) 

ut 

where \j/ is an arbitrary scalar function. A subset of this set has A , O solutions to 
the differential equations 


VM- 


1 d 2 A 


?w- ~ floJ 


and 


and satisfies 


j. 1 d 2< l> 1 


(5.61) 


(5.62) 


; 1 3<t> n 

'■ A+ c 2 at ~ 0, 


(5.63) 
' \ •• 

which is known as the Lorentz condition. Potential pairs within this subset are re- 
lated by a restricted gauge transformation - Equation (5.60) with ^ a sohition to 
the differential equation 

vV-4Sr = °- (5-64) 


C 2 a< 2 


These potential pairs are said to belong to the Lorentz gauge. 

\ We now have two options when we wish to determine the electromagnetic field of 
a specified distribution of charge and current that satisfies the equation of continuity 
(5.31): to solve Maxwell’s equations (5.29) and (5.30) directly for £ and B or, 
equivalently, to solve die differential equations (5.61) and (5.62) for A and and 
then determine £ and B from (5.58) and (5.59). It fs* often easier to perform the latter. 

In the discussion that follows, we will only make use of potentials within the 
Lorentz gauge. However, we should mention that other gauges can be introduced and 
that the potentials within these gauges may be ofuse in solving certain problems. 
As an example we mention the potential pairs A , 0 within the Coulomb gauge , 
which satisfy the differential equations [4, 6] 


V 2 A- 


1 d 2 A 
c 2 dt 2 


- i a 

—HoJ + 

c l dt 


(5.65) 


V 2 <D = ~p', (5.66) 
V • A = 0. 


(5.67) 
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The restricted, gauge transformation for the Coulomb gauge is (5.60) with a 
solution to the differential equation (Problem 5.3) 

VV = 0. (5.68) 

Note that (5.67) now plays the same role as the Lorentz condition (5.63). The poten- 
tials for the Coulomb gauge are also shown in the schematic drawing of Figure 5.3. 

We have introduced the potential functions A , with one; purpose in mind: 
to simplify the solution of Maxwell’s equations for the electromagnetic field £, 
B. We can attach physical significance to £ and B because they are directly con- 
nected to the observable force on charge and current through the Lorentz force 
expression (1.12). The following question is often asked: Is there any physical sig- 
nificance to the potential functions? 2 For classical electrodynamics the answer is 
probably no; however, for quantum mechanics the answer is probably yes. 

In quantum mechanics a particle such as an electron , is described by a wave 
function. When an electron passes through a region of space where there is a 
vector potential A but no electromagnetic field (£ =' 0, B = 0), the wave 
function changes. This change has been experimentally observed using the in- 
terference pattern produced by two overlapping electron beams. A similar effect 
occurs when there is a scalar potential <t> in the field-free region. Thus, in quantum 
mechanics the vector and scalar potentials are said to have a physical significance 
that they lack in classical electrodynamics. This interesting result is known as the 
Aharonov-Bohm effect [8-10]. 

5.2 Dirac delta function - concept of a point charge 

In physical situations we sometimes encounter phenomena that are very localized in 
one or more spatial dimensions or in time. They extend over distances or times, that 
are very small compared to the resolving power of our measuring instrumentation. 
For practical purposes then, these phenomena exist only at a point, on a line, or on 
a plane in three-dimensional space, or at a point on the time axis. The Dirac delta 
function is a deyice that mathematically represents such localized phenomena. 

We have already encountered an example. In Section 1.3 we recognized that the 
volume density, of charge p may be localized at a surface boundary, extending a 
very small distance from the boundary into either material In this case, the charge 
essentially exists only on the surface boundary, and can be represented by a surface 
density of charge p s . When the surface boundary is the plane z = 0, this localization 
of the charge is described by the one-dimensional delta function 8(z) (1.56): 

P(x, y , z ) = p s (x , y )<$(*). (5.69) 

In this chapter, we will make frequent use of the delta function in one or more di- 
mensions; thus, at the outset it is worth summarizing the properties of this important 

? Heaviside’s opinion of the potential functions, which is often shared by students, was stated in the 
preface to his book Electromagnetic Theory , “. . . the potential functions .] . fu-e such powerful aids 
to obscuring and complicating the subject, and hiding from view useful arid sometimes important 
relations” [7]. ... 
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Fig. 5.4. Members of the sequence of rectangular functions representing the delta function, 
Six). 


device. Our approach will be simple, emphasizing graphical representations; a more’ 
precise mathematical approach is contained in the theory of generalized functions 
or distributions [1 1-14], • 

We will begin with a; review of the properties for the one-dimensional delta 
function. 

5.2.1 One-dimensional delta function 

The one-dimensional delta function or impulse function <$(*) has the following 
properties: 


Six) = 0, 



l{x)dx = 1. 


* #0 


(5.70) 

(5.71) 


The delta function can be viewed as a limit of a sequence of ordinary functions; for 
example, we can take 


8{x) = lim 

. r ->0 


jjn ( x / r ) J , 


(5.72) 


where n is the rectangular function 



m < £ 

if i > 5- 


(5.73) 


Each member of this sequence is a rectangular pulse of width r and height 1/r , as 
in Figure 5.4. 3 As r -f Q, the height of the pulse becomes infinite, and the width 
of the pulse go6s to zero, so Six) = 0, x ^ 0 in agreement with (5.70). The area . 


3 Notice that the one-dimensional delta function has the same dimensions as 1/r. When the dimen- 
sions for x and r are length L, the dimensions for the delta function are reciprocal length L~ l . The 
units in an equation such as (5.69) are then consistent: p with the SI units C/m 3 , p s with the units 
C/m 2 , and 5 with the units 1/m. 
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‘ under the pulse- remains constant in the limit, 4 

■ ... : (5.74) 

in agreement with (5.71). The delta function is clearly not an ordinary function; it 
is infinite at x = 0. 

The sequence (5.72) for the delta function is not unique; many other sequences 
exist that have the properties (5.70) and (5.71). For example, in some instances it 
is desirable to have a sequence of smooth functions representing Six), such as the 
sequence of Gaussian functions * 


with 


'w-sabk*'*'’} 

jy, = I.. (j= * 


>0 \ +/tt 

.where we have used the definite integral [15] 


r 

JO 


e 1)2 dr] = v^/2. 


(5.75) 


(5.76) 


(5.77) 


Members of this sequence are shown in Figure 5.5a. 

Other properties of <5(x) can be deduced from these sequences. For a well-behaved 
function fix), we have from (5.75) 


f. 


lim U. 


fix)Six)dx = lim , 
oo x-+o\_Jtzt 


= lim , _ 

r-+o y/nr 


J fix)e 

/:.[ 


m+f\o)x 


+ -/"( 0)x 2 + ... \e-*!*dx 


= lim j 

r-f0 [ 


/(°) + T /"(°) + - 


• j = / (0). 


(5.78) 


which is known as the “sifting property” of the delta function. Also from (5.75) we 
see that the integral of the delta function is 


f 


*(£)</£ = Urn 


f-L 


— . r- T e-^' 2 ds) 

T-+0 \^/nr J _ oo J 


(5.79) 


4 We will assume that the order of integration and taking the limit can be interchanged here and in 
obtaining future results. 
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Fig. 5.5. Members of the sequence of functions representing a) the delta function, b) the 
integral of the delta function, and c) the derivative of the delta function. 


where we have introduced the error function [15] 


erf(z) = 


\/* 


f 


o-V 


dr] 


(5.80) 


and used the definite integral (5.77). Members of this sequence are shown in 
Figure 5.5b. In the limit, we have from (5.77), 


lim [ e jf(x/r)] = 


- 1 , 

1, 


X < 0 

x > 0, 


so that (5.79) becomes 


r 

J-c 


<5(£) dt; = U(x), 


where V(jc) is the Heaviside unit-step function U(x): 

,0, x < 0 

U(x) = 


(5.81) 


(5.82) 


1, x > 0. 

The sequence of smooth functions (5.75) can be used to-obtain the derivative of 
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Thble 5.1. Relationships for the one-dimensional delta function 


poo 

i. / 8(x)dx = 1 

J -00 

a. r i(l)di= U(x) 

J —00 

«i. f°° f(x)8(x)dx = /(0) 

J —00 

*V. f f(x)8(x)dx = /( 0), a < 0 < b 
J a 

r oo 

V. / f(x)8(x - a)dx = f(a) 

J — oo 

vi. J ^f(x)S(ax)dx = |jf/(0) 

v«. r f(x)S\x)dx = -/'( 0) • 

J — OO 

r oo 

viiu / f(x)8 (n \x)dx = (-i)"/(")(0) 

. J — OO 

ix. r f(x)H[g(x)]dx 

J —oo 

X sm.&F e»’dn 

J —00 

• = E/^)/i« , (*)i 
(=1 


S(*f) = o, g\xi) ^ 0, i = 1,2,.. 

.,n : \ T 


the delta function: 


' 'w- safes* 


K w- r (5 - 83) 

members of this sequence are shown in Figure 5.5c. The integral of the product of 
a well-behaved function f(x) with S'(x) is then 




f(x)S'(x)d x = lim 

00 T -*-0 




w;i 


m+f\o) X + -f"(,o)x 2 . 


+ \f"{<S)x 3 + : *' 1 *d. 


= lim[-/ , (0)-^/"'(0) + . 
r->o L 4 




(5.84) 


The above relationships for the one-dimensional delta function and others that 
can be obtained using the sequences (5.72) and (5.75) are summarized in Table 5.1 
(Problem 5.4). 


5.2.2 Three-dimensional delta function 

It is easy to extend the concept of the delta function to higher dimensions. When 
a phenomenon is localized at the origin in three-dimensional space, the three- 
dimensional deltafunction, 8(f), is the appropriate representation; in the rectangular 
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Cartesian system (x , y , z) 

S(r) = 8(x)8(y)8(z), (5.85) 

where r = xx + yy 4- zz is the position vector. Clearly, we have 

8(r) = 0, r ^ 6 = Of + 0y + 0£ (5.86a) 

and 

ppp poo poo poo 

/// ; *SrW = / / / S(x)8(y)8(z)dxdydz = 1. (5.86b) 

JJJ all space J—ooJ—ooJ—oo 

A sequence of ordinary functions that corresponds to (5.85) is 


: 5(r) 


r->o[r 3 


nc*/T)n(y/T)nfe/T) . 




(5.87) 


When the delta function is shifted from the origin to the point (x 0 , y a , i 0 ) it assumes 
the form 


with 


and 


; <$(?- r 0 ) = 8(x - x 0 )8(y - y 0 )S(z - z 0 ), 
S(r — r a ) = 0, r yt r 0 , 


8{r - r 0 )dV = 


1 , r o in V 

0, r 0 outside V. 


In the spherical coordinate system (r, 0, 0), when r 0 ^ 0, $ Q ^'0, it 
Z(r-r o )8{0 -G o )8{<l)- c/> 0 ) ' 


Hr — ; r 0 ) = 


or 


5(r - r 0 >; = 


r 2 sin0 ' 

<3(r ~ r 0 )($(cos6 - cos 9 0 )8((p - <j) 0 ) 


(5.88) 

(5.89a) 

(5,89b) 

(5.90a) 

(5.90b) 


Notice that (5.90b) contains a delta function whose argument is a function of 0, so 
on integration with respect to 6, we must use relationship ix from Table 5.1. 

When the delta function is at the origin (r 0 = 0), a singular point bf the spherical 
coordinate system, the following special representation is used: 

<$(r) = 8(r)/4nr 2 . 


Here we take 


so that 


UL 


all space 


8(r)dV 


r 

Jo 


8{r)dr = 1, 


(5.91) 


(5.92) 


pin pn poo 

J <p = 0 J 9—0 J r—0 


r2n r > r roo g (r) 

=0 4 nr 2 


r 2 sin9drd6d<t> — j- (5.93) 
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Fig. 5.6. Uniformly charged spherical particle. 


Sequences of ordinary functions that correspond to <5(r) and 8(r) and satisfy (5.92) 
and (5.93) are 

8(r) = lim ^n(r/r)j (5.94) 

and 

8(r) = lim [ ■ -^rn(/-/r)l. (5.95) 

Notice that there is a 2 in the argument of (5.94) that does not appear in the argument 
(5.72); this factor is necessary because of the difference in the limits of integration 
for (5.92) and (5.71). 

5.2.3 Electrostatic point charge 


We wiU illustrate the use of the delta function and its physical interpretation with 
a simple electrostatic* example. A -small sphere of charge, as in* Figure 5.6, is a 
. model for a charged particle. If the radius of the sphere is allowed to shrink to zero 
whiie the total charge q within the sphere remains fixed, we obtain a theoretical 
idealization, the point charge, which can be represented mathematically by the 
three-dimensional delta function. 

We will assume that the charge q is uniformly distributed over the small spherical 
volume of radius a 0 , located at the origin of the spherical coordinate system (r, 9, </>). 
The volume density of charge is then 

a — 3* r<a 0 . 

4 (5.96) 

0, r > a 0 . ‘ ; 

The electrostatic scalar potential 0 is a solution to Poisson’s equation (5.4) 


P(?)= 4^| n(r/2ao) = 


which simplifies to 



(5.97) 


because of the spherical symmetry of p (Appendix B). On substitution of (5.96), 
this equation can be integrated to obtain the potential both inside, and outside the . 
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sphere: 


4>(f) = 




e 0 al 




r < a„ 


r > a 0 . 


(5.98) 


We will assume that $ O .as r -*■ oo, that <I> is finite at r = 0, and that <£ and 
its radial derivative (the electric field) are continuous at the surface of the sphere, • 
r — a 0 . The constants in (5.98) are then 


C, =0, 


3 q 


C 3 = 




1 " A7TE c 

making the scalar potential 


C 2 = c , 

%TCE 0 a 0 

C 4 = 0, 


W) = 


8tt SqCLq 

g 

47 xe a r ’ 


and the electric' field 


£(r) = -V<J> = 


Ans { 


- fe) 1 


oOi \ a oJ 


AnE 0 r 2 


r , 


r <a Q 


r > a 0 


r <a 0 


r > a Q 


(5.99) . 


\ 


(5.100) 


These results and the volume density of charge (5.96) are graphed as a function 
of r/a Q in Figure 5.7 (the solid lines, which are for the case a/a p = 1). The 



Fig. 5.7. Volume density of charge, potential, and electric field for uniformly charged 
spherical particle. Radius of particle a/a 0 is shrunk, while total charge within particle is 
held fixed. 
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normalizations used in the figures are 


Pn = p/ Po, Po = 3q/4nal ■ 

<t> 0 = q/4ire 0 a 0 

)£ n \ = \£\/S 0 , £ 0 = q/Ane 0 a %. ; 

Now we ask the question: What happens when the sphere is shrunk from radius 
a Q to radius a (a < a 0 ), while the total charge within the sphere remains fixed 
and uniformly distributed? The charge density, potential, and electric field are now 
given by (5.96)> (5.99), and (5.100), respectively, with a 0 replaced everywhere by 
a. Results for the radii aja 0 = 1,1/2, and 1/3 are shown in Figure 5.7. Notice 
that the potential and the electric field for r/a 0 > 1 (shaded region) are the same 
for all cases; the potential and the electric field outside our initial volume of radius 
a 0 do not change as we shrink the sphere. In the limit as the radius a goes to zero 
(i a/a 0 -+ 0), 'we obtain a point charge with the volume density of charge [(5.96) 
with (5.95)] 


P{r) = q 



n(r/2 a) 


the potential (5.99) 


qKr), 


(5.101) 


<!>(?) = — ^—, r >0, (5.102) 

4jTE 0 r ■ : * 

and the electric field (5.100) 

iff) = - 7 ^—rf, r > 0. (5.103) 

47 TE 0 r 2 

' : jt- 

The point charge is a theoretical model, an idealization, for a charged particle of 
small but finite size. It \s represented mathematically by the three-dimensional delta 
function. This model is.of value because, in certain situations, the electromagnetic 
behavior of the.point charge and the charged particle are the same and because the 
point charge is generally easier to treat analytically. We have already discussed an 
instance where the point charge and the actual charged particle are equivalent: The 
potential and the electric field outside the particle ( r/a 0 > 1) are exactly the same 
as those for the point charge [compare (5.99) and (5.100) with (5.102) and (5.103)]. 

The point charge is also a useful model in situations where the sifce of the particle 
is much smaller than the size of an instrument (theoretical or experimental) used 
to measure a related quantity, such as the electrostatic potential. To illustrate this 
point, we consider a spherical probe of radius r Q that measures the average of the 
potential throughout its volume. When the probe is centered on the particle of radius 
a 0 ( a 0 < r 0 ), it measures the average potential 


{&) particle — 


3# 

87T £ 0 r 0 
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For the equivalent point charge, the probe measures the average potential 

> & . x'P/point charge — “ . 

one 0 r 0 

Clearly, the two results are equivalent whenever the radius of the probe is much 
larger than the radius of the particle ( r 0 » a 0 ). 

The point charge is not equivalent to the charged particle for all calculations. For 
example, the total energy stored in the electrostatic field (1.112), 

is finite for the charged particle, 


U e = 


3q 2 


207 xe 0 a 0 ’ 

but infinite for the point charge. 

In the approach taken above, we have emphasized the physical connection be- 
tween the point charge; and the charged particle of small but finite radius. The 
potential of the point charge is simply the limit of the potential of the particle as 
its radius goes to zero. Another approach is to obtain the potential for the point 
charge directly by solving Poisson’s equation (5.97) with the volume density of 
charge (5.101): 1 






dr 


(5.104) 


An examination of this approach is a helpful preliminary to our discussion of the 
electrodynamic case in the next section. 

Away from the origin (r # 0), the right-hand side of this equation is zero, and 
its solution is (5.98) 

C 

. *(?) = —. (5.105) 

where we have assumed that;® -► 0 as r -+ oo. The unknown constant C is 
determined by integrating (5.104) over a small spherical volume V of radius r 
centered at the origin: 0 

fffy ■ VMV = £ V® ■ dS = ^ fg J<iVV, ( 5 . 106 ) 

where the divergence theorem (Appendix B) was used to convert the volume integral 
on the left to a surface integral. 5 After substituting 


v® = —( = —p 

dr \ r / r 2 r ’ 


5 ^ diV fi ergenCe the f rem J lere m »y “era questionable, because the theorem requires 

continuity of the function and its first partial derivatives within V, but from (5 105) we see 
that V* IS singular at the origin. Notice, however, that (5.106) must be coiTect, for on substi- 
tuting V4> = -£ = -V/e„, this equation is seen to be Gauss’ electric law (1.3); 
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the integral on the left-hand side of .(5.106) is readily evaluated: 

> . >2 JT rn Q 

A V<b-dS= / -rr • rr^sin0d9d(p = 4n 
s Jc (>= o Je = o r o 

and the integral on the right-hand side is just (5.86b). Thus, 

4ttC = - q/e 0 , 

or 

-q 


C 47 TEo * 

making the potential of the point charge (5.105) 

*(?) = ■ 


4ne 0 r * 

.which is the same as our previous result (5.102). 


(5.107) 


5.3 Retarded potentials and electromagnetic field 

With the preliminary results obtained in the last two sections, we are now in a 
position to complete the calculation we set as our goal at the beginning of this 
chapter - determination of the electromagnetic field for a specified distribution of 
charge and current (Figure 5. lb). We will first solve the partial differential equations 
(5.61) and (5.62) for the potentials of time-varying point sources. These results will 
then be used to obtain the potentials for a general distribution of charge and current, 
arid finally the electromagnetic field will be determined from the potentials using 
(5.58) and (5.59). 

A time- varying charge q(t) is located at the origin of the spherical coordinate 
system (r, 6 , 0). The volume density for this point charge is 

p(jr, t) = q(t)S(r), (5.108) : 

and the accompanying scalar potential is a solution to the partial differential equa- 
tion (5.62) 

V 2 ®(r, t ) - 1 - -~ 2 ' l) = -q(t)S(r)/e 0 , (5.109) 

or 


1A 

r 2 dr 


01 
9r J 


1 a 2 <E(r,Q 

c 2 dt 2 , 


-q(t)8(r)/e 0} 


(5.110) 


where the spherical symmetry of the charge density p in space has been used to 
simplify the equation. 

We will examine this equation first for points away from the origin (r ^ 0); the 
right-hand side is then zero, so 


ji__ar 2 a<P(r, q i _ 1 a 2 <b(r, q 

r 2 dr [_ r dr J c 2 dt 2 


(5.111) 
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After substituting 

am, 

(5.111) becomes * * 

( 3 2 1 3 2 \ . 

= (5.113) 

.This is the one-dimensional wave equation that we encountered earlier in our dis- 
cussion of plane waves (2.7). The two solutions to the equation are (2.11a,b): 

X + (?, 0 = f+(t - r/c) 

and 


X-(r, 0 = ^-(/ + r/c), 
making the corresponding potentials (5.1 12) 


♦.«>,<). ■ r+< ' _r/e) ■ 
r 

(5.114) 

<MrV) = ' F - (,+r/C >. 

r 

(5.115) 


The functions F+ and T- in (5.114) and (5.115) are still unknown. They will 
be determined by a procedure similar to that used in the electrostatic case (5.106). 
Equation (5.109) is integrated over a small spherical volume of radius r 0 centered 
at the origin: 

Hi v ™ dv - Mi w d ' v - ^ Hi w o-w 

After using the divergence theorem (Appendix B), the first integral on the left-hand 
side becomes 

I v ® ■ iS ■ L L HM 1 * r ‘ ic) -M t r ' M } ; Mded * 


= — 47T 


*^*db(^ T r o/ C) — T 0 "F r o/c) 


>]■ 


and the second integral is evaluated using integration by parts: 

rrr a 2 «t> r 2 * r* r° \ 3 2 

' J]iw dVm jM^Lr «««( 


d ^ 

j^F±(t^r/c)rdr 
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' = 4*c 2 [r 0 A^(, j. r 0 / c ) - r/c)dr j 

• = 47rc 2 ^r 0 — y* - "F r o! c ) -F T 0 J c).-F ±(0^j • 

When these results and (5.86b) are inserted into (5.116), we find that 
^±(0 = ?(0/4»c e ; : ; 

thus, 


r±(t =F r/c) = q(t =F r/c)/4ne 0 , 
and the two solutions for the scalar potential are simply 

q{t - r/c) 


<MM) = - 


47T£ 0 r 


and 


<Mr, 0 = 


g(r +r/c) 
47rs 0 r 


(5.117) 


(5.118) 


Notice that these solutions reduce to the electrostatic, potential for a point charge 
(5.107) when q is constant in time. 

From our discussion of plane waves in Section 2. 1 , we know that the first of these 
solutions (5.117) is a signal traveling radially outward from;the origin, whereas the 
second (5. 1 1 8) is a signal traveling radially inward toward the origin. For the former 
(5.117), the signal received at radius r at time t was at the charge (origin) at the 
earlier (retarded) time t — r/c; hence, this solution is called the retarded scalar 
potential. For the latter (5.118), the signal received at radius r at time t will be 
at the charge (origin) at the later (advanced) time t 4- r/c; hence, this solution is 
called the advanced scalar potential . If «we believe that the charge is the source of 
the signal, then the retarded potential is the causal solution - the signal must reach 
the radius r sometime after it was at the charge (origin r = 0), For the rest of our 
discussion, we will consider only the causal solution (5. 1 17). 

The vector potential for a point current can be determined using the same proce- 
dure used to determine the scalar potential of a point charge. The volume density 
of current for the time- varying point current is 


J{f % t) = j{t)S(r). 


(5.119) 
IL (SI units A • m); the 


Notice that the .dimensions for j (t) are current times length,; j 
vector j (0 can be thought of as the moment for a filament of current of infinitesimal 
length pointing in the direction j(t)/\j(t)\ (Problem 5.5). The vector potential is a 
solution to the partial differential equation (5.61) 


V 2 i(r , t) 


1 3 2 A(r, t) 
3r 2 . 


= -V-oiW(r), 


(5.120) 
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which can be written in component form as 

. « 

1 d 2 Ai(r, t ) 


1 •ar 2 M,(7.o i 1 

r 2 dr[ dr J c 2 3t 2 ~ 


(5.121) 


where i - x, y, z. Notice that this is the same differential equation we studied for 
<J> (5.1 10); thus, the solutions are readily obtained by substituting n oji for q le 0 in 
(5.117) and (5.118): 


A +i (r,t) = 
A—i(r, t) = 

or on combining components 


Hojiit - r/c) 
4nr 

M ojiit + r/c) 
4nr 


i =x,y,z 
i =x,y,z, 


A+( r, t ) = 


•A- (r, 0 = 


V oj(t - r/c ) 
4nr ■ 

Hojit + r/c) 

4nr 


(5.122) 


(5.123) 


As for the scalar potential, these two solutions are referred to as the retarded vector 
potential and the advanced vector potential , respectively. * 

The retarded potentials, (5.117) and (5.122), are for point sources located at the 
origin. The spatial coordinates enter these expressions only through the distance 
r = \r I between the source point (origin) and the observation point fit r . When the 
sources are moved from the origin to the point at r\ the distance between the source 
point and the observation point becomes |r - r ' |, and the retarded potentials are 6 


<D(r,r';0: 


A(r,r'-,t) = 


q{t-\r-r'\/c) 
4Tte 0 \r-r'\ ’. 

M oj(* - I?- r'l/c) 
47T | r — r ' | 


(5.124) 


(5.125) 


The argument of q and / is still a retarded time. 

With the retarded potentials known for the point sources, it is a simple matter to 
obtain these potentials for a general, continuous distribution described by the vol- 
ume densities p(r, t) and J(r, t) (Figure 5.8). The charge and current are confined 
to the volume V and we will only determine the potentials ai points outside this 
volume. We will consider the scalar potential first. 

The infinitesimal element of volume dV' located at the source point r' contains 
the charge 

dq{t) = p(r\ t)dV'. 


6 Since we will only be dealing with the retarded potentials, the subscript will be omitted 
hereafter. 
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i 


Fig. 5.8. Coordinates for determining the potentials (4>, A) of a distribution of charge and 
current (p, J). 


This point charge produces a potential d<& at the observation point r (5. 124): 

Owing to the linearity of Maxwell’s equations and (5.62), we can sum the contri- 
butions from all the volume elements within V to obtain the total retarded scalar 
potential at r : 

or 

Iff 

e 0 JJJv 4n\r-r'\ 

= I fff 

e 0 JJjv 47 xR 

A similar argument shows that the retarded vector potential is 


-1 


J(r\ t - R/c) 


dV\ 


(5.126) 


(5.127) 


j v 4nR> 

On the right-hand sides of (5.126) and (5.127), we have introduced the notation 

R = RR = ? — f', 


R = 

The role of the retarded time in these expressions is nicely illustrated by an 
example whose geometry is sketched in Figure 5.9 [16]. An observer located at the 
point P is measuring the electromagnetic field (retarded potentials) at time t. The 
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INFORMATION - COLLECTING ’ 
SPHERE COLLAPSING WITH 
RADIAL .VELOCITY C 



RETARDED TIME 
t-R/c 

Fig. 5.9.. Information-collecting sphere collapsing on observer at time t. 


signals the observer receives can be thought of as being gathered by an information- 
collecting sphere that is collapsing on this point with a radial velocity equal to the 
speed of light c. The sphere, is similar to a balloon with the air being let out at 
a rate that makes the surface contract with a constant radial velocity. The sphere 
enclosed all space at an infinitely long time ago and collapses to the point P at time 
r. Any signal originating at a source (p, J) as the sphere passes that source reaches 
P at time f. All sources at the radial distance R are passed at the same retarded 
time t — R/c. In this manner, the observer receives at time t signals that originated 
throughout all space at the appropriate earlier times. 

The constraint appearing in (5. 126) and (5. 127), which essentially tells us that we 
must evaluate the sources at the earlier time t-R/c , can be difficult to implement 
in analytical calculations. It can be eliminated at a price - an additional integration. 
We can use the sifting property of the delta function (v in Table 5.1), to show that 


p(r', f — R/c) = 




p(r', t')8[t' - (r - R/c)]dt' 


p(r', t')8(t -t' - R/c)dt’. 


Li obtaining the last line, we changed the sign of the argument of the delta function; 
this does not affect the value of the integral as can be seen from vi in Table 5.1. 
Now we can write the retarded potentials (5.126) and (5.127) as 


<&(?» 0 s ?-— [°° Iff p(r',0 

£<? J t'=—oo JJJv 


$(t - t' - R/c) 


dV'dt' 


_. AttR 


(5.128) 
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and 


Aff.t) = n,[°° [f[ 

Jt'=-oo JJJv 9 


-;V - R/c) 


A nR 


dV'dt 1 . (5.129) 


It is the convention to call the common factor in the integrands of these expres- 
sions the free-space, scalar Green ’s function? 

(5.130) 


An\r - r' 
. then the retarded potentials become 


AnR 


d>(r, t ) : 


1 f°° 

£ 0 Jt'=— o 


p(r', t')Q 0 (r, r , \t\ t^dV'dt'i (5.131) 


i(r, t) = no [°° [[[ J(r\ t')5o(r, r';r, t')dV'dt'. (5.132) 

Jt'=z-oo JJJV 

Once the retarded potentials are evaluated for a specified distribution of charge 
and current, the electromagnetic field is obtained by inserting them into the relations 
(5.58) and (5.59), : 

£(r, t) = — V<J>(r, (5-133) 

B{r,t) = Vxi(r,<). (5.134) 

and performing the indicated differentiation. This is the result we have been seeking: 
the electromagnetic field that is a solution to Maxwell’s equations for a specified 
distribution of charge and current that satisfies the equation of continuity. The last 
part of this- statement is particularly important, for we have assumed that p and J 
satisfy the equation of continuity (5.3 1) throughout our derivation. Our findings are 
summarized in Table 5.2. ■ \ 


5.4 Radiated field 

At large distances from the charge and current, the retarded potentials and electro- 
magnetic field simplify to become the radiated potentials and field. The approxima- 
tions involved in the simplification are similar to those we used earlier in Section 4. 1 
for obtaining Huygens.’ principle for the radiated field. A major difference, however, 


7 Notice that the scalar potential (5.131) is simply 

<1 >(r, 0 = Q a (r , r c \ t , t 0 ), 

when the charge density is 

P(jr',t') = e 0 8(r'-r 0 )8{t'-t 0 ). \ 

Thus, Q 0 {r , r Q \ t, t 0 ) is a solution to the partial differential equation (5.62): 


V 2 G 0 (r,r 0 \t,t 0 )- — 


1 3 2 ^„(f, r 0 ;t, t a ) 


= -<$(r -KW - t 0 ). 


c l dP 

The Green’s function is the causal solution to the scalar wave equation for a point source in space 
and in time, that is, a source located at a point in space and impulsive in time. 
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Table 5.2. Potential Junctions and electromagnetic jield: 
general time dependence 


General Jield 


^ t)= h r=-oo uiv ^ t,)Go(? ' ?, ' t ' ,,)dv ' dt ‘ 

Mr, 0 = n„ Jtf', »')£>(?. r'\ t, t')dV'di' 

g o (r, r'\ty,') = = ^-r'-|r .- r'|/ c ) 

4tt |r — r'| 


£(r , r) 


B(r, t) = V x A(r , t ) 


£ r (r, t ) = -—^-(1 ~ rr-) 
• 47rr 


^(r,0 = 


tr - 


-V4>(r , 0 - 


3 A(r , r) 
dt 


Radiated Jield 




- r x £ r (r, t) 
c 

f - (r - r ■ r')/c 


is that the earlier discussion is for harmonic time dependence, whereas, the current 
discussion is for general time dependence. 

We will assume that the maximum dimension of the volume V containing the 
charge and current is d and that the origin O for the coordinates in Figure 5.8 is 
chosen so that r' < d/2. Figure 4.4 then applies to the present discussion. When 
the Observation point P is a. large distance from V, 

r'/r <d/2r <£ 1, (5.135) 

according to (4.13), the distance /? is approximately 

r & r -r' cos ^ -b ^/-'(r'/r) sin 2 
where f is the angle between r and r' in Figure 5.8. 


(5.136) 
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Now we will apply this approximation to the integrand of the expression for the 
scalar potential 4> (5.126). The factor 1 /R, as shown earlier (4.14), is simply 


J_ _ 1 
R™ r' 


(5.137) 


The charge density p in (5.126) depends upon R through the retarded time, which 
from (5.136) is approximately 


t - R/c % t - r/c + (r'/c) cos f - ^(r' / c)(r' / r) sin 2 \ls. 

, Clearly, we can drop the fourth term on the right-hand side of this expression, for 
it can be made as small as desired because of (5. 135); thus. 


t - R/c = t - (r T f • r')/c « t - r/c + (r'/c) cos x/r . (5.138) 

We cannot, however,’ drop the third term, for we would then be ignoring variations 
in the charge density p that occur over times of the order r'/c < d/2c t which may 
- not be small. 

To show more precisely what we are neglecting by making the approximation 
(5.138) for the retarded time, we will examine the Taylor series for the charge 
density p at the time t' = t — r/c + (r'/c) cos xjr: 


P(r\ t - R/c ) = 




- ^(r’/c)(r’/r) sm 2 \j/ 


] + -L 


(5.139) 


-r/c-Kr'/c) cos V' 

From this result, we see that the approximation is equivalent to assuming 


i(r7c)(r'/r)sin 2 ^ 


dp 


« IpI. 


‘or, on using the maximum values r' = d/2 and sini/f = 1 (t^ = tt/2), 8 


d 2 dp 
8 cr dt 


« IPl- 


(5.140) 


To help with the physical interpretation of this requirement (5. 140), in Figure 5. 10’ 
we have redrawn the geometry for the special case r' = d/2‘ xjr = n/2. The 
evaluation of the potential at point P at the time t requires knowledge of the charge 
density p at point A at the earlier, retarded time t - R/c. For this special case, our 
approximation (5.138) for the retarded time is t — R/c ^ t - r/c. Consequently, 
the error made in the retarded time by using this approximation .is 


At = (R- r)/c = 8/c. 

8 This inequality is to be satisfied in an average sense over the time of observation. Clearly, it will 
not be satisfied at an instant when \p\ = 0, |3p/3/| ^ 0. 
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<*>(?) 


Fig. 5.10. Coordinates for evaluating the error in the retarded time, A f = <5/c, for the 
special case r' = d/ 2, ^ = tt/2. 


From Figure 5.10 and the rules for similar triangles, we can determine the distance 
8 in the above equation: • 

. S_ V(<j/2) 2 + ^ 

•; vV/2) 2 + S 2 2(r + 5) ’ 

or 

■ 5/r = Vl+(d/2r) 2 -l« , 

where we have assumed that ( d/2r ) 2 <£ 1. Thus, the error in the retafded time is 


Notice that this is the coefficient on the left-hand side of (5. 140). 

We can now offer a physical interpretation for the requirement (5. 140): The error, 
A t , in the retarded time made by using the approximation (5 . 1 3 8) (by using r instead 
of R for the distance. between the points A and P in Figure 5.10) must be so small 
that the change in the charge density, Af|3p/3f|, during that time is negligible. 
Stated differently, making the error At in the retarded time has no consequence if 
the charge density does not change substantially during that time. 

With (5.137) and (5.138), the radiated scalar potential becomes 

® r(? ' 0 - th'fffy ? < 5 -‘ 41 > 

and a similar argument shows that the radiated vector potential is 

• < 5 - 142 ) 

The radiated electromagnetic field is obtained by substituting the radiated po-. 
tentials, (5.141) and- (5.142), into (5.133) and (5.134). After interchanging the. 
order of differentiation and integration, the expression for the radiated electric field 
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becomes 9 




The first term in the integrand of (5.143) is 


(5.143) 


v [^7^ =V^p(r',0+lvp(r',f,) 

- - ^ - Hf ■ ?,, i) 


1 , 

cr L 3f' l,_ lr ■ 


Here we have used the following notation for the retarded time 
t r = t -(r -r - r')/c , 


(5.144) 


(5.145) 


and we have dropped terms proportional to 1/r 2 in the last line. The equation of 
continuity (5.31) can now be used to express the right-hand side of (5.144) in terms 
of the volume current density J: 



= -t 




• J(r\ tr) - 




9 The integrands for the radiated potentials are well behaved, so the interchange of the order of 
differentiation and integration causes no problem. If we had substituted the general expressions 
for the potentials, (5.126) and (5.127), into’ (5.133) and (5.134), we would have had to be moie 
careful about the interchange of the order of differentiation and integration. The integrands of the 
general expressions for .the potentials are singular when R = 0(r' =■ r). Moying the differentiation 
. under the integral increases the strength of the singularity; it goes from R~ { to R~ 2 for the electric 
. . field when expressed in terms of only J. Methods for handling the singularities for this case are 
discussed in Reference [17]. 
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. 1 , 
= r — 

Hi 

» 

1 

/ — > 

TV. 

i> 

cr 

L dt' 

-4| 

cV ■ J(r', t r ) — r • 

c 2 r [ 


After substituting (5.146) into 

•(5.143), we have 

grffj)=: £M v "- rr 


- f s ////'■ 

hr',t r )dV' 


47rr 


'l 

where the divergence theorem (Appendix B) was used to convert the second volume 
integral to a surface integral. The only requirement for the volume V is that it 
contains all of the charge and current. Therefore, we are free to choose V so that 
its surface S lies entirely outside the region containing all current. This makes the 
surface integral zero, and the radiated electric field becomes simply 

L,"' ' 

> w7> 

A similar argument (Problem 5.7) shows that the radiated magnetic field is 


= - r x £ r (r, t). 
c 


/ (5.148) 


These results for the radiated field are also summarized in Table 5.2. As we observed 
in our earlier discussions of the radiated field (Chapters 3 and 4), the electric and 
magnetic fields are proportional to 1/r and are normal to each other and to r . 


5.5 Harmonic time dependence 

For the special case of harmonic time dependence, further simplification of the 
formulas in Table 5.2 is possible. Recall, from the discussion in Section 1.7, that 
for harmonic time dependence, the electric and magnetic fields, volume densities of 
charge and current, and potential functions all can be expressed in terms of complex 
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phasors. For example, the volume density of charge and scalar potential are 
' p(r, t) = Re[p(r)e- ,w '] 

and • ■ 

<D(r. 0 = Re[O(r)^'], 

where p(r) and O(r) are the complex phasors. 

The relationship between the scalar potential and volume charge density (5.128) 
then becomes 

Re[4>(r)^"'] = -[°° [[[ R e.[p(?)e> a, ']g o (r , r'; t, t ')dV'cit‘ 

&o Jt'=—oo JJJv 




or, according to the procedure in Section 1.7, 


t'yi^'-^dAdv' . 


The term in brackets is readily evaluated on substitution of (5.130), 

r Qoir.r'U.t'^-'W = f°° &(t - ! ' ~ R/c) 

Jt'ss—OQ J t'=—oo 47T R. 

g jk 0 R 


4 7i R 


= G 0 (r , r ), 


(5.149) 


and it is recognized to be the free-space, scalar Green ’s function for harmonic time 
dependence discussed in Section 4.1. Thus, we can write the phasor for the scalar 
potential as 


<t>{7)^jJjfp{r') G 0 {r,r')d v \ (5.150) 

and by a similar argument we can express the phasor for the vector potential as 

A(r) = p. 0 JJf J(r')G 0 (7, F')dV'. (5.151) 

The phasors for the electromagnetic field follow directly from (5.133) and (5.134): 

£(r) = -V<D(r) - jcoA(r) (5.152) . 

5(r) = V x A(f). (5.153) 

Equation (5.149) establishes the relationship between the free-space, scalar 
Green’s functions for general time dependence, Q 0t and that for harmonic time 
dependence G 0 . This relationship can be simplified further when we recognize that 
Q 0 is a function of the differences R = \r — r'\ and T = t - t\ whereas G 0 is a 
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Table 5.3. Potential functions and electromagnetic field: 
harmonic time dependence 


General field 


*(r) =• 


-un.* 


)G„(r, r')dV' 


A(r) = fio JJJ v J{r')G a {r, r')dV' 


e -jk.R e -iK,\f-F\ 

Go(r,r') = — — - 

4 nR 4jr|r — r'| 

E(r) = — V4>(r) - y<uA(r) 

B(r) = V xi(f) ' ■ 

Radiated field 

E r (F) = -j^o e ~ (1 - rr-) jjf J(F ')e^ rr ‘ dV' 

— jco/j-o g — ^ r x r x JJJ J{r ')e jk ° r ~ r dV' 

B r {r) = f x JJJ v ](?)e& p dV' 

= 1 r x £ r (r) 
c 


function of only R. On expressing (5.149) in terms of these variables, we have 


G 0 (R) = f°° Q 0 (R,T)e-^ T dT, 
Jt=-oo 


(5.154) 


which shows that G 0 is the Fourier transform (1.201) of 
The radiated field is obtained by assuming harmonic time dependence in (5.147) 
and (5.148). The result for the electric field is 

Re[£ r (r)«^'] = -~-r x r x JJJ Jjp Re^V"*'] dV' 

= ^-r x r x JJJ Re{j ca J(r')e Ja[, ^ r - ?F) ' c] }dV' 


= Re 


—r x r x JJJ J {r')e lk ° rr ' dV' 


Jut 
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or 

e -jk„r rrr 



E r (i) = ja)fj. 0 ^— r x r x JJJ J(r ')e jk ° r 7 'dV'. (5.155) 

For the magnetic field, similar steps give 

x JJJ J(r')e Jk ° ; F dV' 


e -jh 0 r 

B r {r) = -jfioko— r 


4nr 

= - r x £ r (r). 
c 


(5.156) 


The requirements for use of the radiated field are (5. 135) (d /2r <£ l)and (5.140). 
The latter, when evaluated in a root-mean-square sense, becomes • 


8cr .| T Jo [ dt 
or, for harmonic time dependence, 


d*_ 

8 cr 


a) 


"-HH 


f>\r 


i 1 * 

.0*L, 


(5.157) 


These are the same requirements we found in Chapter 4 for the use of the radiated 
field from an aperture of maximum dimension d (4.22b, c). 

The results for harmonic time dependence are summarized in Table 5.3. 
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Problems 

(5T ) Consider a region of free space containing no sources: p = 0, J = 0. Show 
that the electromagnetic fieldjvithin this region can.be expressed entirely in 
terms of the vector potential A. Hint: Assume that A, <£ satisfy (5.61)-(5.63), 
then perform a gauge transformation, (5.60) with (5.64), selecting y/r so as to 
make the transformed scalar potential zero. 

^2)|a) One of the differential equations (5.65) for the potentials in the Coulomb 
^ gauge involves both A and $ . Obtain an equation involving only A by elim- 

inating 0 from this equation. To accomplish this, use the fact that a vector 
field, like the current density J, can be expressed as the sum of the longi- 
tudinal or irrotational part Ji, with V x Jt = 0, and the transverse or sole- 
noidal part J t , with V> J t = 0 [5]: 

J = Jt + Jt- 

You will also have to use the fact that a vector is uniquely determined by 
its divergence and curl, so that two vectors that have the same divergence 
and curl are equal [5]. Your final differential equation for .A should only 
contain J t . 

b) Starting with the differential equation from part a and Equation (5.66), 
obtain the potentials A and <I> in the Coulomb gauge for a point current 
and a point charge, respectively. The procedures used in obtaining the 
retarded potentials, (5.124) and (5.125), for the Lorentz gauge can serve 
as a guide. 

c) In your answer to part b, the scalar potential should not involve the retarded 
time (i.e., should depend on t not t — \r—r'\/c). Thus, the scalar potential 
at any position r varies instantaneously as ,the point charge q(t) yaries. 
How can this be. consistent with causality? For a detailed discussion see 
Reference [6]. 



the Coulomb gauge, shpw that (5.65)-(5.67) are invariant under the gauge 
transformation (5.60) when yf is a solution to (5.68). 

(5.4 Derive relationships v, viii , and ix in Table 5.1 for the one-dimensional delta 
function. 
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Fig. P5.1. Filament of current. 

5 .5 The volume density for the point current (5 . 1 1 9) can be thought of.as belonging 
to a filament of current of infinitesimal length. To show tins, consider the 
rectangular volume in Figure P5.1 with square cross section of side a and 
length A t (A£ » a). Within this volume a current l(t)Js in the z direction. 
Obtain an expression for the volume density of current J\ use the rectangular 
function (5.73) to confine the current to the volume. 

In the limits as a -> 0 and A t — >• 0, show that the current density becomes 

J = to [I(t)Aiz]8(?) = ; 


where the moment j(t ) for the infinitesimal current element has been defined. 

'^p)Verify that the retarded potentials (5.128) and (5.129) satisfy the Lorentz 
condition (5.63). Hint: Convert the derivatives with respect to the unprimed 
quantities (x } y f z,t) to derivatives with respect to the primed quantities 
C* i y » Z 1 1 ), then use integration by parts. What role does the equation of 
. continuity for electric charge play in the argument? 

[F-y btain the expression for the radiated magnetic field B r (5.148) by insert- 

^^ing the expression for the radiated vector potential (5.142) into (5.134) and 
performing the indicated operations. 

k5i^ a) A charge distribution varies in time as a Gaussian function- 


Assume that the inequality (5.140) is to hold when the time average is 
used on each side. How far must one be from the distribution to observe 
. the radiated field? The answer should be in terms of r, d, and r. 
b) Assume that the width of the Gaussian pulse is approximately 4r in time 
or 4cr in space. What must the quantity r/4cr be in terms of the quantity 
d/Acx to observe the radiated field? 
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Electromagnetic field of a moving point charge 


6.1 Derivation 


Our first application of the results obtained in Chapter 5 will be to the calculation 
of the electromagnetic field of a moving point charge. The point charge may be 
thought of as a classical model for a charged particle such as the electron. We 
will be particularly interested in the effect the motion of the charge has on the 
electromagnetic field, that is, how the motion alters the field from that of a stationary 
point charge, the electrostatic field given in (5.103). 

We will assume that the point charge moves on a prescribed trajectory with its 
position r q (f) a known function of time. Its velocity and acceleration are 



dr q (t) 

dt 


3(0 = 


<Pr q (t) 
dt 2 


The volume densities of charge and current are then 
p(r, f) = tfS[r-r,(r)] 


( 6 , 1 ) 


and 


J(,r,t)-qv(.t)S[r-r q {t)] ( . (6.2) 

which make the retarded potentials (5.131) and (5.132) 

*0»0-*r [ff 8[r' -r q (t')]g 0 (?;?'u,t')dV'dt', (6.3) 

So Jf'ss-oa JJJ all space • , 

A(r,t) = VL oq n [[[ D(f')i[?' - ? q (t')]g 0 (r, t, t')dV'dt'. 

Jr '=—00 JJJall space 


(6.4) 


A portion of the particle’s trajectory is shown in Figure 6.1 along with the coor- 
dinates used in expressions (6.3) and (6.4). This figure requires some explanation. 
The retarded potentials are to be evaluated at point P, position r at time t. The 
spatial integral is over all space with the volume element dV' at position r'. The _ 
temporal integral extends over all time and is withrespect to the variable At time 

t' the charge is at position r q (t'), and the vector R q (t') is from this position to the 
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Fig. 6.1. Trajectory of moving point charge and coordinates to be used in evaluating the 
retarded potentials'. 

observation point P: 


R< l (t') = R q (t , )R q (t , ) = r-r q (t'j: 


(6.5) 


6.1.1 LiSnard- Wiechert potentials 

Because the form of Equations (6.3) and (6.4) is similar, we only need to consider 
the evaluation of the integral for the scalar potential and then infer the results for 
the vector potential. After substituting the Green’s function (5. 130), (6.3) becomes 


4 kCJJL 


S[r'-f q (t’mt - 1 ' 


oo JJJall space 


R 


-R/c) 


dV'dt'. 


We will consider the spatial integral first. The volume density dV' ranges over all 
space during this integration. However, due to. the “sifting property” of the first 
delta function in the integrand, this integral has a value only when dV' includes 
the location of the point charge at time t'\ that is, r' = r q (t') and R = R q {t') in 
Figure 6.1. Hence, the scalar potential becomes 

K; * 

and there is a similar expression for the vector potential: * v 

'°° • .... 

R ^ t ,y dt. (6.8) 

The argument of the remaining delta function in (6.7) is a function of the variable 


Mr 


?•«-££ 
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:t' = t - R v (t')/c; 
this is the retarded time • 

t r = t - R q (t r )/c. (6.11) 

With these results, (6.7) and (618) become 


0(r, t) = 


4ne 0 


^(f')|l-/? 9 (0-C(f')/c| 



( 6 . 12 ) 


m ?. o«?*f — : . — i . 

4n { tf ? (/')|l _ /{,(,') . v(,')/c| j, )=(r . 


(6.13) 


These are the Lienard-Wiechert potentials ; they were first obtained by Alfred 
Lienard and Emil Wiechert in the period 1898-1900 [1,2]. 

For a point charge traveling with a velocity less than the speed of light in free 
space (|5| < c), there is only one retarded time t r [one position r q (f r )] that satisfies 
Equation (6.1 1) for each observation time t. To see this, assume that there are two 
points on the trajectory of the charge that satisfy (6.11), 1 and 2 ( t r \ and f r2 ) in 
Figure 6.2. Then we have 

frl = t — Rq(t r i)/c, 


tr2 — t R q (t r l)/C , 
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or 


It is easy to show that 

[|-Kf(fr2)| — |-R 9 (frl)|| < |-^?(fr2) — ■Rj(frl)|. • 
SO 


In words, the distance light travels in the time interval \x r i - t rl \ must be less than 
or equal to the distance the charge travels in the same time interval. Clearly, this 
inequality cannot be satisfied unless the charge travels at a speed greater than or 
equal to the speed of light in free space - a possibility excluded by the special theory 
of relativity. Thus, there can be only one solution to (6.11), that is, one retarded 
time t r or position r q (t r ) corresponding to each observation time t . Notice that the 
condition |u| < c also means that 1 - R q ■ v/c > 0, which allows the removal of 
the absolute value sign in (6.12), (6.13), and subsequent formulas. • 

It is instructive t<? compare our expression for the scalar potential Of the moving 
point charge (6.12) with the results for a stationary point charge (5,102) [4], The 
motion of the charge has introduced two factors into the potential, the retarded time 
t r and the term 1 1 - R q ■ v/c\ in the denominator. The retarded time is a result of (he 
finite speed of propagation for electromagnetic signals. It is not the position r q {t) 
of the charge at the observation time t that enters (6.12), but the position r q (t r ) 
of the charge at the earlier time t r . The time interval t - t r just equals the time it 
takes light to travel from the earlier position of the charge r q (t r ) to the point of 
observation r . 


«.Ms KES5ESU -« 14 > 


To explain the additional term in the denominator of (6.12), we will graphically 
examine the evaluation of the integral for the scalar potential (5. 126): 



p(r\ t - R/c) 
4nR 



The volume of integration V can be divided into a large number n of spherical 
shells centered on the observation point-P, where the thickness of each shell is A R, 
as shown in Figure 6.3a. The potential at P is then given approximately by the finite 
sum 



4 jcRi 


(6.15) 


where R { is the mean radius of the z-th shell and A g*(/ r/ ) is the charge in the z-th 
shell at the retarded time t ri =t-Ri/c. 


1 Special relativity actually excludes the possibility of a particle whose speed is less than c being 
accelerated to a speed greater than c, for this would require an infinite amount of energy Particles 
whose speed is always greater than c are not excluded. Such particles have been proposed, and they 
are called tachyons, after the Greek word tachys, which means swift [3]. 
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For our argument, we. will consider a charge of finite size: a sphere with uniform 
charge density and radius a 0 in the rest frame of the observer. The charge is moving 
away from the observation point P with the radial velocity v. In Figure 6.3b, the n 
spherical shells of the volume V are arranged so that they just enclose the charge. 
If we ignore retardation and evaluate all of the elements of charge Aqi at the same 
time, (6.15) gives 


4 >(?;.*) 


4ne 0 R t 




<L 


i=i 


4 TZEnRa 


(6.16) 


here we have assumed that n is large (A R «: a 0 ) and R t » a c , and we have taken 
R q to be the distance from the center of the sphere to the observation point. 2 

Now we will consider the effects of retardation on the evaluation of (6.15). 
In performing the summation, the charge in each spherical shell is sampled at a 
different retarded time;, for the i-th shell, the retarded time is t ri . The right-hand 
edge of the charge is in. the first shell (z = 1) at the time this shell is sampled t r \ 
(Figure 6.3c). Since the charge is moving to the right^the last shell occupied by 
the left-hand edge of the charge at the retarded time for which the shell is sampled 
is the m-th shell (m < ri) (Figure 6.3d). In other words, the charge is never in the 
shells m -M, m + 2, at the retarded times at which these shells are sampled 
Wi. W2, • • • , t rn . Forn large (A R « a 0 ) and R t » a 0 , the potential (6.15) is 
now approximately • 


<I>(r, 0 ' 


A qtitri) 

'4 «= 1 


4 7T£ 0 R q 



(6.17) 


where Rq ^ Rq\{tr\) ^ ^m(^rm)* 


2 In Figure 6.3, n is chosen to be small (n = 5) to clarify the presentation; this exaggerates the size 
of AR relative to a 0 . 
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A comparison of (6.17) with (6.16) shows that the retardation has effectively 
reduced the amount of charge determining the potential by the factor m/n. To 
determine this factor, notice that during the time interval A t r = t rm -t r \tht charge 
travels the distance 

d q = vAt r == (n 
while light travels the distance 

d c — cAt r = mAR\ 


- m)AR 


=(H 


mAR, 


thus, 


or 



m/n = 1/(1 -fi v/c). 
Therefore, the potential (6.17) becomes 3 


: <*>(?, D 


AjXE 0 R q (\ -f v/c)' 


(6.18) 


which is just (6. 12) for our special case: ^ — v. If the charge had been moving 

toward the observation point rather than away from it, the factor in the denominator 
of (6.18) would be (1 - v/c) rather than (1 + v/c). In general it is the velocity of the 
charge in the direction 'of the observation point that affects the integration, which 
explains the factor |1 — R q • v/c\ in (6.12). 


6.1.2 Electromagnetic field 


The electromagnetic field of the moving point charge is obtained by inserting the 
Lidnard-Wiechert potentials into (5.58) and (5.59): 


£(r,t) = -VQ(.r,t)- 


dA(r, t ) 

dt 


-<? p M w-f'-w/cn 

4 nej'^y 1 J 

>»> 

£(r, f) = V x A(r, t) 



V x 



8[t-t'-R q (t')/c] ] 
R g (t') 


dt'. 


( 6 . 20 ) 


3 Notice that the assumed finite radius of the charge a 0 does not enter our final expression (6.18) for 
the potential; hence, we expect this result to apply to the point charge. 
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Hese we have used the Li6nard-Weichert potentials in the form (6.7), (6.8) rather 
than in the form (6.12), (6.13). This avoids difficulties encountered when differen- 
tiating terms with the constraint t' = t r = t — R q (t r )/c [5]. 

The f wo terms in the integrand of (6.19) are 


and 


where 


-S[t - 1' - R q (.t')/c] =«'[]. 


V Rq = Rq . 


( 6 . 21 ) 


was used (Appendix B) and .the prime indicates differentiation with respect to the 
argument. With these results, £ becomes 

+ <6 - 22 > 

To evaluate the remaining integral, we must change the derivative of the delta 
function to one with respect to t'\ Using g{t') as in (6.9), we get • 


d_ 

dt 


A^] = s W)]^r. 


or 


*'[*('')] = - { ) /[i - «*(0 • v(r')/c], 
where (6.10) was used in the last step. The electric field (6.22) is then 


£ = 


47 re. 


r 

X'=-oo 1 ri 


(A-v/cy d 


S[] . „ J 

q cR q (l — R q ■ v/c)dt 




which, on integratipn of the second term by parts, becomes 

The remaining integral can be evaluated by the same procedure we used earlier 


? l f°° K , d r A- v/c) - 

4n’fi 0 X'=-oo 1 R q _ dt'[ c R q a-R q -v/c). 
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with the potentials: 

q 


£(r, r) = 


47 rs ( 

R q V 


R 2 Af 


|1 - R q (t') • v(t')/c\ . 

0 d [ [*,(0 - g(t')/c] 1 

0 dt' 1 c^(r')[l - R q (n • v(t 0/c] 1 


(6.23) 


J r'=r r 


The expression for the magnetic field (6.20) is evaluated in the same manner as that 
for the electric field (Problem 6.3): 


B(r, t ) = 


An 


1 


|1- W-5('')/c| 


1 d [ R q (t')xv(t') 


W): 


c df [ R.(t>)[l ~ R q (f) ■ v(t')/c] 


. (6.24) 


«'“(r 


The differentiations that remain in (6.23) and (6.24) are straightforward but 
tedious; making use of 




we can combine terms to obtain our final results: 

S(r, 0 - — - 

4tts 0 \|1 — • 

(1 - v 2 /c 2 )(Rq - v/c) R q x [(fl, - v/c) x a] 




c 2 R„ 


(6.26) 


B(r,t) = 


-Hocq 

1 

- 

4n 

J1 - R q ■ tJ/c| 3 


f(l-v 

2 /c 2 )[R q x (v/c)] 

Rq x X [(i$g - v/c) X a]}\ 

{ 

• 

c 2 R- q )\ 


tr 

(6.27) 


Notice that the electric and magnetic fields are simply related by 


6.1 Derivation 
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DETECTORS DISTRIBUTED 
ON SURFACE OF SPHERE 



Fig. 6.4. Diagram for visualizing time retardation for the field of the moving charge. 


the magnetic field is always orthogonal to the electric field an4 orthogonal to the 
vector R q . • * . > • 

These expressions completely describe the electromagnetic field of the moving 
point charge. They are complex and require careful examination. For now we will 
just* look’ at some of the general characteristics of the field. In the next section, 
we will examine the field in detail for a few important trajectories of the charge 
[specified r q (t)]. ; x 

The electromagnetic field specified by Equations (6.26) and (6.27) is often dif- 
ficult to visualize because of its dependence on the retarded time; recall that the 
quantities R q , v, and a are all functions of the retarded time. One way of viewing 
this dependence is to consider the electromagnetic field produced by the moving 
charge at a particular retarded time t r (position A in Figure 6 A). Equations (6.26) 
and (6.27) then describe this field at the later time t everywhere on the surface of a 
sphere of radius R q = c[t - t r ) centered on A. We can think of the sphere as being 
covered with an array of detectors (antennas). All of the detectors measure the field 
at the same time r, and their readings tell us the distribution in: space of the field 
produced by the charge at the earlier time t r . In this way we earn speak of a pattern 
for the field, that is, a graph showing the amplitude of the field versus the angular 
position on the surface of the sphere. ; V 

The electromagnetic field clearly contains terms proportional to R~ 2 as well as 
terms proportional to R~ l . The former are the only terms present when there is no 
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acceleration (3 = 0) and are referred to as the velocity field : 

F (7 .s j f Cl - z J / c) 1 

U ' 4xeol R*\r-R q .v/cp J,/ 


n /- ,v_ f (1 ~ v 2 /c 2 )[R q x (u/e)] ] 

' ; .**■ 1 R 2 q \l-R g -Z/cf 


(6.29) 


(6.30) 


The latter result from the acceleration of the charge and are referred to as the 
acceleration field : - ■ 

iff . .>■- -xJ *• x 1( *< : 81 1 . • (6.3i) 

*w’l «,|1-S, S/cp I,, 

(6.32, 

4wc\ fl,|l - • v/c| 3 . 


Notice that the vectors S a ,B a , and R q are mutually orthogonal for the acceleration 
field: 


(* 9 )i r -6> = 9. ; (R q \-B a = 0, 




(6.33) 


The ratio of the acceleration field to the velocity field is . 


£ a \ ' x(f X q)n 

£„!' L c 2 (l -u 2 ,/c 2 j) J,/ . 


(6.34) 


with the unit vector 


P._ [Rq ~ V/C\ 

\Rq ~ 5/H ' 


Assuming the triple product of unit vectors in (6.34) is not zero and a ^ 0, the 
distance R q can always be made so large that the velocity field is negligible. Thus, 
the acceleration field predominates at large distances from the charge; it falls off 
as Z?” 1 , and it obeys the relations in (6.33). Recall that these are the characteristics 
we found earlier for the radiated, field. We conclude that at a large distance, the 
acceleration field is the radiated field of the moving charge. A charge in free space 
must undergo acceleration to produce electromagnetic radiation. 

We can check our formulas, (6.26) and (6.27), for a few simple limiting cases. 
When the charge is stationary (u = 0, a = 0), we have the electric field 
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This is just the electrostatic field of a point charge (5.103). When the charge is 
moving at constant velocity (3 = 0), such that v/c <& 1, and there is negligible 
time retardation ( t r ~ t), we have the magnetic field 

We recognize this result to be of the same form as the Biot-Savart formula for the 
magnetic field of the current element Xdi (Problem 1.3): 

$<.?) = £jpCdixR q ). 


The electromagnetic field of the moving point charge can be expressed in an 
alternative form, which was first given by Oliver Heaviside in abbut 1904 and then 
rediscovered and popularized by Richard Philips Feynman (1918-1988) about sixty 
years later [4, 6-8]. The Heaviside-Feynman form for the field can be obtained 
directly from (6.23) and (6.24). First we notice that 


(6.35) 


where / is a general function. Letting / = R q in (6.35) and making use of (6.25), 
we find that 


Id 


dt 


which can be rearranged to give 




or 


fLr*i r 1 

dt q ^ Ll ~ Rq ♦ v/cjf/ 

• -, 1 ~cdt [Rq] ‘ r ~ .1— J? ? .u/c] (r ' 


(6.36) 


(6.37) 


Substituting (6.37) into (6.35) yields 
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The electric field (6.23) is 


Sir, 0 = 


4 ne 0 


r 1 i 

J ( r L 1 - Rq ■ v/c\ tr 


1 

+ - 


J- 


C (1 - R q . v/c) dt' L(1 - R q . v/c ) Rq 


1 


1 


dR c 


cR q (1 -R q -v/c) dt' 
which on using (6.37) and (6.38) becomes 

After combining terms in this expression, we obtain the Heaviside-Feynman form 
for the electric field: 


Sir, 0 = 


4 ne 0 




(6.39) 


Similar operations applied to (6.24) give the magnetic field (Problem 6.3): 


*•*>-£{[& 


d « 1 . d 2 . 


(6.40) 


Though these expressions appear to be quite different from our earlier results, (6.26) 
and (6.27), they are completely equivalent. 

Both Heaviside and Feynman give interesting interpretations of these formulas 
that we will not repeat here [4, 6]. We will only mention that the radiated electric 
field is given by the third term in (6.39), which is proportional to d 2 [k q ] tf /dt 2 . 
Recall that [R q ] /r is the unit vector pointing from the position of the charge at the 
retarded time t r to the observation point (Figure 6.1). For this representation, we 
“watch” the motion of this vector and take the second derivative at the time of 
observation to determine the radiated field. 

This result is to be compared with our original expression for the radiated elec- 
tric field (6.31), which is proportional to the acceleration of the charge at the re- 
tarded time, [a\ tr = [d 2 r q /dt 2 ] tr . For this representation, we “watch” the motion of 
the charge, the vector r q , and take the second derivative at the retarded time to de- 
termine the radiated field. 

Perhaps it is the difference in these two representations that prompted 



Fig. 6.5. Region containing energy radiated by the charge during the time interval A t r = 
trB-trA- 

Heaviside [6] to refer to the former (^.39) as “a very curious way of represent- 
ing £, and physically very unnatural.” 


„ 6.1.3 Radiated power 

As the point charge accelerates, it radiates energy into the surrounding space [9- 
1 1]. To determine the rate at which energy leaves the charge, we will consider the 
motion of the charge over a very short interval of the retarded time, A i r = t r B - t r A- 
During this interval the velocity and acceleration are approximately constant, and 
the charge moves the distance v At r from point A to point B, as shown in Figure 6.5. 
i At the observation time f, the field radiated by the. charge at the earlier time t rA 
is on the spherical surface 5^ of radius 

RqA = c(t - t rA )\ 

the field radiated at the earlier time t rB is on the spherical surface S B of radius 

RqB = c{t - t rB ). 

The field within the shell of volume V bounded by these two spheres (the shaded 
region in Figure 6.5) is entirely due to radiation from the charge during the time 
interval A t r . The field outside S A was radiated before t rA and that inside S B after 
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t rB . We will let R qA and R qB be very large. The field within the shell is then 
the acceleration field, (6.31) and (6.32), and the thickness A R q of the shell is 
approximately . 

&Rq = RqA RqA * ( RqB "h l)At r ) 

• ** RqA - RqB ~ RqA * vAt r 


5 cAr r (l - R qA • v/c). 


(6.41) 


Now we can determine the energy radiated by the charge in the direction of R qA 
during the time interval A tf. With reference to Figure 6.5, this is just the energy of 
the electromagnetic field A U within the small volume AV\ 


A U = uAV = uR% A AR q AQ. 


(6.42) 


Here A£2 is the element of. solid angle; u is the energy density of the field, which 
is given by (1.114) and (1.115): . 


u — Ug + u m — — £ 0 \S a \ 2 + r — 
^ 1^0 


(6.43) 


In (6.42) we have assumed that the energy density is approximately uniform within 

For the acceleration field, the electric and magnetic energy densities are equal 
(Problem 6.4): 

1 1 
2 n 0 c 2 


Wm = ^ l ® a|2 = ^ l ^ x ^ 2 


1 -o 
= 2 e <> 

So, after inserting (6.41), (6.43), and (6.44), (6.42) becomes 

A U = C£o\S a \ 2 R\ A (l - RqA * v/c)At r AQ, 

or v .' * • 


(6.44) 


A U : 
At r ASl 


= ce 0 \£ a \ 2 R 2 qA (l - R qA ■ v/c). 


In the limit as A t r -+ 0, this is just the energy per unit time, the power V, radiated 
per unit solid angle in the direction of R qA : 


dV Q (t r ) 211 * • 

-jfi? = ce a \£ a \ 2 R 2 (l - R q -v/c). 


(6.45) 


After inserting (6.31) we have 


q 1 f |/? ? x [(flg - v/c) x a] | 2 


dV q {t r ) 

dSl \6n 2 e 0 c 2 \ (1 - R . v/c) 5 


(6.46) 
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Z 



Fig. 6.6. Orientation of the vectors u, a, and R q . 


or, on performing the vector operations and rearranging terms, 

dVqM _ q 2 
d£l 1 6 Tc 1 e 0 c i 

f C 1 ~ kg ■ i>/.c) 2 g 2 + 2(1 - Rg • v/ c)(a- v/c)(R q • a) - (1 - v 2 /c 2 )(R q ■ a) 2 

I (1 - T q • v/c)5 


(6.47) 

Equation (6.47) expresses the power radiated per unit solid angle in the direction 
of R q ; to get the total power radiated by the charge we must integrate (6.47) over 
all solid angles. We will use the coordinates shown in Figure 6.6: 9 is the angle 
between C and R q , v and a are in the plane 0 = 0, and die angle between v and a 

is 0. Then the total power radiated becomes 

'Pq(‘r)= [ [ d ^‘ r - sin 9ddd<t> 

J<f>=o Je=o dil 

_ g 2. [2* ,n / r j 

16jr 2 e 0 c 3 4 =0 J g=0 { [1 - (v/c) cos 9 ] 3 ' 

2(u/c)C0SVr 

+ '[i - (v/c) cos er lsm + sin dc0S(p + cos * cos ^ 


q - v 2 /c 2 ) 

[1 — (v/c) cos 0] 5 


sin 0d9d<j) y 


[sin sin 6 cos <p -t- cos y// cos 6] 2 
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or, on performing the <p integration and recognizing that va cos = v • a, 


V q (t r ) = 


8tt C/jC 3 




1 (1 - u 2 /c 2 )sin 2 0 

(v/c) cos 6 ] 3 2[1 — (v/c) cos 0] 5 


H (iw 

cv 

sin 0^0. 

With the change of Variable 

(6.48) becomes . 

q\c/v) 


2 cos 0 

(c/v)(l — v 2 /c 2 )(3 cos 2 0 — 1) l\ 

[ [1 - (v/c) cos <9] 4 

2[l-(u/c)cos6>] 5 j) 


(6.48) 


U) = 1 — (v/c) cos 0, 


W - iSf? C. («*{i - 2>' - - W " )2<1 - “>*1} 

+ I -MW ~ w ')~ - "V) 

cv [ iv 4 2tv D 

[3(c/u) 2 (l — u>) 2 — l] )),. dw. (6.49) 

The integrand now only involves reciprocal powers of w , and the integral is easily 
evaluated. After rearranging terms, we have our final result for the total power 
radiated by the charge (Problem 6.5): 


VM r ) = 


67T£ 0 C 3 


/ 1 1 

f [(5/c)-2) 2 ]\ 

Id - ” 2 /c 2 ) 2 1 

l + (1 - V 2 /C 2 ) 1 ) 


(6.50) 


The power radiated is seen to be proportional to the square of the acceleration 
and to increase drastically as the velocity of the charge approaches the speed of 
light due to the powers of (1 - u 2 /c 2 ) in the denominator. The relative directions 
of the velocity and acceleration affect the power radiated through the factor v • a. 
We will examine this dependence in more detail in the next section. 

The calculation we just performed could have been approached from a different 
point of view. We will outline this alternative, since it provides additional insight 
into the radiation process. The Poynting vector for the acceleration field is obtained 
from (6.31) and (6.32): 

S a (r, t ) = — £ fl (r, t ) x B a (r , t) 

Vo 


q ■]_ f jjtg X [(£; -S/c) X a]l 2 j. | 

16 7T 2 £ 0 C 3 1 )?2(1 - R q ■ 0/c) 6 - 9 \ ,, 


(6.51) 
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This is the energy per unit time passing through a unit area of a spherical surface 
surrounding the charge, such as the sphere shown in Figure 6.4 or the sphere of 
radius R q A in Figure 6.5. It is the power density that an observer on the sphere 
would measure at time f . Tojobtain tjie power per unit solid angle in the direction 
of R q we must take R 2 R q • S a \ 

dV 0 {t) q 2 f x [(£* - v/c) x.a] | 2 ] 

= i6^? r (1-X-^; , t (6 - 52) 

Notice that (6.52) is not the same as (6.46); the former is the energy per unit time 
(/), per unit solid angle as measured by the observer. on the sphere, 

dQ A/-*o |_ Af A£ 2 J 

whereas the latter is the energy per unit time (f r ), per unit solid angle radiated by 
the charge, 


ii m r_^_i i 

dQ A/ r -*o[Af r AftJ 

The time intervals Af and A t r are hot equal. This can be clearly seen from Figure 6.5. 
The time interval A i r , during which the radiation is produced, is fixed. However, 
the time interval At , during which the radiation is measured on the sphere of radius 
R qA , depends on the direction of observation; it is equal to the thickness of the shell 
A R q divided by the speed of light: 


or H 


Ar = A Rq/c = (1 -R q - v/c)At r , 
dt 


dt r 


= (1 -Rq- V/C \ . 


(6.53) 


The power radiated by the charge per unit solid 
now easily obtained from (6.52): 


angle in the direction of R p is 


dV q (t r ) ^ dV 0 (t) dt 
d£l dQ, dt r 


167T 2 £ 0 C 3 


\R q x [(R q - v/c ) x a] I 2 | 

(1 -R q .v/cf\ , 


which agrees with our previous result (6.46). 


6.2 Special cases 

The formulas obtained in the last section completely describe the classical electro- 
magnetic radiation from a moving point charge. To acquire physical understanding 


4 This result caii also be obtained by letting / equal t ’ in (6.38). 
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Table 6.1. Moving point charge 

in free space 



General: v / c < 1 

v/c « 1 



Velocity field 



Svir.t) 

g 

Rq-P 



4 7T£ 0 

_y 2 fl 2 (l-JV3) 3 _ 

t r 

Ane 0 L4j, r 


■p 0 cq 

RqXfi 


-IJ-oCq pW 

4 JT 

_y 2 /ef(i-JV3) 3 . 

tr 

4 * L R i J 


Acceleration field 


q : 

R q x [(^ 9 - ft) x a] 

q 

Rq X (R q x a') • 

4 ne 0 c 2 ' 

Rqd-Rq-P) 3 

4 ne 0 c 2 

tr 

— — 1 

<3. 

os; 


m | 

X 

X 

sS> 

•c> 

-3)x3]}\ 


R q x a 

4 7T C ' 

^ •> ^(1 ~ Rq 


4nc 

[ R i \ 


Power radiated per unit solid angle 

dV q (t r ) 

q2 \ 

f |4 x [(rt, -3) xa]| 2 | 

I • 

q 2 ■ ■ * _ 9 

dQ 

1 6n 2 e 0 c 3 j 

l : d-R q P) 5 j 

t 

\6n 2 e 0 c^ Rq 1 ]t ' 


Power radiated per unit solid angle measured by 



observer on surrounding sphere 

dV 0 (t) 

9 2 1 

\R q x[(^-3)x5]| 2 


q 2 A 0 

^ r i n 

dQ 

16 7T 2 £ 0 C 3 

j (1 -R q -P) 6 

b 

16n 2 e 0 c 3 ^ Rq * 1 ],r 

Total power radiated 

V q (t r ) 

ql V 

6ns 0 c 3 1 

[^ + y 2 (3«) 2 ]} 

4 


q 2 2 


t r =t- R q (t r )/c, ; 3 = v/c, p = 

i3i. ' 

y = (i - p 2 r i>2 


6.2 Special cases 


377 


of these rather complicated looking results, we will examine in detail a few particular 
cases, that is, a few particular trajectories for the charge. Before we begin this 
examination, we will summarize the results of the previous section in Table 6. 1 . Here 
we have included the expressions for the electromagnetic field, both the velocity 
and acceleration tertns, the power radiated per unit solid angle, and the total power 
radiated by the charge. The notation 

• 3 = v/c, p = |3i, 

and 

. y 3 (1 - u?/c 2 )~ 1/2 = (1 - yd 2 ) - ’/ 2 (6.54) 

has been introduced to simplify the formulas. 


6.2.1 Low velocity: v/c « 1 

When the velocity of the charge is much less than the speed of light, v/c « 1 (ft «! 
1, y ** 1), the expressions in Table 6.1 simplify to those given on the right-hand 
Sid?. Notice for. this case that the relative orientation of the velocity with respect 
to the acceleration does not enter these expressions. So when we introduce the 
angular coordinates of Figure 6.6, we can choose the velocity to be parallel to the 
acceleration (yjr = 0) without loss of generality. Then the vector products in these 
expressions become 

R q x a = —a sin 9$, 


Rq X (Rq X a) = a sin 00,. (6.55) 


and the radiated electromagnetic field (acceleration field) is 



(6.56) 

(6.57) 


For this simple case (ft 1), the power radiated by the charge per unit solid 
angle dV q /dQ (6.46) is the same as the power per unit solid angle measured by an. 
observer dV c /dQ (6.52): 


dVqjtr) 

dQ 


dVg(t) 

dQ 


= 


(6.58) 


In Figure 6.7a, the directional characteristics of the radiation are shown in a' 
three-dimensional representation [12], In this figure the radial distance from the ' 
origin is proportional to the power per unit solid angle radiated in the direction 
'determined by the angles 6 and (ft. The pattern has the shape of a fat doughnut or 
fat tire, with a null in the direction of the acceleration and a maximum in the plane 
normal to the acceleration. In Figure 6.7b a quadrant of the figure is removed to 
show the cross section of the pattern. 
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Fig. 6.7. Directional characteristics of the radiation, dVq/dSl } from a charge moving at 
low velocity (v/c <& 1 ). 

When the pattern is for dV 0 /d£l , we have the following physical explanation. 
With reference to Figure 6.4, the radial distance in Figure 6.7a is prop.ortional to the 
power per unit solid angle measured at time t by an array of detectors distributed 
on a spherical surface that was centered on the charge at the earlier retarded time t r . 
Of course, the radium of the sphere R q must be large enough that only the radiated . 
field is significant on the surface. 

The total power radiated by the charge is given by Larmor's formula (Sir Joseph 
Larmor, 1857-1942) [13, 14], 

■ ;.'••• < 6 - 59 >; 

Notice that the power is proportional to the square pf the acceleration. • 


6.2.2 Relativistic velocity, a parallel to v 

The general expressipns for the radiation from a moving point charge (left-hand 
side of Table 6 . 1) contain the factors ft and y, which cause a marked departure from 
the low- velocity results when the velocity of the charge is close to the speed of light, 
v/c « 1 (jB « 1‘, 1/y ** 0). For this case, the relative orientation of the velocity 
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Fig. 6 . 8 . ^Magnitude of electric -field versus angle 9 for a charge moving with constant 
velocity v. a) Field on spherical surface centered on charge at.retarded time t r . b) Field on 
spherical surface centered on charge at current time t. 


with respect to the acceleration is important. Two orientations of practical interest 
are when the acceleration is parallel to the velocity and. when the acceleration is 
perpendicular to the velocity. We will consider the former first. 

Before we introduce an acceleration, we will consider a charge moving with a 
constant velocity along the z axis ( a = 0). We will then only have the velocity field, 
and it is easily expressed in terms of the angular coordinates in Figure 6 . 6 : 


4jre 0 [y 2 /?|(l -/Jcostf ) 3 ^ 7 ^] r ;’ 

£ _ H 0 cq f ' fismd 

’ 4* L y 2 ^|(l — cos 6»)3 : 

The electric field is rotationaliy symmetric about the z axis; Figure 6 . 8 a shows a 
graph of the field in the x-z plane (0 = 0). Here we plotted the magnitude, of the 
electric field as a function of the angle 0 for different Values ’of fi. This is the field 
that would be measured at time t by an array of detectors on a spherical surface 
of radius R q (t r \ centered on the charge at the retarded time t r (Figure 6.4). When 
P = 0 we have the familiar electrostatic field, and the pattern is a circle. As jS 
increases, the pattern becomes elongated in the direction of the velocity (0 = 0) 
due to the factor ( 1 - /3 cos 0) 3 in the denominator of (6.60). Notice that there is a 
scale change for f) = 0.9; the results are multiplied by 0.2. 

. . Because the charge is moving with a constant velocity; we know its position at 
any time. Hence, it is possible to determine the field that would; be measured on a 
spherical surface of radius R q (t), centered on the charge at the current time t [15]. 
To do this, we must express the electric field (6.60) in terms of the radius R q (t) and 
the angle 0(f) shown in Figure 6.9. Notice that the electric field at each point P on 
the circle R q (t)~ constant is associated with a different retarded time: 

R]{tr) = [c(f - t r )f = [v(t - t r )f + R 2 (t) - 2v(t - t r )Rq (f) cos [k - 0(f)], 


(6.60) 

(6.61) 





POSmONQF POSITION OF 

CHARGE AT CHARGE AT 

TIME t r TIME t 


Fig. 6.9. Coordinates describing field for charge moving with constant velocity. 


Solving this quadratic equation for t r yields 

- [Rq{t)/ c\y 2 [p cos 0(f) + J 1 - sin 2 0(f) ]. 

The corresponding electromagnetic field is (see Problem 6.7) 

£ ■ _ _£ 1 s 

u : 4k e 0 y 2 i?2( f )[i _ pi s ; n 2 9(t)]V 2 q 


(6.62) 

(6.63) 


£ •_ v-pcq £ sin 0(f) , 

4jr y 2 R 2 (t)[l-p 2 sm 2 6(t))V 2<P ' 


(6.64) 


The electric field is now in the radial direction, R q (t), whereas in the previous 
representation (6.60) it contained both radial, R q (t r ), and axial, £, components. 

Figure 6.8b is a graph of the magnitude of the electric field for the new coordi- 
nates. The pattern is now symmetric about the x and z axes. As ft increases, the 
pattern becomes elongated in the direction normal to the velocity, 0{t) = n/2. 
These results suggest that the field for a charge moving with a constant velocity is 
most simply expressed in terms of the coordinates centered on the position of the • 
charge at the current time.; 

The graphs in Figure 6.8 show the relative magnitude of the electric field; they 
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P * v/c = 0 


P-0.6 



Fig. 6.10. Electric field lines for a charge moving with constant velocity u. 


say little about the direction of the field. A different representation can be used 
to convey information about the direction. For a stationary charge, fi = .0, we 
use the familiar radial vectors shown in Figure 6.10a to indicate the direction of 
the electrostatic field. The vectors are equally spaced to indicate that the field is 
spherically symmetric; on a sphere of fixed radius it has the same strength in every 
direction 0, (p. 

For the uniform field in Figure 6.10a, we have made the lines equally spaced 
in two dimensions, on the plane piece of paper. The arc length separating any two 
adjacent lines is a constant. What we would really like to have for the uniform 
field is a three-dimensional model with the radial field lines, uniformly spaced 
over a spherical surface. Since the area of the sphere is proportional to the radius 
squared, the number of field lines per unit area would decrease as the reciprocal of 
the radius squared. This is the same dependence as for the electric field in (6.63); 
it is proportional to \/R^(t). Thus,, the number of radial lines per unit area of 
the spherical surface would correctly indicate the strength of the electric field. 5 * 
For a nonuniform radial field, we could adjust the number of lines per unit, area 
on the spherical surface to be proportional to the field strength. This model can* 

5 Our picture in Figure 6. 10a is actually correct for the electric field of an infinitely long line charge. 
Tfie number of lines per unit area decreases as the reciprocal of the radius, which is the same as the 
dependence of the electric field for the line charge. 
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POSITION OF 
CHARGE AT 
TIME t 


Fig. 6.11. Geometry for calculating the flux of the electric field through a cap surface 
bounded by the angle On . 


be visualized as a spherical pin cushion with pins distributed over the surface to 
represent the radial field lines; the density of the pins would represent the field 
strength. Because we are dealing with plain paper, we must settle for the two- 
dimensional representation in Figure 6.10. 

For the uniform field in Figure 6.10a, the flux of the electric field through a 
spherical surface centered on the charge, is easily calculated. With .reference to 
Figure 6.1 1, the flux through the cap surface bounded by the field line at angle On 
is 

q f 2 * C dN . 1 o .q \ 

■r- 7 R 2 , sin eded<t> = f-(l - cos e N ), (6.65) 

47 1 So Je= o Kq 2e 0 

and the flux between two adjacent field lines, the A'-th and the {N + l)-th, is 


—q 

- — (cosflw+i — cos On)- 
2 So 


The flux is clearly not the same between any two adjacent field lines, as Figure 6. 10a 
might imply. 

Now let us consider the field of a charge moving with constant velocity (6.63). ' 
We will use the same number of field lines as for the stationary charge and require 
the flux of the field through the cap surfaces bounded by the N-th field line to 
be the same for the stationary and moving charges (cap surfaces with angle On in 
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Figure 6.10a and angle 0' N in Figure 6.10d): 

pin f'6' hJ | 


r 2 * r e N 

4ne 0 4 =0 Je= o Y 2 Rq( l — P 2 sin 2 0 ) 3 / 2 
= j_ h _ cos9 n 1 

2e 0 [ (l-^sin 2 ^)i/2j 


R 2 sin 9d6d(f> 


or 


= ^-(l-COS0 W ), 


cos 9'„ 


(1 - /9 2 sin 2 ^)»/2 


= cos 0n> 
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After inverting and squaring this result, subtracting 1 from each side, and rearrang 

I tl ft Vl 0 1 7 Ok 


ing, we have 


(1 - fi 2 )tan 2 0 ' n = tan 2 On, 


or 

On = tan“ 1 (/tan^). f (6.66) 

Notice that the total flux through the spherical surface surrounding the charge must 
be the same for all cases (all values of yS = v/c) because the total charge contained 
in the sphere is always the same. This is easily verified: 0' N = On = n/2 satisfies 
(6.66), which means the flux through the hemisphere is a constant, independent 
of p. 

This relationship (6.66) was used to draw the field lines for the cases = 0.6, 0.9, 
and 0.99 in Figures 6.10b, c, and d. As the velocity approaches; the speed of light, 
the radial field lines are seen to concentrate in the direction normal to the velocity, 
indicating an increase in the field strength in this direction. 

So far we have only considered representations for the electric field of a charge 
moving with constant velocity. Now we will introduce an acceleration that is parallel 
to the velocity. We will assume that the charge initially moves with constant velocity 
V{ = VjZ, and that at time t = 0 it is located at the origin za = 0. The acceleration 
a = az begins at time t — 0 and continues uniformly until time t = T, when the 
position is 


zb = ViT + ^aT 2 = v t T 4- ~A vT - vT. . (6.67) 

The charge then continues to move with velocity v f = v fz. At the observation 
time t = t 0 ( tp > T\ the charge is located at the position 

P 5 

ZD = ViT + -aT 2 + v f (tg — T) = vT + v f (t 0 -T) = v f t„ - ~AvT. 
z - 2 

; . ; , (6.68) 


384 Electromagnetic field of a moving point charge 



Figure 6.12 shows the velocity and the position of the charge as a function of time. 
The dashed line in this figure shows the positions the charge would have had if 
it had continued with the initial velocity v/.*At time t 0 it would have been at the 
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FIELD LINES FOR 
Vi/c = 0 



C . 

Fig. 6.13. Construction for the electric field lines of the velocity fields: u, /c = 0, v//c = 
0.6. Time of observation t a /T = 10.0. 

position 

Zc = Vit 0 . (6.70) 

Now we will consider a specific case; we will let 

Vi/c = 0.0, v f /c = 0.6, t 0 /T = 10.0. 

In Figure 6.13 we have marked with the letters A, B, C, and D the points corre- 
sponding to za, zb, zc, and zd for this case. Also shown in the drawing are circles 
centered at A and B with the radii 

R q A = ct 0 (6.71) 

and 

RqB = c(t 0 - T), (6.72) 

where R qA is the distance an electromagnetic signal from point A (the start of the 
acceleration) will travel in the time interval t Q% and R qB is the distance a signal frpm 
point B (the end of the acceleration) will travel in the time interval t 0 - T. the 
electric field lines produced during the period of acceleration must be within the 
space bounded by these two circles. 

For points outside the circle of radius R qA , the field lines must be those produced 
before time t = 0. They are graphed for the observation time t = t 0% so they must 
be centered at point C - the position zc the charge would occupy if it had continued 
with the initial velocity Since the charge was initially at rest, point C coincides 
with point A. These field lines are for a stationary charge (vj /c = 0); thus, they are 
the same as the lines in Figure 6.10a. 

For points inside the circle of radius R qB , the field lines must be those produced 
after time t = T. They are graphed for the observation time t = t 0> so they must 
be centered at the point D - the position zd of the charge at the observation time. 
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These lines are for. a charge with the velocity v//c = 0.6; thus, they are the same 
as the lines in Figure 6. 10b. 

To complete this figure, we must draw the field lines between the two circles, the 
lines produced during the period of acceleration. For this we need the general form 
of the field in Table 6.1, which includes both the velocity and acceleration terms. 
After introducing the coordinates of Figure 6.6 and letting yfr = 0 and <p = 0, the 
electromagnetic field becomes (see Problem 6.8) 

£(r, t) = 4- £ a 


< 7 . 

"sintfx + (cos 0 - £)£"] 

, 4 

r a sine .1 

47T£ 0 

L 1-/8 COS 0)3 J 

r, 4ne 0 c 2 \ 

-£cos0) 3 J, 


(6.73) 

B(r, 0 = 4 + Be 


_ VoCq\ 

r ■ ? sin9 $\ 

1 +Ml 

a sin 9 ^"1 

An 1 

L K 2 .7?J(1 - cos 0)3 

L 4jtc| 

L /?,(!- P cos#) 3 *J, 


(6.74) 

For each point (x, z) between the two circles in Figure 6.13, we must deter- 
mine the retarded time r r , the position z q (t r ) occupied by the charge during the 
period of acceleration (on the line AB), the radius R q (t r ), and the angle 0(t r ). From 
Figure 6.14a, 


, . 1 - 
Zg(fr) — u /f r -f- — dt r , 

. (6.75) 

RqUr) = ~ tr) = V* 2 + [z — Zq (t r )] , 

(6.76) 

e(t r ) = sin -1 [*//? ? (r r )], 

(6.77) 


and, on combining (6.75) and (6.76), a quartic equation is obtained for t r : 
ftA* 4u, ft r \ 3 4(vf -c 2 - zAv/T) fj r \ 2 

Vrj + Av(rJ + au 2 (tv 

, 8[c*( t 0 /.T)-zv t /T]ftr\ , 4[(x/T) 2 + (z/T) 2 -c\t 0 /T) 2 ] „ 

Av 2 At-/ ' Au 2 ~ a 

(6.78) 

After solving this equation for t r and evaluating z q (r r ), Rq (* r ), and 9(t r ), the electric 
field at the point x t z is determined from (6.73). 

Now the field lines can be completed. First, as shown in Figure 6.14b, a small 
vector of length As is drawn in the direction of the field, £/|£|, at the pointxi,-zi, 
which is at the end of the field line for v f/c. Then a second small vector of length 
As is drawn in the direction of the field at the point * 2 , Z2»' which is at the end of 


6.2 Special cases 


387 



the first vector. This procedure is repeated until the curve intersects the field line 
for Vi/c. 

Figure 6.15 is the complete graph for the electric field fines. The acceleration 
field is dominant in the ring between the two circles, so- the field lines are nearly 
transverse to the direction of propagation in this region. With advancing time the 
ring moves outward, and the field lines become roughly tangent to an expanding 
circle. This is illustrated in Figure 6.16, where the field within the ring is shown for 
the times t 0 / T = 4, 18, and 32. 

Notice that' a distant observer on the positive z axis in Figure 6.15 will receive 
a pulse -of the electromagnetic field whose duration is shorter than the period of 
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Fig. 6.15. Electric field lines for charge uniformly accelerated from rest, u,- /c = 0, to the 



Fig. 6. 1 6. Electric field lines produced during period T of uniform acceleration for different 


observation times: a )t 0 /T =: 


4.0, b) t 0 /T = 18.0, c) t 0 /T = 32.0. v t /c = 0, v f /c = 0.6. 


acceleration T : 


T+ = - (R qB + vT)]/c = (1 - v/c)T, 


whereas a distant observer on the negative z axis will receive a pulse whose duration 
is longer than T : 

T- = [RgA - ( RgB - vT)]/c = (1 + v/c)T. 

After combining these results, we have 

T±/T = (1 T v/c). / (6.79) 

This is the Doppler effect (Christian Johann Doppler, 1803-1853). If the period T 
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Fig. 6. 17. Electric field lines for charge uniformly accelerated from the velocity v/ jc = 0.6 
to the velocity Vf/c = 0.9 during the period T. Time of observation t c /T = 5.0. 


we have been discussing is one cycle of an oscillating signal of frequency / = 1/ T } 
the observers would measure the frequencies 


f± = 1 

/ (l^u/c)’ 


When the source is approaching, the observer measures a frequency higher than /, 
and 'when it is receding, the observer measures a frequency lower than /. « 

It is important to bear in mind that all three periods (7\ T+, and J_) in the above 
discussion are ’measured by stationary observers in the same inertial reference 
frame. We are not comparing periods in different reference frames, such as the 
instantaneous rest frame of the moving charge and the rest frame of the observers. 

Figures 6.17 and 6.18 show the field lines for additional cases. In Figure 6.17 
a charge with initial velocity vi/c = 0.6 is uniformly accelerated to the final 
velocity v f /c = 0.9. Because the charge is not initially at rest, points A and C 
are not coincident, as they are in Figure 6.15. In Figure 6.18 a charge is uniformly 
decelerated from the initial velocity v,/c = 0.9 to rest, v//c‘ = 0.0. After the 
period of deceleration, the field lines become those of a static charge, and since the 
charge is no longer moving, points B and D coincide. Diagrams like those we have 
presented in Figures 6.15-6.18 were apparently first discussed by Sir Joseph John 
Thomson (1856-1940), the discoverer of the electron [16]. Since then they have 
been described by several authors [17-20]. 

The power per unit solid angle radiated by the charge is given in Table 6.1; recall 
that this is a result of the acceleration field. When we introduce the coordinates 
of Figure 6.6 with ^ = 0 and use the fact that the velocity and acceleration are 
parallel, we get 


dVq(t r ) _ q 2 f" a 2 sin 2 9 "1 

dti 167T 2 s 0 c 3 [(I - pcosO ) 5 \ tr ’ 


(6.81) 
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Fig. 6.18. Electric field lines for charge uniformly decelerated from the velocity u,* /c = 0.9 
to rest, Vf/c = 0, during the period T. Time of observation t 0 /T = 15.0. 


(3 v/c « 1 


P = 0.5 (0.5 X) 



Fig. 6.19. Directional characteristics of the radiation, dV q /dQ , when the acceleration is 
parallel to the velocity. Note scale factors in parentheses. 


A comparison shows that this is the same as the low- velocity results'(/3 <& 1) (6.58), 
except for the factor (1 — ft cos 0) 5 in the denominator, which has a marked effect 
on the distribution of the radiation when ft « 1 . ... 

Figure 6.19 shows patterns for the radiation for different values of Here 
the radial distance' from the origin is proportional to dV q /dCl in the direction 
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determined by the angles 6 and </>. Notice that the patterns are rotationally symmet- 
ric about the direction of the velocity/acceleration (z axis) as expected from (6.8L). 
As the velocity increases from p « 1 to p = 0.9, the pattern becomes elongated 
in the direction of the velocity/acceleration; however, there is always a null on the 
axis, at 9. = 0. The maximum pf the pattern occurs at the angle 

0m = COS ~ 1 [^(v /1 + 15 ^-l)]. (6.82) 

which for ft & 1 becomes simply 

' , : * i. ■ (6.83) 

The scale changes in Figure 6.19 indicate that the maximum for the pattern increases 
drastically as p approaches 1. Notice that the concentration of radiation in the 
forward direction for ft near 1 is also shown qualitatively in Figures 6.17 and 6.18: 
The density of the electric field lines within the ring is greatest at a small angle 6. The 
patterns in- Figure 6.19 apply to a charge undergoing acceleration or deceleration 
in the direction of the velocity, since a 2 appears in (6.81). 

The total power radiated by the charge is 

VqM= 6^ [a2y6]t '- . (6.84) 

This is Larmor’s formula for P « 1 (6.59) multiplied by the factor y 6 , which 
rapidly increases as ft approaches one. 

The radiation produced during the deceleration of a charged particle is called 
bremsstrahlung, which is German for “braking radiation.” This term was coined 
during the early history of X rays. X-ray radiation was experimentally discovered 
by Wilhelm Conrad Rontgen (1845-1923) in 1895 [21).. Additional experiments 
were immediately carried out by many investigators, and several explanations were 
put forth for thephysical mechanisms that produce X rays. These efforts culminated 
with the development of quantum mechanics in the 1920s[22). ' 

A schematic drawing for a “Coolidge” X-ray tube is shown in Figure 6.20a [23|. 
Electrons leave the heated filament, are accelerated to high velocity by the potential 
difference V 0 , then impact the metallic target where they produce X-ray radiation. 
Two types of radiation are produced in the X-ray tube: the characteristic X-ray 
spectrum and the continuous X-ray spectrum [24, 25], Both types of radiation ate 
evident in the measured results presented in Figure 6.20b [26], Here the intensity 
of the radiation emitted when a beam of electrons strikes a molybdenum target is 
graphed as a function of the wavelength, X 0 = cff. 

The characteristic X-ray spectrum comprises radiation in narrow frequency 
ranges, a series of lines called a line spectrum. In the quantum explanation it is 
caused by an incident electron knocking out one of the inner electrons from an 
atom in the target; an outer electron then makes the transitioii to the vacated state, 
producing electromagnetic radiation. The continuous X-ray spectrum was named 
bremsstrahlung by A. Sommerfeld [22], The classical Electromagnetic explanation 
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Fig. 6.20. a) Schematic drawing of “Coolidge” X-ray tube, b) Spectrum of radiation for 
X-ray tube with molybdenum target, V 0 = 35, 000 V. (Measured data from Ulrey [26].) 

is that this radiation is caused by the deceleration (braking) of the electrons on 
impact with the target. The deceleration of an electron produces a temporal pulse ’ 
of radiation. The nature of the collision of the electron with the atoms of the target 
determines the shape and duration of the pulse and hence the characteristics of the 
continuous spectrum (Fourier transform of the pulse). 

Notice in Figure- 6.20b:that there is no radiation produced for wavelengths shorter 
than Xomin- This is a quantum effect known as the “Duane-Hunt limit.” The kinetic 
energy an incident election gains in moving through the accelerating potential 
difference V Q of the electrostatic field in the X-ray tube is 

JC = eV 0 , (6.85) 

where the electronic charge is e = 1.60 x 10“ 19 C. Because the energy of an X-ray 
photon emitted from an atom in the target can be no greater than the kinetic energy 
of the incident electron, we have 

^/max = hc/X 0 min = JC = cV 0% 
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Fig. 6.21. a) Schematic drawing for experiment in which electrons impact a thin, gold foil 
with a kinetic energy of 300 keV. b) Angular distribution of photons with an energy of 
130 keV. (Measured data from Nakel [28].) 


or 


^•omin — hc/eV 0t (6.86) 

where Planck’s constant h = 6.63 x 10~ 34 J-s (Max Karl Ernst Ludwig Planck, 
1858-1947). For the results in Figure 6.20b, the potential difference is V 0 = 
35, 000 V, making A. om in ** 3.55 x 10~ u m = 0.355 A. 

For this example, we can estimate the velocity of the electrons when they struck 
the target. From the special theory of relativity, the kinetic energy of an electron 
moving with velocity v is [27] 

JC = (y- 1 )mc 2 , (6.87) 

where the mass of the electron is m = 9.11 x 10 -31 kg. After substituting (6.87) 
into (6.85) and solving for p, we have 

P = Vl - 1/(1 + eVo/mc*) 2 , (6.88).' 

which, on inserting numerical values, gives P = v/c & 0.35. The velocity of the 
electrons was about 35% of the speed of light when they struck the target. 

When electrons collide with tlje atoms of the metallic target their motion is 
altered. For example, an electron may penetrate an atom and be deflected by the force 
of the Coulomb field of the nucleus. The electron does not necessarily experience a 
deceleration that is parallel to its velocity. Only under special circumstances would 
we expect the radiation from the electrons to have the directional characteristics 
shown in Figure 6.19. 

Figure 6.21 presents results from an experiment in which an electron beam 
impacts a thin gold foil (thickness = 250 A) [28]. The kinetic energy of the electrons 
in the beam is JC = eV 0 = 300 keV (1 eV = 1.60 x 10~ 19 J);.thus, from (6.88) 
p = v/c « 0.78; the velocity of the electrons is about 78% of the speed of 
light. In this experiment, only the electrons emerging from the foil with a velocity 
nearly parallel to the direction of the incident beam are considered (Figure 6.21a), 
Hence, the deceleration of the electrons is nearly parallel to their velocity. The 
radiation (photons) produced by these electrons is measured as a function of the 
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angle 9. The measured angular distribution in Figure 6.21b is for photons with the 
energy 130 keV. The directional characteristics are seen to be qualitatively the same 
as those from the classical electromagnetic analysis (Figure 6.19c): a symmetric 
pattern about the axis of the beam with a large maximum at a small angle 9 m . 
•In Reference [29], the measured angular distribution is shown to agree with the 
predictions from a quantum mechanical analysis. 


6.2.3 Relativistic velocity , a perpendicular to v 


When the acceleration is perpendicular to the velocity (0- = tt/ 2 for the coordinates 
in Figure 6.6), the radiated electromagnetic field from Table 6. 1 is (see Problem 6.8) 


8 a {r, t) = 


$a(r, t) = 


\q I a [* sin 0 2 cos0(cos0 - 0)^ 

4jzs 0 c 2 [ T q [(1-0 cos 9) 2<P ~ (l-0cos0) 3 * 

^jjb 0 q I a T sin 0 . . cos 0(cos 6 - 0-) / 

4nc | R q [(1 - 0cos0) 2 + (l-0cos0) 3 


(6.89) 

(6.90) 


and the power radiated per unit solid angle becomes 


d'Pq (t r ) __ q 2 | a 2 I" sin 2 Q cos 2 0 
dSl I6n 2 e 0 c 3 1 (1 - 0 cos 9) 3 [ y 2 (l - 0 cos 9) 2 


Patterns for the radiation field (6.91) are shown in Figure 6.22. For 0 < 1 
(Figure 6.22a), we have the same pattern as for the case when the acceleration- 
and velocity are parallel (Figure 6.19a). Recall that the relative orientation of the 
velocity with respect to the acceleration is not important for the patterns when 
0 4C 1. Although- the patterns in Figures 6.19a ^nd 6.22a appear' to be different, 
they are the same - a fat doughnut or fat tire; the apparent difference is caused by 
the difference in the orientation of the contours of the two figures. 

• As the velocity is increased, the patterns become elongated in the direction of 
the velocity ( z axis), eventually becoming a beam in this direction (Figure 6.22d). 
The half width of the beam is roughly the angle between the z axis and the null in 
the pattern, which, occurs in the plane containing the velocity and the acceleration 
(x -z plane, 0=0): r 


e„ = cos '(fi), 


(6.92) 


which for 0 ^ 1 becomes simply 

(6.93) 

We have scale changes in Figure 6.22, and again they indicate that the maximum 
for the pattern increases drastically as 0 approaches one. 

As 0 approaches one, the electric field of the beam also becomes nearly linearly 
polarized in the direction — x, along the line of the acceleration. To show this, in 
Figure 6.23 we have constructed patterns for the rectangular components (x, y, z) 


P = v/c « 1 
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P = 0.5 (0.5 X) 


P = 0.9 (0.006 X) 



Fig. 6.23. Directional characteristics of the rectangular components (x, y , z) of the radiated 
electric field when the acceleration is perpendicular to the. velocity; 0 = v/c = 0.9. Note 
scale factors in parentheses. 



Fig. 6.24. Charged particle moving in uniform magnetic field, such that v LB. 

of the acceleration field (6.89) for the case p = 0.9. Clearly, near the axis of the 
beam, the y and z components of the electric field (Figures 6.23b and c) are small 
compared to the x component (Figure 6.23a). Note the scale changes for these 
figures. 

The total power radiated by the charge is 

: ' <«*> 
which is Larmor’s formula for p <3C 1 (6.59) with the added factor y 4 , which rapidly 
increases as p approaches one. 

6.3 Synchrotron radiation 

Particle accelerators are a basic tool used in experimental high-energy physics. 
These machines are generally of two types: linear accelerators in which a charged 
particle travels in a straight line, being accelerated by an electric field applied 
at a large number of points along the path; and circular or cyclic accelerators in 
which the charged particle traverses a circular orbit a large number of times, being 
accelerated each time by an electric field applied at one or more points on the orbit. 
Most modern high-energy particle accelerators are of the circular type. 

The first practical circular machine for accelerating charged particles was the 
cyclotron built by Ernest Orlando Lawrence (1901-1958) around 1930 [30-32]. A 
number of circular accelerators were proposed after the cyclotron: the betatron, the 
microtron, etc., and in 1945 the synchrotron [33, 34]. The basic operating principle 
of the synchrotron is still used in modem high-energy particle accelerators [35, 36]. 

To understand the operation of the synchrotron, we will first examine the motion 
of a charged particle in a uniform magnetic field. We will assume that the velocity 
of the particle v is in a direction normal to the magnetic field B (Figure 6.24). The 


6.3 Synchrotron radiation 


397 


particle will then travel in a circular orbit of radius p , such that the centripetal force 
equals the Lorentz force (1,16) of the magnetic field: . 

mv 2 

ma = (— p) = qvxB t 

P 


and so 


mv 

P= qB' 


(6.95) 

The angular frequency at which the particle circulates is the Larmor frequency , 

(6.96) 


_ v _ qB 
p m 


and the kinetic energy of the particle is 



(6.97) 


These results are for a particle moving at a velocity much less than the speed 
of light (ft < 1). Particles in modem accelerators travel at velocities close to the 
speed of light, so we must use the relativistic generalizations of these equations in 
our discussion [27]: 



(6.98) 

y\m) £ 

(6.99) 

/C = (y — 1 )mc 2 = £ — £ 0 . 

(6.100) 

Here the total energy of the particle is 6 


£ = ymc 2 = y£ 0t : 

(6.101) 

mis the mass of the particle, and £ 0 is the rest energy of the particle, 


£ 0 = me 2 . 

(6.102) 


The schematic drawing in Figure 6.25 shows the essential elements of a syn- 
chrotron. The operation of the machine is fairly simple. A bunch of charged par- 
ticles, which usually comes from a lower energy accelerator, is injected into the 
synchrotron (upper right-hand comer of Figure 6.25). The particles travel in a vac- 
uum chamber that is approximately a circular ring of radius p. The magnetic field 
B that forces the trajectory of the particles to be along the center line of the ring 
is provided by a series of “bending magnets/’ “Focusing magnets” are distributed 
along the ring to maintain a small cross section for the bunch. 

The charged particles traveling in the ring pass once per cycle through a radio- 
frequency cavity (bottom of Figure 6.25), where they are accelerated by an electric 
field of angular frequency o) 0 , which increases their energy. For this process to 


6 The total energy £ is not to be confused with the electric field £ . 



Fig. 6.25. Schematic drawing showing the essential elements of a synchrotron. 

be repeated on each cycle and for the energy of the particles to be continuously 
increased, the angular frequency at which the particles move around the ringjf6.99) 
must equal the fixed angular frequency of the electric field, 


qc 2 B( f) 


(6.103) 


a condition known as resonance. In the synchrotron this relationship is maintain^ 
by smoothly increasing the field B(t) of the bending magnets as the energy £(f) of 
(he particles increases. During this process the particles stay roughly in the center of 
the ring, since the radius of their orbit (6.98) is approximately independent of £(r) 
for high-energy particles (for ultra-relativistic particles with /S a* 1, £(r)'» £ a yJ ' 






(6.104) 


7 Our discussion basically holds for an electron synchrotron. In a proton synchrotron the frequency 
(o 0 of the electric field and the magnetic field B are both varied with time to satisfy (6.103) and 
keep the particles in the center of ring (Problem 6.1 1). 
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Whdn the charged particles have reached their final energy, they; are deflected from 
the ring by an ejection magnet (upper left-hand comer of Figure 6.25) and used in 
an experiment. 

The synchrotron possesses a special property known as “phase stability,” which 
we will describe next [37, 38]. 8 The electric field in the radio-frequency cavity of 
the synchrotron produces the accelerating potential difference ! 

V(f) = V 0 cos(co 0 t), ; (6.105) 

which is sketched in Figure 6.26. We will assume that the energy of the particle 
and the magnetic field initially satisfy the resonance condition (6; 103): 

qc 2 B 

= Mo- (6.106) 

During the next cycle, the particle passes through the cavity at time t e gaining the 
energy increment ;. ; 

A £ e =qV e = q V Q cos(co 0 t e ), (6. 107) 

and the magnetic field is increased by the increment. A B e . To maintain resonance, 
the new energy (£ + A £ e ) and the new magnetic field (J3 4- A B e ) must also satisfy 
(6.103): 


qc\B + AB e ) 

60 (£ -f A a.) “ ** 


On substitution of (6.106) and (6.107), this requirement becomes 


£ QC 1 

A£ e = -AB e = ^-AB e , 

B COn 


(6.108) 


/ 1 \ / \ c 2 AB € 

cos(^) = cos (co 0 t g )= 77 -. (6.109) 

* V 0 

The angle ^ is called the “phase of the particle,” and is the “equilibrium phase ” 
On consecutive cycles the particle must arrive at the cavity when the potential 
(6.105) has the phase y/r e + 2 nn (n = 0, 1, 2, . . .) to be continually accelerated. A 
particle with the equilibrium phase arrives at the cavity at the times marked A, A', 
A", etc., in Figure 6.26. . 

Now we ask what happens if the particle does not pass through the cavity with 
equilibrium phase? We will consider the case where the particle arrives at the cavity 
too early, point B in Figure 6.26 {f B < fa). The accelerating potential difference 
is higher than the equilibrium value V e , so the particle gains an amount of energy 
greater than the equilibrium increment, AS > A£ e . From (6.108) we see that this 
extra energy will cause the angular frequency of the particle to be less than the 
equilibrium value (co < cuj. Thus, on the next pass, the particle will arrive at the 
cavity at a later time in the cycle of the potential, point B' :(y and 


The principle of phase stability for the synchrotron was discovered independently around 1945 by 
Edwin Mattison McMillan (1907— ) in the United States and Vladimir Ioifovich Veksler (1907- 
1966) in the former Soviet Union [33, 34]. 





Hg. 6.26. Graph of the accelerating potential difference in the radio-frequency cavity, illustrating the principle of phase stability. 
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have a phase closer to the equilibrium value. This process is repeated over many 
cycles, with the phase and the energy of the particle oscillating about the equilibrium 
values, points B", B'", etc. 9 The analogy of this behavior to the hunting in phase of 
the armature in a synchronous electric motor -was the reason for choosing the name 
synchrotron [32, 33]. 

■ Notice that the potential difference must be positive at the point of equilibrium 
phase to accelerate the particle as it passes through the cavity. In addition, forphase 
stability the slope of the curve for the potential difference must be negative at the 
point of equilibrium phase. Thus, only points on the right half of the positive lobe of 
the potential are suitable as points of equilibrium phase (see the inset in Figure 6.26).- 
Phase stability causes a bunch of particles injected into the synchrotron to group 
together in a stable orbit and obtain nearly equal energies during the process of 
acceleration. The maximum energy reached by the particles is determined by the 
maximum magnetic field B max , from (6. 103), 

p ^ ~ B Iuhx tjepBmax 

which for ultra-relativistic particles, p ns 1, is simply. 

‘-max ^ QCpB mhx , 

or 

£max(eV) = 3.00 x 10 8 p(m)S max (T)iV, (6.111) 

where the energy is expressed in electron volts and N is the ratio of the charge on 
the particle to the electronic charge, q = Ne. 

Clearly, a high-energy synchrotron must have a large radius andpowerful bending 
magnets. As an example we mention the ill-fated Superconducting Supercollider 
(SSC). Ttus proton synchrotron was to be the highest energy machine in existence. 
It was under construction in 1 993 when the U.S. Congress cancelled funding for the 
project. The SSC had a radius p « 13.3 km and superconducting bending magnets 
with Bmax « 6.6 T; thus, the maximum energy (6.111) would have been about 
2.6 x 10 eV = 26 TeV , and the velocity of a proton in this machine would have 
been about v/c « 0.99999999935 [39], 

A charged particle in a synchrotron continually undergoes centripetal acceler- 
ation, therefore, it continually radiates electromagnetic energy. Our results' from 
the previous section for the case with the acceleration perpendicular to the velocity 
are directly applicable to the synchrotron. The radiated electric field (acceleration 
field) is (6.89) 

i a (r tt )=-J—\±.\ x cos^cose-;/?) 1 

47T£ 0 c 2 | R q |_(1 -pcos8) 2 v (1-/3COS0) 3 J| ' 

tr 

( 6 . 112 ) 


9 


In Figure 6.26 we have exaggerated the changes in phase per cycle 
Actually, much smaller phase changes occur per cycle. 


to compress the presentation. 



Fig. 6.27. Coordinates for describing the radiated electric field in the plane of the particle’s 
orbit 0 = 0, n. 

To simplify the examination of this field, we will only consider the geometry 
shown in Figure 6.27. The observation point P is in the plane of the particle’s orbit 
= 0, n) and at a large distance from the orbit ( R 0 » p). The distance R q , the 
angle 9 , and the unit vector § are then approximately 

-(!) 

9{t r )^0) 0 tr, (6.114) 

and 


sin(a>0/ r ) 




(6.113) 


RM r ) t 




cos</>0(f r ) «s (6.115) 

where i is a unit vector at the observation point (see Figure 6.27). The retarded 
time is a solution to the equation 


t r = t - R q (t r )/c ^ t - 


Ro 




or, since co 0 — \)/p y 


o>o(t - Ro/c) = Q) 0 t r - p sin (co 0 t r ). 


(6.116) 


When these results are inserted into (6.112), the electric field in the plane of the 
particle’s orbit becomes 


with 




-q 


An e 0 c 2 R i 


£a( r i 0 — £ax(Roi t)x, 


\ a[cos(co 0 t r ) - P] 1 f 
i[l ~ >3 cos(^f r )]3 J 


oi o 0-Ro/c)=(o o t r -fi sin(<y<if r )- 


(6.117) 
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This field, in normalized form, is graphed as a function of the time t — R 0 /c in 
Figure 6.28 for two values of the velocity, P = 0.5 and 0.9. The field is a periodic 
waveform, with consecutive positive pulses separated by the time T 0 = 2 n/(o 0 . The 
pulses become narrower as p increases. These pulses are caused by the beam of 
radiation from the charge (Figure 6.23a) periodically sweeping over the observer. 
‘ An analogous situation would occur if a small laser were fastened to a wheel with 
the laser beam tangential to the rim. As the wheel spins, an observer in the plane of 
the wheel sees a narrow pulse of light each time the beam points in his direction. 

The width of the positive pulses in Figure 6.28 is roughly equal to the time At 
between the zero crossings of the waveform. From (6.117) the maximum of the 


first pulse occurs when t r = 0 and t — R 0 /c = 0, and a zero crossing occurs when 


tr = [cos \P)]/a>o 
and 


t — R 0 /c = Ar/2. • 

On substituting these values into (6.116), we can solve for the pulse width At: 

At = — | cos -1 (/i) — p sin [cos -1 00)] j 

=.— [cos -I (/3) — ySv'l — £ 2 ], 
co 0 

or. since P = ^1 - 1/y 2 , 

; A t = — [cos- 1 (v/l - l/y 2 ) - a/yhfl z l/y 2 ], (6.118) 

CO 0 L J ' . 
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For an ultra-relativistic particle (p « 1, 1/y as 0) this result siinphfies to become 


•-•A/ ~ — 


7-70.-5.)] ‘ 


co Q y 3 2ny 3 ' 


(6.119) 


We could have easily obtained this result from our previous discussions. Recall 
that for p ^ 1, the angular width of the beam of radiation from (6.93) is 2Q n ^2/y. 
In terms of the retarded time, t r , the charge rotates through this angle in the interval 
of time A t r « 2d n /co 0 = T 0 /ny. The charge is moving toward the observer when 
the pulse is emittedi so there is a Doppler effect (6.79), and the observer measures 
the time interval (width of the pulse) 

= T -^ - MWFvFl „ 

* Y L Y J 


2t xy 3 


as the beam sweeps over him. This is just Equation (6.1 19).. 

The periodic electric field (6.1 17) can be expressed as the Fourier series 

' : oo 

£ax(Ra , 0 = E 0 + ^ E n cos [nco 0 (t - Ro/c)\ 

n=l 

where the coefficients are (from Problem 6.9) 

r t-R 0 /c=To/ 2 


( 6 . 120 ) 


E 0 = 


and 


l rt-R„/c=\ 

TjT I £ax(R 0 . 0 dt 

L ° Jt-R 0 /c=-T 0 /2 

—qa r n cos f - ft 

L-n 0^ 


8 n 2 e 0 c 2 R 0 


/Jcosf) 2 


d$= 0 


(6.121) 


2 rt-#o/c=T 0 /2 

-n = — / £ax(Ro, t) COS [riC0 0 (t - /? 0 /c)l dt 

1 o J t—R 0 fc~—T 0 /2 J 


: ‘ f n cosf - p r ■ 

= 4^^: a - /> cos ^ cos - P sin < 6 - 122 > 

The narrowness of the radiated pulses for p & 1, that is, A t/T a = l/2ny 3 = 
(1 ~ P 1 ) /2-t <K 1, means that the Fourier series coefficients (6.122) will be 

significant for frequencies much greater than the fundamental frequency co 0 , that 
is, for harmonic numbers n much greater than one. We can estimate the harmonic 
number n n for which the absolute value of the coefficient |£„| is maximum. This 
will occur roughly when the half-period of the cosinusoid in (6.122) (T n /2 = 
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Fig. 6.29. Fourier series coefficients, a) |£ n |, for electric field in the plane of the orbit 
versus the harmonic number n\ p ~ 0.9. b) S n , for the time-average power per unit area in 
the plane of the orbit versus the normalized wavelength k 0 /X 0 c> P = 0.9: 


nln m o>o) equals t}ie pulse width (A t « 1 /co 0 y 3 ), or 

= [rry 3 ]. . (6.123) 


Here [x] indicates the largest integer < x. When p « 1, n m can be quite large; for 
example, with p = 0.9, n m = 37, and with P = 0,9999, n m = 10 6 . 

In Figure 6.29a the Fourier series coefficients \E n \ are graphed as a function of 
the' harmonic number n for the case p = 0.9. The first point is for n = 1; the 
coefficient for n = 0 is zero: The mean value of the radiated field is always zero 
(6.121). The coefficients are seen to gradually increase with increasing n, reach a 
maximum when n is near n m , as expected, then rapidly decrease with increasing n. 

For the n-th harmonic, the time-average power radiated per unit area in the plane 
of the orbit is 

J Ro/c^To/2 | 

To Jl-R„/c=-T 0 /2 So 


| En COS [nco 0 (t - i?p/c)]J dt 


El 

Uo 


(6.124) 
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Fig. 6.30. Results from early electron synchrotron. Plotted is the total power radiated per 
uqit wavelength averaged over period of acceleration versus wavelength. (After Tomboulian 
and Hartman [40].) 


In Figure 6.29b we have graphed S n as a function of the normalized wavelength 
K/^oc> again for the case ft = 0.9. The critical wavelength k oc is a parameter 
customarily used to describe the spectrum of synchrotron radiation: 

4nr 

k 0C s—p(£ 0 /£) 3 -, (6.125) 

it is roughly equal to twice the wavelength X om of the harmonic n m : 


_Ancp\ 

^ oc — ~Z 7 

3 co 0 Y 5 


47T 2 C 
— 

3 n m co 0 


- 271 fix 

— ~2~ PA-om • 


In an actual synchrotron, a bunch of particles travels in the orbit. The positions 
of the particles within a bunch vary by a random fraction of a wavelength for 
wavelengths as small as \ oc . Hence, the particles radiate incoherently, and the total 
power radiated is proportional to the sum of the powers radiated by the individual 
particles. Small fluctuations in the particles ’.energies cause the spectrum in this 
range ( X a ** .Kc) to be continuous, rather than discrete as 'in Figure *6.29b. The 
measured spectrum of the radiation from an Actual synchrotron, an early, electron 
synchrotron with £ max ^ 320 MeV, is shown in Figure 6.30 [40]. Ihis is a graph 
of the total power radiated (power radiated in all directions) per unit wavelength 
interval averaged over the entire time of acceleration. A theoretical curve, with 
parameters adjusted for this machine, is also shown. The similarity of these results 
to those from our much simpler calculation (Figure 6.29b) is evident. 

The radiation of electromagnetic energy is a parasitic effect in high-energy parti- 
cle accelerators . It is energy that must be supplied by thd radio-frequency source that 
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otherwise could be used to accelerate the particles. The energy radiated by a particle 
during one cycle in a synchrotron can be determined from (6.94) (Problem 6.10): 


AS = T 0 V q 



£P_(£\ 

3 e 0 p \£ 0 J 


(6.126) 


The fraction of the particle’s total energy lost to radiation per cycle is then 

Af_? 2 ^ 3 £ 3 _ q 2 £ 2 : 

£ 3e 0 p (me 2 ) 4 ^ 3e„p (me 2 ) 4 ! (6,127) 

where the result on the right-hand side is for an ultra-relativistic particle (fi •« 1). 
Notice that this factor is inversely proportional to the fourth power of the mass of 
the particle. The mass of a proton is 1.84 x 10 3 times that of an electron, so when 
these particles have equal total energy £, the electron loses 1.15 x io 13 times more 
energy to radiation than the proton! This loss imposes a practical constraint on the 
highest energies obtainable with electron synchrotrons. The highest energy particle 
accelerators are generally proton synchrotrons. 

The radiation that has been the bane of the electron synchrotrons used for high- 
energy particle physics has been a boon for other areas of physics. The radiation 
from an electron synchrotron has several useful properties. It is a high intensity 
beam with a broad, predictable, continuous spectrum and- an electric field that is 
nearly linearly polarized. Electron synchrotrons produce radiation at wavelengths 
ranging from the infrared to the y-ray regions of the spectrum (see Figure 6.31). 
These wavelengths are of the same order as the dimensions of atoms and molecules 
and, therefore, are useful as probes for determining the structure of matter. Other 
applications of synchrotron radiation are in medical imaging and X-ray lithography 
for microelectronic circuits [41-45]. 

The history of the calculations we have been discussing is interesting in itself. 
The electromagnetic radiation from charged particles moving in circular orbits was 
first examined near the turn of the century in connection with studies of models 
for the atom [17, 46, 47]. Discrete charges were thought to travel in orbits inside 
the atom; one model had negatively charged electrons traveling in circular orbits 
around a positively charged nucleus (Problem 6.13). The objective of these studies 
was to give theoretical explanations for observed phenomena, such as the emission 
of spectral lines. Of course, these problems were solved with the advent of quantum 

mechanics, and interest in the classical calculations diminished. ; 

Charged particles moving in circular orbits again became of interest when cir- 
cular, high-energy particle uccelerators were being built. The earlier calculations 
were refined, and radiation, with the characteristic we have just described, was pre- 
dicted from these machines [48-53]. This radiation was first observed in a 70 MeV 
(Kc ** 4, 800 A) synchrotron by researchers at the General Electric Co. in 1 947 [54- 
56]. The radiation was seen as a small spot of brilliant white light. This observation 



£, MeV* 

• t t 

TYPICAL MACHINES 

Fig. 6.31. Critical wavelength, X oc , of synchrotron radiation and velocity, 1 - v/c, as 
functions of the total energy for ultra-relativistic electrons (/J = v/c « 1). For the 
calculation of Xoc , the magnetic field is taken to be 1.0 T. 

inspired the name “synchrotron radiation” for the radiation produced whenever a 
charged particle moves in a magnetic field. 

The occurrence of synchrotron radiation is not limited to high-energy particle 
accelerators; it exists throughout the universe. This last statement is best illustrated 
by the story of the Crab Nebula [57-59]. When a star dies, its center contracts. If 
the mass of the star is sufficient, the contraction is followed by a violent explosion, 
a supernova. The outer layers of the star are ejected, leaving behind a neutron star 
at the center. The Crab Nebula is a supernova remnant, the remains of a supernova 
observed by Chinese astronomers in 1054. 

Optical observations of the Crab Nebula show two distinct features: an amorphous 
structure more, or less oval in shape (Figure 6.32a) and a network of filaments 
(Figure 6.32b). The radiation from the former has a continuous spectrum, whereas 
the radiation from the latter consists of a system of spectral lines. The continuous 
spectrum accounts for about 90% of the intensity of the optical radiation. For 
some time astronomers had difficulty explaining the mechanism responsible for the 
continuous spectrum. Then in 1953 the astrophysicist Iosif Samuilovich Shklovsky 
(1916-1985) proposed that the continuous spectrum was synchrotron radiation 
produced by relativistic electrons moving in a magnetic field [60, 61]. Relativistic 
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electrons are now thought to be. ejected by the neutron star and produce synchrotron 
radiation when they pass through the star’s magnetic field. 

Since, as we have seen, synchrotron radiation is polarized, the proof for 
Shklovsky’s hypothesis came with the experimental observations that showed the 
optical radiation from the Crab Nebula to be polarized [62-65]. In Figure 6.32a 
the measured polarization pattern for optical radiation (the small, white lines) is 
shown superimposed on an optical photograph of the amorphous structure of the 
Crab Nebula [57, 64]. The radiation from the nebula is only partially polarized; it 
consists of a polarized component plus an unpolarized component. In this figure 
the length of a line is proportional to the degree of linear polarization di , where 10 ’ 

. irradiance of linearly polarized component 

di = . . , (6.128) 

irradiance of total 

and the direction of a line is that of the electric field for the linearly polarized 
component. An estimate for di = 1 is in the lower right-hand comer of the figure. 
The magnetic field in the nebula is roughly in a direction normal to these lines. 
Recall that synchrotron radiation from relativistic particles is linearly polarized 
with the electric field in the plane of the orbit, the plane normal to the magnetic 
field (Figure 6.33). 

10 The degree of linear polarization is discussed in more detail in Section 7.7. 



. Fig. 6.32. ( continued on the next page) 


a) 
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Fig. 6.32. Polarization patterns for the Crab Nebula, a) Optical radiation, with polarization 
pattern superimposed on optical photograph of amorphous structure. (Reproduced from 
Oort [57], by permission of The Observatories of the Carnegie Institution of Washington.) 
b) Microwave radiation, / = 5 GHz, with polarization pattern- superimposed on opti- 
cal photograph of filamentary structure. (Reproduced from Wilson [67], by permission of 
Blackwell Science, Ltd.) 


Observations of the polarization made at microwave frequencies are similar to 
those made at optical frequencies [66, 67]. Figure 6.32b shows the polarization 
pattern measured at the frequency 5.0 GHz; the lines (black) are now superimposed 
on an optical photograph of the filamentary structure [67] . At optical frequencies the 
degree of polarization di commonly reaches 35%, with a typical value being 25%, 
whereas at the microwave frequency 5.0 GHz, di commonly reaches 20%, with a 
typical value being 14% [67]. To reach the observer, the radiation from different 
parts of the nebula must pass through electron clouds of nonuniform density in- a 
magnetic field. The state of the polarization of the radiation is changed by Faraday 
rotation in this process (Problem 2.12). This effect is particularly significant at 
microwave frequencies, and it may explain the differences in the observed optical 
and microwave polarization patterns. In addition, nonumform Faraday rotation may 
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Fig. 6.33. Schematic drawing showing polarization of synchrotron radiation from an elec- 
tron spiraling in a magnetic field. 

cause depolarization of the microwave radiation, producing lower observed values 
for di than at optical frequencies. " | 

6.4 Cherenkov radiation 

Up to this point, our discussion of the radiation from a moving point charge has been 
restricted to charges in free space. We have seen several interesting effects develop 
as we allowed the speed of the charge to approach the speed of light in free space, 
such as the concentrating of the radiation in a particular direction (Figures 6.19 
and 6.22). However, we have not considered what happens when the speed of the 
charge exceeds the speed of light in free space, since this possibility is excluded by 
the special theory of relativity. 

In a simple dielectric material, described by the parameters e = e r e 0 , /z = 
and a = 0, the speed of light is 

c n = 1 lyfefTo = c/«/T r = c/n. ■ (6.129) 

It is less than the speed of light in free space by the factor 1 /«, where 

* 7 ; (6.130) 

is the index of refraction for the material. Thus, we see that it is possible for a charge 
moving in a material to have a speed v that is greater than the speed of light in the 
material and still not violate the restriction that its speed be less than the speed of 
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light in free space, that is, 

c n = c/n < v < c. (6.131) 

In this section we will examine the electromagnetic radiation produced when a 
charge moves in a material such that (6. 131) is satisfied. Before we get involved in 
the details of the calculation, however, we will say a few words about the history 
of this subject. 

Before the development of the special theory of relativity, it was not uncommon 
to consider charged particles moving at speeds greater than the gpeed of light in 
free space. In fact* around 1904 Sommerfeld worked out the theoretical details for 
the radiation from a charged particle moving with uniform velocity such that v > c 
[68, 69]. The acceptance of the special theory of relativity with its restriction v < c 
made such calculations of little interest. 

In the 1930s, Pavel Alek$eevich Cherenkov (1904-1990) and his colleagues 
made an extensive experimental investigation of the faint bluish light emitted by 
pure liquids when exposed to y rays from a radium source [70-^80]. 11 They soon 
realized that the light was not directly caused by the y rays, but was caused by fast 
moving electrons ejected from the atoms of the liquid by the y ..rays. Additional 
experiments performed by Cherenkov using rays (fast moving -electrons) and by 
other investigators using electron beams and proton beams from particle acceler- 
ators confirmed that high-velocity, charged particles moving through the material 
were the source of the emitted radiation (light) [82-84]. 

After recognizing that the key to understanding Cherenkov’s observations was 
that the charged particles were moving with a speed greater than the speed of light 
in the material, v > c nt Il’ia Mikhailovich Frank (1908- ) and Igor’ Evgen’evich 
Tamm (1895-1971) produced a theory, based on classical electromagnetism, that 
completely explained the experimental results [85, 86] . Their.theory assumed a point 
charge moving with uniform velocity, and some of their results were comparable 
to those from the earlier work of Sommerfeld. A novel feature of their theory was 
it showed that a charge moving in a material did not have to accelerate to radiate 
electromagnetic energy. This is to be contrasted with a charge in free space, wliich, 
as we have seen, must accelerate to radiate. 

In honor of Cherenkov’s discoveries, the radiation produced when a charged 
particle moves through a material at a speed greater than the speed of light in 
the material is now called Cherenkov radiation , 12 Cherenkov identified several 
distinctive characteristics of this radiation; we will only describe the experimental 
determination of three of the more important characteristics. We will not do this in 
the context of Cherenkov’s original experiments. Instead, we will describe simple 
arrangements that combine elements of Cherenkov ’s experiments with those of 
later investigators. 

1 1 You have probably seen a picture of a nuclear reactor showing the reactor core’ immersed in water. 
The bluish glow emanating from the water surrounding the core is due to the° same effect studied 
by Cherenkov; it is Cherenkov radiation [81]. 

12 In the former Soviet Union it is sometimes called Cherenkov- Vavilov or Vavilov-Cherenkov radi- 
ation to recognize the role Sergei Ivanovich Vavilov (1891-1951) played in the discoveries f80]. 
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Fig. 6.34. Schematic drawings showing 


experiments for observing Cherenkov radiation. 


i) Cherenkov radiation is asymmetric (directive), being larger in the direction of 
motion of the charged particle. This is illustrated in Figure 6.34a. Here a beam 
of particles is traveling through a material over a straight path of length i , 
and the visible radiation emitted is observed with a photosensitive film placed 
normal to the path. The beam could be composed of electrons coming from a 
particle accelerator at point O and traveling through air (which has an index of 
refraction n that is slightly greater than one) with a velocity such that v > c 
The exposed region on the film is a disc of radius p, so radiation is emitted in 
the forward direction within a cone of angle Xc = tan~ l (p/£). 

Figure 6.34b shows a similar experimental arrangement, only now the beam 
of particles passes through a sheet of material with the index of refraction n. 
The exposed region on the film is a ring. After tracing an emitted ray back into 
the material, taking into account the refraction at the surface of the sheet, the 
; direction of the Cherenkov radiation is found to make an angle Xc with the 
path of the particles. The sheet may be rotated as in Figure 6.35a, so that its 
surface is normal to the direction of the emitted ray. This eliminates changes in 
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Fig. 6.35. a) Experiment for observing the angular dependence and polarization of 
Cherenkov radiation, b) Angle of emission Xc versus particle velocity for mica (n = 1.59). 
(Measured data from Wyckoff and Henderson [83].) 


the angle associated with refraction and also prevents total internal reflection, 
which would trap the radiation within the sheet. 

When this experiment is performed using particles with different veloci- 
ties (energies) and materials with different indices of refraction, the following 
relationship is observed for the angle Xc- 


COS Xc = C n /v, V > c n . (6.132) 

Figure 6.351? shows results for an electron beam of variable energy (variable 
velocity) passing through a sheet of mica ( n = 1 .59) [83]. The measured points 
are seen to agree with the above relationship (6.132). 

ii) Cherenkov radiation is linearly polarized, with a component of the electric field 
parallel to the path of the particles. Rotation of a linear polarizer, placed in the 
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radiation as in Figure 6.35a, shows that the electric field has the orientation 
shown in the figure [84]. 

iii) The visible spectrum of Cherenkov radiation is. continuous, with an energy per 
unit wavelength varying as 1 /X\ (where X 0 is the free-space wavelength). Fig- 
ure 6.36a shows a simple experiment for measuring the spectrum [87]. Either 
a y-ray source or a standard tungsten lamp is placed in a large tank filled with 
deionized water. As mentioned earlier, the y rays eject fast electrons from the 
atoms in the water, and the electrons produce the Cherenkov radiation. A spec- 
trometer is used to measure the spectra for both sources, and the spectrum for 
the Cherenkov radiation is determined by comparison, with the known spectrum 
for the standard tungsten lamp. 9 

The measured spectrum, energy per unit wavelength, for optical wavelengths 
(3,200 A to 6,000 A) shown in Figure 6.36b is seen to fit the 1 /X? 0 behavior [87]. 
Notice that these results confirm the bluish color observed for the radiation; the 
radiation* is more intense at the shorter wavelengths (blue) than at the longer 
wavelengths (red). 


We can make use of our previous analysis for a moving point charge in free 
space to study Cherenkov radiation; we just need to determine the modifications 
necessary when we remove the restriction that the speed 6f the charge must be 
less than the speed of light in the medium. We will only consider a point charge 
moving with constant velocity along the z axis, v = vz. The coordinates are those 
in Figure 6.9. 

Recall that, for a point charge moving in free space , the field at point P and time 
t is caused by the charge at an earlier time, the retarded time t r . This is illustrated 
in Figure 6.37a for a charge moving with constant velocity (P = v/c = 0.5). The 
field at time t on the spherical surface Si (i = 1, 2, 3, .;. .) was produced by the 
charge at the earlier time f r /. For any observation point P in space, a single retarded 
time t r can always be found. When the position of the point P is expressed in terms 
of the spherical coordinates R q (t) y 9{t) centered on the charge at the current time 
r, the relationship between t and f r , obtained earlier (6.62), is 




0(0 + yj 1 ~ sin 2 0(f) j, 


P < 1, 0 <0(0 <k. (6.133) 

Notice that, as expected from causality, t - t r is always positive; This is easily seen 
from (6.133) and the relation 


1 - P 2 sin 2 9 > (1 - p 2 sin 2 9) - (1 - p 2 ) = p 2 cos 2 9. 

Also, notice that if would make no sense to choose the other possibility for the 
square root in (6.133) (change the + sign in front of the square root to a — sign), 
for t — t r would then always be negative ?jnd violate causality. 

When a charge is moving in a material with constant velocity such that its speed 
v is greater than the speed of light in the material; c„, we have the situation shown 
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SPECTROMETER 



Fig. 6.36. a) Experiment for observing the spectrum of Cherenkov radiation, b) Energy 
per unit wavelength versus wavelength for optical spectrum. (Measured data from Rich 
et al. [87].) ' . 
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Fig. 6.37. a) Spherical surfaces S\, S2, . . . associated with retarded times t r \, t r i % ... for a 
charge moving with constant velocity in free space, such that = v/c = 0,5. b) Spherical 
surfaces S\ t 1 S 21 . . . associated with retarded times t r \, t r 2 , . . . for a charge moving with 
constant velocity in a medium, such that p n = v/c n = 2.0. 


418 


Electromagnetic field of a moving point charge 



a) 



Fig. 6.38. a) Geometry for obtaining angles 0 C , \f / c , and Xc- b) Form of solutions for the 
retarded time for different angles of observation 0(f); Pn > 1. 


in Figure 6.37b. Again, the field at time f on the spherical surface S ( was produced 
by the charge at the earlier time f ri *. Only now we see that the space surrounding 
the charge is divided into two distinct regions by a conical surface defined by the 
exterior, obtuse. half angle 6 C . From the geometry in Figure 6.38a, 


.' e c = 71 - sin \l/p n ), tt/2 < 0 C < JT, (6.134) 

where the notation . •* 

, P„ = v/c„ = n(v/c) = np (6.135) 

is used. The auxiliary angles 

y/f c = sin _1 (l//3„), • (6,136a) 

which is the supplement of 0 C , and 

• Xc = cos“*(l/^ n ) = 0 e - tt/2 = n / 2 - \j/ c , (6.136b) 


which is the compliment of ^c, are also shown. In these expressions, the principal 
values of the functions suT 1 and cos” 1 are assumed (i.e., -7 t /2 < sin**^ ) < n/2, 
0 < cos”~^( ) < n). In Figure 6.37b, p n = 2.0, making 0 C = 150° (t lr c = 30° and 
Xc = 60°). 

For points that are outside the contr ( 0 < 0(f) < 0 C ), such as P 0 , no retarded time 
exists, and the field must be zero. All of the radiation produced by the charge at 
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times earlier than t has not had time to reach this region. For points that are inside 
the cone (0 C < 0(f) < n), such as Pi, there are two retarded times, indicated by 
A (t r A) and B ( t r s ) in Figure 6.37b. The charge radiates a signal at position A and 
then quickly moves to position B where it radiates a second signal. Both signals 
arrive at point Pj at the same time f . 

The conclusions we have just reached by examining the graphical construction in 
Figure 6.37b can also be obtained from the expression for the retarded time (6. 133). 
After recognizing that ft = p n > 1 for this case and including the + and - signs 
in front of the square root,’ Equation (6. 1 33) becomes 



[~~] (^TTl) " Ai cos 0(0 ± y/i - #sin 2 0(oj. 


(6.137) 


Clearly, the argument of the square root must be positive, otherwise t - t r would 
be a complex number and meaningless; thus, 


sin 0(f) < l/p n = sin0 c , 


which means 0(f) must be in one of the following ranges: 


0 < 0(f) <7 r - 0 C (6.138a) 

or 

0c < 0(t) < 71. (6.138b) 

llie range of angles excluded by (6.138a) and (6.138b) is 0 C < 0(f) < 0 C ; this 
range is marked by a crosshatched region in Figure 6.38b. Now we have 

Pn cos 2 9 = (1 - pl sin 2 0)4 ■ Pi- l > 1 - Pi sin 2 0. (6. 139) 

for p n > 1. For the first range of angles (6.138a), cos0 is positive, which with 
(6.137) and (6.139) means that f — t r is negative, independent of the choice for 
the sign ini front of the square root in (6.137). Invoking causality, the range of 
angles (6.138a) must also be excluded and is marked by parallel-line shading in 
Figure 6.38b. For the remaining range of angles (6.138b), cos 0 is negative, which 
with (6. 137)- and (6.139) means that f — f r is positive, independent of the choice 
for the sign in front of the square root in (6. 1 37). Hence, there are two solutions for 
the retarded time in this range: 


f frA 
f ” trB 



Pn | cos 0(f) | db y 1 - p£ sin^ 0(f)^j , t 


Pn > 1, 0c <0(0 <71. (6.140) 

These results confirm thdse we obtained earlier from the graphical construction: 
For an observation point outside the cone, there is no solution (positive real number) 
for the retarded time, so the field is zero, whereas for an observation point inside 
the cone, there are two solutions (6.140) for the retarded time. 
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Before we can determine the electromagnetic field of the point charge moving 
with constant velocity such that f) n > 1? we must examine how the restrictions we 
have discussed for the retarded time alter the potential functions (6.12) and (6.13) 
The fact that the potendals.must be zero for angles. 6 (r) < 8 C can be incorporated 
usmg the Heaviside unit-step function (5.82): 

' t/[cos0 c -cos0(Ol 
- t/[cos0 c -cos0(O], (6.141) 

I -i t'=t r B 


4 >(?, t) 


-4-r- 




+ 


i_r_ 




^ (i 0 q f" • v "I 

(r ’ 0 “ von - «,«') . 

Jy-oq f • ■ v l _ 

4jr U 9 (t')|l - R q {t>) ■ u7cJ^/[ C0S ^ ~ COS0W ]- (6 ' 142) 

Notice that cos0 c is negative since tt/2 < 6 C < n, which makes U zero for 
0 < 9 < Q c . 

The denominator of these expressions must be evaluated at the two retarded times, 

tr * and <rB ' S iven b y (6.140). Utilizing the diagram in Figure 6.9, the denominator 
can be expressed as 

|^?(^r) - Pni ■ ^ 9 (tr)| = |^(f r ) - f) n Z. • [(t - t r )v + ^ ? (t)]| 


/ = | c n( r - l r) - Pn[v(t - t r ) + Rq(t) COS 9(f)J | 

= |c«(^ 2 -l)(t-tr)+Af? ? (0cos6(f)|, 
which on substituting the retarded times (6. 140) becomes 

= |a,* 9 (/)| cos0(/)| ± R q (t)Jl - sin 2 8(t) - A,/? 9 (r)|c6s0(rj|| ' 

= Rq(t)Jl - sin 2 <9(r), • (6.143) 

where we have used the fact that tt/2 < 6 C < 6 < n to write cost) = -| CO s0|. 
Notice that (6.143) has the same value for the two retarded times, t rA and t rB : 
The two contributions to the potentials at Pj are the same, even though they arise 
from different earlier times and positions of the charge. With (6. 143), the potentials 
(6.141) and (6.142) become 



: <1 

27 reR q (t)[l-ffsm 2 6 (t)]W 


£/[co$^ c .— cos 0(f)] 

<i> 


(6.144) 
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a) 9 , DEGREES 

Be 



b) 0, DEGREES 

Fig. 6.39. a) Scalar potential and b) electric field for point charge as a functions of the anele 
0; fin = v/c„ = 2.0, 8 C = 150°. . 


and 


A(r 


•H 


J^oqvz 


2xft q m-ftsm 2 0m' 2 l A 


• U [ cos 0 C - cos 0 (f )] . (6. 145) 


Here the. subscripts $ and A are placed on the brackets so that these terms can be 
identified for use 'in future calculations. The scalar potential is graphed as a function 
of the angle 0(f) in Figure 6.39a for the case fi n = 2.0. The discontinuity in the 
potential at the angle 0 = 0 C = 150° is evident. 

The electromagnetic field is obtained by differentiating the potential functions- 
symbolically, the electric field is (5.58) 


£(r, f) = —V$ - 


dA 

3f- 
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We have already determined many of the factors in this expression. The first term 
is just U times the electric field we determined for the charge in free space (6.63), 
evaluated at tlie appropriate retarded times (6.140) and with e a e, 0 p n , 
etc. The second arid third terms involve the factors {}$> and {}^ from (6.144) and 

(6.145) and the terms 

1 ' •» * 

Vt/[cos0 c - cos.0(f )] = S ^p cos “ cos *(0]£(0 
RaV) 


and 


■^tf[$os0 c -r cos 0(f)] = ■ U -- S | p n -- , ~ & [ cos 0 C - cos 0 (f )] . 
dt • ) 

After combining these results, the electric field becomes 

£(r, t)=.~ WKED^L 3[ COS 9 c - cos 0(0] ^,(0 

2;refl2(f)[l -£ 2 sin 2 0(f)F 2 L J? 


" 1 


2jretf2(f)[l-/?2sin 2 0(OF 2 

„ • ' T ' ■' 

A similar calculation for the magnetic field gives 


t/[cos0 c - cos0(f)]fl g (f). 


(6.147) 


B(r,t)= n<? - ■■ e c - cos 6(.t)]$ 

2 jt K 2 (r)[t-#sin 2 0(r)F 2 1 J 

= ^ ~ . 1} Si ” g( - } ■■(/[cos 6 C - cos 0(0 ]0 

2n i? 2 (0[l — Pn sin 2 0(f)] 3 / 2 L J 


'= — A,sin0(O[-0(O x £(r , »)]. 


(6.148) 


Figure 6.39b is a graph of the electric field as a function of the angle 0(f). There 
are two distinct contributions to the field (6. 147). The first contribution, the term that 
contains the delta function, exists only on the surface of the cone, 0(f) = 0 C , where 
it is an infinite radial field pointing away from the charge. The second contribution, 
the term that contains the step function, is a radial field pointing toward the charge; 
within the cone it increases as 0(f) approaches 0 C , becoming infinite at 0 C . It is 
zero outside the cone (0(f) < 9 C \ The directions for these two contributions to the 
electric field are shown clearly in the schematic drawing in Figure 6.40a. 

We will now show that this electric field is consistent with Gauss’ electric law 
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After substituting (6. 147), the left-hand side of the equation becomes 
q jr vA 2 - 1 r '■ sine 

H a / ~ -r ~ . tz i n &(cos6 c — cos 6)d6 

e L A. 70=0 (1 - Pi sin 2 < 9 )V 2 • 

sin# 


- <K - 1) 


f 

70=i 


-.0 (l-/3 n 2 sin 2 e)3/2 


£/(cos# c - cos9)dQ 


1 


whic h, on i ntegrating the second term by parts and noticing that cos# r = 

-(v^T)/^, yields 

/ ” r ' 


A 


r — 1 r n sin# 

1 / 0=0 (1 — /? 2 sin 2 #)*/ 2 


|" . .cos# 

"Ld -:A?sin 2 e)i/2 


<5 (cos 0 C — cos 6)dQ 

U(cosO c - cos#) 


J0=O 


-TFT r 

p, 


1 2 — ‘ 1 f n sin# 

i / n fiT~' 2nMn 8 ( COS ' ec " ? os ^ 

>n 70=0 (1 — $ 2 sur #) 1 / 2 


= <?/*• 


Thus, we see that even though the two contributions to the electric field in (6.147) 
separately give infinite flux through the spherical surface, their sum gives a finite 
flux equal to q/e , in agreement with Gauss* electric law. 

It is interesting that the first term in the expression for the electric field (6.147), 
the term that contains the delta function, was missing in the original analysis of 
Tamm [86]. Thus, the.net flux for the electric field pointed toward the charge, rather 
than away from the charge as it should for a positive charge. This discrepancy was 
pointed out and corrected by later authors [88, 89]. 

The direction of the Poynting vector, S(t) = [£(/) x is shown 

in Figure 6.40b. Notice- that S always points in the direction -#(t) = $(t). Thus, 
S is normal to the wavefront defined by thfe conical' surface of angle # c and points 
into the region where the field is zero. 

As time advances the pictures shown in Figure 6.40 move to the right with 
velocity v. A stationary observer at the point P sees zero field until the conical 
wavefront reaches him; then he sees the* field within the cone as it passes by. We 
can easily estimate the temporal variation of the field seen by a distant, stationary 
observer. With reference to Figure 6.41, we will choose t = 0 to be the time at 
which the conical wavefront reaches the observer. At a later time the observer sees 
the field at the point R q (t) t 0(t) = # c + A#(f), where 

RgXt) = Y« 2 (0) + (vt) 2 - 2R q (0)vt cos 6 Ct 
A #(r) =.sin~ l [vt sin# c //? 9 (r)].‘ 

Now we will assume that R q ( 0) is very large, that is, 

Rq( 0 ) » Vt 


(6.149) 
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Fig. 6.41. Geometry for determining the temporal variation of the field at adistant, station- 
ary observer. 


for all times of interest. Then R q (t) and A 0(f) are approximately 
and m ' 


making 


and 


A<9(0 « vt sin 9 C /R q (0) = c n t/R q (Q) « 1, 

"f ■ 

r . *y m 

cos 9 C - cos 0(f) = cos 9 C - cos [e c + A0(r)] 

« sin0 c A0(f) = c n t/fi n Rq(0) 


1 sin 2 0(f) =l-£ 2 sin 2 [ cos 0 e + ^(f)] ■ „ 

^ ~^Pn smfl c cos 0 C A0(f). = -1 c n t/R q (0). 

After substituting these results into (6.147), thd electric field seen by a distant 
observer becomes 13 

'> “ - ^cokro, 


2Wn e cl' 2 R\'\G>\: 
and the accompanying magnetic field from (6. 148) is 


(6.150) 


B{r, t) « —p n sin 9 C [ -§ c x £(r, f)l 
Cn 

If- - . - 

= —[~ e c x S{r,t)\. (6.151) 

L n 


Here we have used relationship v i from Table 5.1 to write 8(ax) as 8{x)/\a\. 


13 
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A graph of the electric field (6.150) as a function of time would look something 
like Figure 6.39b, with the angle 9 — 9 C on the horizontal axis replaced by the 
normalized time c n t/R q (0). The observer sees a positive, impulsive electric field 
at the instant. the wavefront passes, t = 0, followed by a negative electric field that 
decays with increasing time. 

Now we can explain the experimental results we quoted earlier (i and if). Our 
analysis is for a charge that moves with constant velocity for all time, whereas 
the experimental results, of course, are for a charge that moves with a nearly con- 
stant velocity for a finite time (finite path length). 14 Nevertheless, our analysis 
adequately describes the observations. Although we will confine our discussion to 
the experimental arrangement shown in Figure 6.34a, the explanations for the other 
arrangements are similar. 

Figure 6.42 presents a series of sketches showing the spherical surfaces produced 
by the charge at a number of equally spaced points (times) along the path from point 
0 to the photosensitive film. Only a portion of each spherical surface is shown to 
simplify the presentation. In the first sketch, Figure 6.42a, the charge has not reached 
the film; hence, no region on the film has been exposed. For our simple model, the 
electric field is infinite along the wavefront AB, and it falls off rapidly away from 
this line. In the second sketch, Figure 6.42b, the charge has passed the film, and 
the wavefront AB has intercepted the film and exposed a disc of radius CD. In the 
last sketch, Figure 6.42c, the entire wavefront AB has passed the film leaving the 
disc of radius CE exposed. Notice that the film is illuminated beyond point E in 
Figure 6.42c; however, the illumination is a field that is much weaker than that on 
the wavefront AB and can be ignored. The angle Xc over which the radiation is 
emitted is seen to be 

Xc = tan ~\p/l) = cos~'(c„/v), 

% 

in agreement with the experimental observations (6.132). 

The electric field predicted by the theory is given by (6.150) and shown in 
Figure 6.40a. It points in the direction R q (0) along the wavefront, in agreement 
with the experimental observations for the polarization (Figure 6.35a). 

The frequency spectrum for the electric field seen by a distant observer is obtained 
by taking the Fourier transform of (6.150): 

E(r,a))=[ S(r,t)e- jeot dt 

J — oo 


(6.152) 

To evaluate this integral, we integrate the first term in the integrand by parts and 


14 A related problem, that of radiation from an insulated linear antenna, is discussed in Section 8.4. 
The analysis presented there can be used to study Cherenkov radiation from a charge moving on 
a path of finite length. 



Let’s assume that the observer has a detector that can measure the energy received 
per unit area. We can think of the detector as being a square aperture, oriented so 
that its normal is in the direction -§ c . The total energy (for! all time) entering a unit 
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area of the aperture is then 
dW energy received 
dA unit area 


= f —$c • S{t)dt = — [ -§c-[£(t) X B(f)]d, 

J — OO P'0 J— oo 


1 . fOO : r \ 

= — / 0) X [ - 9 C X 

y_oo . i L 

i ' r 00 ■ 

=— / l^)| a *. 


oo 

N |2 


dr. . 


(6.154) 


where (6.15.1) was used in obtaining the last line. Now from Parseval’s formula 
(1.214) we know that 


y 00 i^(oi 2 ^f = y y°° |£M| 2 ^. 


when £(rj £(<u) [91]. Thus, dW/dA can be easily expressed: in terms of the • 
spectrum for the electric field (6.153): 

Yz = — • P \E(o»\ 2 d<» = - l) l/2 (odco. (6.155) 

dA 7 TfJLpCnJo 1 1 &n 2 R q (0) Jq 

With the change in variable co = 2nc/X 0 [dco = (—27 Tc/Xl)dX 0 ] f we have 

dW q 2 r°° o wo 1 • 

= 2^)1 • < 6 - 156 > 
The integrand of this expression is the total energy received per unit area, per 
unit wavelength; it is proportional to l/X], in agreement with the experimental 
observations we quoted earlier ( Hi and Figure 6.36b). 

It is customary when discussing Cherenkov radiation to give the total energy 
radiated per unit path length'. This is the total energy passing through a unit length 
of a cylindrical surface of radius p whose axis coincides with the path of the charge; 
it is easily obtained from (6.155): 

dW energy radiated ^ r A A ^dW 

= - . • ■ ; r = 2np\p • (— 0 C )1 — - 

unit path length L J dA 


di 


= -2n R q (0) sin 9 C cos 9 t 


dW 

dA 




(6.157) 


The integrand of (6.157) is the energy radiated per unit path length, per unit fre- 
quency: 


dW fi„q : 


dtdco 


4»r V ft) 


(6.158) 


After a change of units, this becomes the result originally obtained by Frank and 
Tamm [85]. 
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The model we have used in our analysis includes several approximations; proba- 
bly the most severe is tha.t we are dealing with a simple material whose permittivity 
e r \ or, equivalently, index of refraction n = ^7, is a constant. The consequences 
of this assumption are that the electric field, given by (6.147) and shown in Fig- 
ure 6.39b, is singular at 9 = 9 Ci and the energy, given by (6. 155) or (6. 156), becomes 
infinite as co -> oo or X 0 -* 0. To understand how this behavior should be modified 
for a real material, we must examine what happens on the microscopic level. 

Atoms in a material have electric dipole moments that are either permanent or 
induced by an applied electric field. These microscopic dipole moments give the 
material its dielectric properties such as e r . In a simple material; the relationship 
between the dipole moment per unit volume or polarization and the electric 
field is 

V(f, t) = £o (e r - l)S(r, t). ' 

So in a simple material, V must respond instantaneously to any temporal variation 
in £ ; if £ varies infinitely fast then V must do likewise. This is clearly impossible 
in a real material, because V is associated with physical processes - the orientation 
and induction of microscopic dipole moments. Thus, in a real material, we expect 
extremely rapid temporal variations in electromagnetic quantities, such as the sin- 
gular behavior for the electric field near 9 = 0 C , to_be absent. These features would 
be smeared out; for example, the delta functidn in £ would be a pulse of finite width 
and amplitude. 

Since the rapidity of temporal variations in the field is limited in a real material, 
high frequencies must be absent from the spectrum for the field; Thus, results like 
(6. 155) can only apply when the frequency is not too high. The good agreement with 
experimental results (Figure 6.36b) shows that this is the case at optical frequencies 
where Cherenkov radiation is normally observed. 

Another approximation in our model is that of a point charge. For a single, ele- 
mentary particle, like an electron, this is a good assumption, since the effects due to 
finite size are overshadowed by those that we have just described for the polariza- 
tion. The latter generally become significant in the ultraviolet region, X 0 ^ 10 3 A, 
whereas the former, for an electron, would not occur until X 0 & 3 x 10“ 4 A [79]. 

When a bunch of elementary particles radiates coherently, they behave essentially 
like one large charge. The finite size of the bunch can then be an important factor 
in determining the characteristics of the Cherenkov radiation. Such bunches can 
be produced in the beams of particle accelerators [92]. A simple model for the 
finite-size charge or bunch has the volume densities of charge and current given 
by [93] 

p(r, 0 = (6.159) 

and * 

J(r, t ) = -^S{x)S(y)e- (t - v,)1/a2 l (6.160) 

These equations describe a charge moving with constant velocity v = vz. It is 
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infinitesimal in cross section (, x , y) but has finite size in the direction of motion 
(z). In this direction, the charge density is a Gaussian function described by the 
parameter a; the. length lot can roughly be equated to the size of the charge. The 
total charge is q. Notice from (5.75) that in the limit a 0, (6.159) and (6.160) 
reduce to the volume densities for a point charge moving with constant velocity 
(6.1) and (6.2). 

The volume density of charge (6.159) can also be expressed as 

P (T, 0 = J [<7<$(.x)<5(;y)<$(z - ur)][-^-e‘“ [v(, “ T)/a]2 Jdr,. (6.161) 

which is the convolution of the volume density for the point charge (brackets) with 
the Gaussian function (braces). The other electromagnetic quantities, such as the 
volume density of current, potential functions, electric field, etc., can be expressed 
as similar convolution integrals. For the electric field seen by a distant observer, we 
have from (6.150) 


£(?, 0 = 


<?(# - 1) 1/4 

2V*n ecl /2 R l v ,2 (0) 


R q (Q) 


(6. 162) 

After integrating the first term in the integrand by parts, combining terms* and 
introducing the notation 


- I) 1 ' 4 

4ff 3/2 ea 3/2^/2 (0 )' 



Equation (6.162) becomes 


(6.163) 


£(?,)) 


( 2 V /2 „ - 

[tJ W 0) 


r T -W(f _ r)e -(r-t Wdr. 

Jo 


The remaining integral can be expressed in terms of the modified Bessel functions 
/„ and and the gamma function, F [93]: 

3/2 

e -\</To\ l 2 G{t)R q {0), 


£(r, t) = £ c 


where 


G{t) = 


Ki/ 4 (|t/r 0 | 2 /2) + K VA (\t/T 0 \ 2 /2)} 

~K\n (|t/r<,| 2 /2) + J RT 3 /4(If/7’ 0 | 2 /2) 

+V2n [-/i /4 (|t/r 0 | 2 /2) + I VA {\t/T 0 \ 2 /2)] 
^/(2)r(3/4)} 


t < 0 

t > 0 (6.164) 

f = 0. ' 
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t/T 0 


Fig. 6.43. Electric field as seen by a distant, 
passes. (After Smith [93].) 


stationary observer 


as a charge of finite size 


Figure 6.43 shows the normalized electric field 
€n(r, t) = £(r, t)/£ 0 

as a function of the normalized time t/T 0 . This result should be compared with 
that for the point charge in Figure 6.39b. Giving the charge finite size is seen to 
eliminate the' singularities in the field; the delta function becomes a pulse of finite 
width and amplitude. The duration of the pulse is a few T 0 , which from (6.163) is 
roughly the time for the charge to travel a distance equal to its size. 

The frequency spectrum for the electric field seen by a distant observer can be 
readily obtained from results at hand using the time convolution theorem [91]: 


/i(0 F’i(cu), fi(t) *+ Fi(u>) 



/i(r)/ 2 (f 


— r )dr ++ F] (u))F 2 (lg). 


(6.165) 


Let’s compare (6.162) with (6.165). If we let /i represent: the electric field of the 
point charge, whose Fourier transform is given by (6.153), and let ft represent the 
Gaussian function, whose Fourier transform is 


*JnT c 


e~ ,2/T ? +> e -“^o 2 /4 j 


then the Fourier transform of the electric field for the charge of finite size is simply 


E(r, co) = 


' <?(#- l) v v /2 

Alfred' 2 R l q /2 (0) 


(l+;)^(0) 


-<o 2 t; 2 /4 
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Fig. 6.44. Energy per unit path length per unit frequency for Cherenkov radiation seen by 
a distant, stationary observer as a charge passes. (After Smith [93].) 


The energy radiated per unit path length, per unit frequency, for this field is 15 
dW 2 


dldco 


= - |27Tpp • Re [£ c (r, <w)] J = -2 ^-^sm0 c cos6 c R q (0)\E(r\ co)\ 


/VT 

:47r 


; H) 


M-Wo) 2 !? 


Figure 6.44 shows the magnitude of the normalized spectrum, 

4 txT 0 dW 

Mo9 2 (1 -Pn 2 ) did0} ' 

as a function of the normalized frequency co/co 0t where 

co 0 = l/T 0 = v/ct. 


(6.166) 


(6.167) 


For low frequencies,; co/co a <£ 1 , the spectrum is the same as that for the point charge 
(6.158) (dashed line). However, the two results differ significantly once co/a> 0 > 1 ; 
the spectrum for the point charge continues to increase, whereas that for the charge 
of finite size rapidly; decreases. The wavelength in free space corresponding to the 
frequency co 0 is 

X 0 = 2tcc!o) 0 — Inu/p. 


We thus see that the spectrum decreases rapidly once the wavelength becomes 
smaller than the size of the charge. 

We have limited the analysis and discussion above to the electric field seen by a 


15 The factor 2/n in (6.166) is due to the relationship between the energy per unit frequency and the 
Poynting vector expressed in terms of the Fourier transform of the field (1.216). 
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Fig. 6.45. Cherenkov radiation from charge of finite size. Components of electric field 
are shown as functions of the normalized position (p/a, z/ot) for p n = 2.0 ( 9 C = 
150°). Singularity in the field on z axis (Within charge) has been suppressed. (After 
Smith [93].) 


distant, stationary observer; this is essentially the field near the conical wavefront 
away from the charge. The analysis for the charge of finite size, however, is easily 
extended to determine the field in all space [93] . Figure 6.45 shows the complete 
distribution for the electric field: The components £/?, S$ t and the magnitude \£\ 
are graphed in relief as functions of the normalized position (p/a,' z/a) for the fcase 
p n = 2.0. The conical wavefront attached to the charge is evident: Similar pictures 
are associated with other, more familiar, physical phenomena: the wake for a boat 
moving in shallow water (Figure 6.46a), and the disturbance (Mach cone) for a 
projectile moving in air (Figure 6.46b). In the former case, the boat is traveling at a 
•speed greater than the speed for waves in shallow water, and in the latter case, the 
projectile is traveling at a speed greater than the speed of sound in air. In both cases, 
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the angle between the path of the object and the disturbance is given by (6.134) on 
substitution of the appropriate speeds. 16 

The phenomenon we have been describing, Cherenkov radiation, is applied in 
a device for observing subatomic particles known as a Cherenkov detector. The 
operation of the Cherenkov detector is most easily described using one of the 
earliest configurations proposed for this device, depicted in Figure 6.47a [79, 99, 
100]. The particle enters the detector from the left and travels along the axis of a 
dielectric rod with index of refraction n. For a particle with velocity v > c n = c /n , 
Cherenkov radiation (light), is produced in the direction of the ray that makes the 
angle Xc = cos~ l (c n /v) with the axis. This light is repeatedly reflected at the 
surface of the rod, by total internal reflection or by specular reflection from a metal 
coating, until it reaches the end of the rod, whereupon it enters the dielectric cone. 
The half angle of the cone is XcA so all of the light rays reflected at the conical 
surface emerge parallel at the base. The lens brings these rays to a focus at the 
photomultiplier after passing through a diaphragm. This device is only useful for 
detecting particles with a narrow range of velocities (narrow range of angles about 
Xc)* This equates to a narrow range of energies if the particle’s mass is known. 
Cherenkov radiation produced by particles with velocities outside this range is not 
brought to a focus at the photomultiplier. 

Figure 6.47b shows another early design for a Cherenkov detector; this device 
can be adjusted to detect particles with a wide range of velocities [79, 101]. The 
Cherenkov radiation is again produced in a rod, but now it emerges from the end of 
the rod and is reflected by a cylindrical minor. The stop and diaphragm limit the rays 
that can reach the photomultiplier. The separation D is adjustable and determines 
the angle Xc for rays that reach the photomultiplier and thus the velocities or energies 
of the particles detected. 

It may come as a surprise that the human eye can act directly as a Cherenkov 
detector [102-106]. After dark adaptation, an observer with closed eyes sometimes 
sees a luminous image, which may appear as a point flash, streak, or cloud. These 
images are called “phosphenes.” The source of the phosphene may be mechanical 
(pressing on the eyeball through a closed lid), electrical, radiation that is normally 
not visible, such as X rays, or atomic particles. 

The index of refraction of the vitreous humour of the eye is roughly that of Water; 
n ^ 1 .33 for visible light. Thus, when a fasC charged particle (/3 ^ 1) in air enters 
the eye, it will travel at a speed greater than the speed of light (0 > 1) in the vitreous 
humour. The particle 6mits Cherenkoy -radiation (light), which 'is detected by the 
retina. The observer sees a “particle-induced visual sensation.’’ . • 

A noteworthy example of this phenomenon occurred during the Apollo space 


16 The results far water waves and sound waves can be much more complicated than our simple 
picture for Cherenkov radiation. Only for waves in shallow water (depth of water much less than 
the wavelength) is the velocity independent of the wavelength. For waves in deep water, the velocity 
depends upon the wavelength, and the wake for a boat is much more complicated [94, 95]. 

A projectile traveling at supersonic speed in air produces a shock wave, a result of the velocity 
being a function of the amplitude of the wave [96]. This changes the shape of the disturbance from 
that of the simple Mach cone [97, 98]. 
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Fig. 6.46. a) Wake of boat in shallow water. (Reproduced with permission from Stoker’s 
Water Waves [94], © 1992, John Wiley & Sons, Inc.) b) Projectile traveling at supersonic 
speed. '(Photograph courtesy of Aerodynamics Branch, Propulsion and Flight Division, U.S. 
Army Research Laboratory, Aberdeen Proving Ground, MD 21005.) 


missions [102]. During translunar flight, astronauts, whose eyes were dark adapted 
and closed, observed white flashes of light. Some of these flashes are thought to be 
due to Cherenkov radiation produced when cosmic rays (fast particles) entered the 
astronauts’ eyes: 



Fig. 6.47. Elements of two basic Cherenkov detectors: a) fixed focus, which detects particles 
with a narrow range of velocities, and b) adjustable focus, which Can be adjusted to detect 
particles with different velocities. 


6.5 Self force 

We have seenfhat an accelerated point charge radiates energy into the surrounding 
space, and we . expect the same behavior for a charged particle of small but finite size. 
If we assume that an external force is causing the acceleration of the particle, by 
conservation of energy, we expect this force to do work in the process. The particle 
must offer some resistance to the motion when it is being accelerated and radiating. 
This resistance is contained in the self force of the charged particle. Recall that we 
briefly discussed the self force in Section 1 . 1 when we introduced the Lorentz force 
expression; it is the net force on the charged particle that results from the particle’s 
own electromagnetic field. Each element of charge within the particle produces 
an electromagnetic field and, therefore, a force on every other element of charge 
within the particle; the self force is the resultant of these forces. 
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Fig. 6.48. Electric field lines for two elements of charge (A and B) on a charged particle’., 
a) Stationary particle, p = 0. b) Particle with constant velocity, ft = 0.9. 


We can get a qualitative understanding of the origin of the self force using the 
pictures we have already developed for the electromagnetic field of moving point 
charges. For our simple illustrations, we will assume that in the rest frame of the 
observer at thq instant of observation the particle is a sphere with the charge q 
uniformly distributed on its surface, that is, a spherical shell of charge in free space. 
We will not be concerned with what this assumption implies, from relativistic 
considerations, about the shape of the particle at other times or in other reference - 
frames. 

When the particle is stationary (£ = 0 ), there is only an electrostatic field; this is ’ 
shown in Figure 6.48a for two arbitrary elements of charge on the particle, A and B . 
When drawing these field lines, each element was considered a point charge, and 
the results from Figure 6.10a were used. The force on A due to the electric field 
of B is clearly equal in magnitude and opposite in direction to the force on B due 
to the electric field of A; thus, there is no net self force on the stationary charged 
particle. 

In Figure 6.48b the particle is moving with a constant velocity, p = 0.9, in the 
rest frame of the observer, and the results from Figure 6.10c were used to draw 
the field lines. There are now forces on the particle due to both the electric and the 
magnetic fields. The force on A due to the electric field of B is still clearly equal 
in magnitude and opposite in direction to the force on B due to the electric field 
of A. The magnetic field (6.64) of current element B at A is equal in magnitude to 
that of current element A at B. The former points out of the page; the latter points 
into the page. Thus, the magnetic forces on A- and B are along a line normal to the 
velocity and are also equal in magnitude and opposite in direction. Consequently, 
there is no net self force on the charged particle even when it is moving with 
constant velocity. As we shall see shortly, the situation changes once the particle is 
accelerated. 

In Figure 6.49a we examine the electric field of a particle undergoing uniform * 
acceleration. The particle is initially at rest and has attained the velocity p = 0,6 in ’ 
the rest frame of the observer at the time of observation. To simplify the following • 
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a) 


b) 




v, a 


Fig. 6 .49 . a) Electric field lines for an element of charge (B) on a charged particle undergoing 
uniform acceleration, b) Forces on element A (B) due to field of B (A). 


argument, the elements of charge, A and B, are now assumed to lie along a line 
normal to the velocity. 

The electric field lines of element B are shown in Figure 6.49a; those of element 
A are easily obtained using symmetry. These lines were drawn using the procedure 
presented earlier (Figure 6.14). The magnetic field of B at A is equal in magnitude 
to that of A at B^with the former pointing out. of the page and the latter pointing into 
the page (23 = R q x S/c). The forces on element A (B) due to the electromagnetic 
field of element B (A) are shown in Figure 6.49b. The magnetic forces T m on the 
two elements clearly cancel, whereas only the vertical components of the electric 
forces T t cancel. Hence, there is a net self force T s of electromagnetic origin for 
these two elements. The total self force for the particle is obtained by summing the 
forces on all elements of the particle. 

Notice that our simple picture shows that electromagnetic forces generally do 
not satisfy Newton’s third law: The force on element A due to element B is not 
equal and opposite to the force on element B due to element A. 

Derivations of the self force are quite involved, and we will not reproduce one of 
them here. Instead, we will simply state the result for a small, uniformly charged, 
spherical sheU of radius a 0 moving at low velocity 1) and discuss the impli- 
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cations of this result: 17 

; 


r 


0 3+ (< 




da 


-i Z 2 t i . . (6.168) 

ytitSoaoC 1 / ybjreoC* ) dt 
The term in parentheses that multiplies the acceleration is called tht electromagnetic 
mass rn e m» 


"*em — ^ 2 , (6.169) 

6ne 0 a 0 c l 

the second term, which involves the temporal derivative of the acceleration, is called 
the radiation-reaction force, 

„2 


••• •• ' * ( Si \ dS 

rad \6KE 0 C 3 )dt 

The equation of motion for the charged particle is 

m'a = T s + T tx u 


(6.170) 


or 


ma = (m! + m em )3 = T reLd + Axu 


(6.171) 


where the observed mass m includes the electromagnetic mass m cm and all of the 
other contributions to the mass m'. Notice that because the particle is charged, when 
accelerated it resists the motion by appearing to have increased mass. The external 
force in (6.171) may include the force due to an applied electromagnetic field, as 
we discussed in Section 1.1. • f ; 

A simple numerical calculation shows that the self force- is negligible for a 
macroscopic particle. Consider a small plastic sphere; with diameter 2 a c = 1 mm, 
mass m = 6.28 x 10“ 7 kg, and charge q = 6.95 x 10” 11 C. For this amount of 
charge, the electric field at the surface of the particle is 2.5 x 10 6 - V/m; this is just 
about large enough to break down the surrounding air. The electromagnetic mass 
for the particle is very small compared to its observed mass: 

^ = 1.0xl0- 18 . 
m 

Thus, the leading term in the expression for the self force, - rn tm a , is negligible. 
The self forge can be significant for particles of subatomic dimensions, such as the 
“classical electron.” 

? 

17 The two terms in (6. 168) are the first in a series for T , . The higher-order terra? are neglected when 

« 1 , 11 = 2 , 3 , 4 ,... •. 


2a. 

d n a 

/ 

d n ~ l d 

c 

dt H 

/ 

dr- 1 

% 


that is, the temporal variation of d n ~ l afdt n ~ ] is negligible during the time for light to cross the 
particle (2 a 0 /c). The radius of the particle is assumed to be small; however, the limit a 0 -* 0 
cannot be strictly taken, since the .first term in the expression (the electromagnetic mass) will 
become infinite. 

Derivations of the self force and detailed discussions of the role it played in the history of classical 
models for the electron are presented in References [9, 10], and [107-1 1 1]. 
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Fig. 6.50. Coordinates for charged particle moving in a circular orbit. 


The concept of a self force is consistent with our earlier discussion of radiation 
from an accelerated charge. To illustrate this point, we will consider a simple 
example: a charge moving at low velocity < 1) in a fixed circular orbit. This 
could be a charged particle moving at low velocity in a synchrotron. With reference 
to the coordinates in Figure 6.50, the acceleration is . 

a = — pco 2 p , 

and 

The external force F txi required to maintain the particle in the circular orbit is 


ext — ~ rad 


o * 

= -mpco 2 p + ^pa?b, 

blZEoC* 

and the work done by this force during a single orbit is 

r 2n 


W 


— S zxt ' dZ — f J- t 
J J 0=0 

■J 


• q \pd(j) 


q 2 p 2 co 3 


~ I : l^radl P4 < t > — 3 
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Thus, the time-average power supplied is 

■p = _ g 2 (/°&J 2 ) 2 

2n 6 ke 0 c 3 


67 re 0 c 3 ’ 

This is just Larmor’s formula (6.59) for the time-average power radiated by the 
charge. Thus, we see that the work done against the self force (just against the 
radiation-reaction force for this example) is equal to the energy radiated by the 
charge. 

The success of the self force in predicting the radiated power for the simple 
example presented above should ndt be interpreted as proof that the equation of 
motion (6.171) is correct for all situations. Indeed, in some cases, it can lead to 
absurd results. For example, in the absence of an external force; Equation (6.171) 
becomes 



Assuming motion in a straight line (3 = at da/dt = da/dt z ), a solution to this 
equation is 

a(t) = a(t = 0)e t/r , 

where 


t = q 2 /( 6 ne 0 c 3 m). 


This is the so-called runaway solution; the acceleration increases exponentially 
with time! For a- discussion of such nonphysical solutions and attempts to remove 
them and other controversial issues associated with the self force, the interested 
reader should consult References [1 i 1-1 13], 
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1 Problems 

6. 1 . Show that the volume densities of charge and current for the point charge, 
' (6.1) and (6.2), satisfy the equation of continuity for electric charge. 

6.2 , Take the derivative with respect to the time t' of (6.9) and show that the result 
/ can be expressed as (6.10). 

6.3 The potentials for the moving point charge must be differentiated to obtain 
/ the electromagnetic field. This is. a tedious process, but one that everyone 

studying this subject should try once. In the text the steps used in obtaining 
the electric field are outlined. ‘ ■ 

* 

a) Obtain the magnetic field in the Lienard-Weichert form (6.27) starting with 

( 6 . 20 ).. 

b) Obtain the magnetic field in the Heaviside-Feynman form (6.40> starting 

with (6.24). " ' 
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6.4 Show that the electric and magnetic energy densities are equal for the accel- 
eration field of the point Charge (6.44). 

6.5 Perform the integration indicated in Equation (6.49) to obtain the total power 
radiated by the point charge (6.50). 

6.6 a) Rearrange the expression for the total power radiated by the point charge 

(6.50) to obtain 

; w = ~ i (5/c) k • 

b) Assume that the magnitudes of the velocity and acceleration, |t!| and \a\, 
are fixed. For what relative orientations: of the velocity and acceleration 
will the total radiated power be maximum and minimum? What is the ratio 
of the powers for these two orientations? 

6.7^ Equations (6.60) and (6.6 1) are for the electromagnetic field of a point charge 
y moving with constant velocity. They describe the field in terms of coordinates 
centered on the charge at the retarded time t r . Starting with these equations, 
obtain Equations (6.63) and (6.64), which describe the field in terms of the 
coordinates centered on the charge at the current time t. 

6.8., The formulas in Table 6.1 are for the electromagnetic field of a point charge 
with arbitrary relative orientation of the velocity and the acceleration. Write 
the formulas for the acceleration field in terms of the spherical coordinates 
(r, 6, 0) in Figure 6.6 for the following special case's: 

a) When the acceleration is parallel to the velocity (0- = 0), compare the 
formulas with (6.73) and (6.74). 

b) When the acceleration is perpendicular to the velocity (0* = t: /2), compare 
the formulas with (6.89) and (6.90). 

6.9 Starting with Equation (6.117) for the electric field £ a in the plane of the 
particle’s orbit, show that the Fourier series coefficients for the electric field 
of the synchrotron are given by (6.121) and (6.122): 

6.10 Show that the energy radiated by a particle during one cycle in a synchrotron 
is given by (6. 126) and (6. 127). 

6.11 In an electron synchrotron, the electrons are often injected into the machine 

with velocities very close to the speed of light (0 1). Hence, the radius 

of their orbit p remains practically constant as their energy is increased, as 
shown by Equation (6.104). 

In a proton synchrotron, the more massive protons are often injected with 
velocities significantly less than the speed of light. Hence, the radius of their 
orbit will change as their energy is increased. To keep the radius constant, 
the frequency co 0 of the electric field accelerating the particles (6.103) is also 
varied with time. Show that the .frequency and magnetic field in the proton 
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synchrotron must vary in accordance with the relationship 

cB(t) 

u 0 (t) — 7 --_- - 

pjB\t) + (So/pqcj 1 

to keep the radius of the orbit p constant. 

6.12 This problem concerns the motion of a charged particle at relativistic velocities 
in a synchrotron. 


a) Starting with the relativistic equation for the momentum of the particle 

p = myv, 

show that the kinetic energy of the particle is (6.100) • 


JC = (y - 1 )mc 2 = £ -£ 0 . 

Hint: Equate the kinetic energy to the work done on the particle as it mores 
from position r \ Where the velocity is zero to position^ where the velocity 
is 5: 


K. = W=rr F . d r=T d -l. d r, 

Jr, Jr, dt 


then write the result in the form 

K 




mdv , 


and integrate this equation to obtain the final expression, 

b) Show that the centripetal force on a particle traveling in a circular orbit of 
radius p with constant speed v is 


- dp —myv 2 

= — = p, 

dt p 


c) Using the results from parts a and b, obtain Equations (6.98) and (6.99). 

d) Shovy that (6.98)-(6.100) become (6.95)-(6.97) in the low- velocity limit 

(P << l). . 

6.13 The failure of classical theories to explain observed atomic phenomena- led 
to the development of quantum mechanics. One early, unsuccessful; classical 
model for the atom had discrete electrons traveling in circular orbits around 
a nucleus [47].: 


a) Consider this model for a hydrogen atom; a single electron orbits a single 
proton. The emission spectrum of hydrogen contains a line at the ultraviolet 
wavelength \X Q = 911.76 ... A (the shortest wavelength in the Lyman 
series). Assume that the electron orbits the nucleus with the frequency 
corresponding to this wavelength. What is the radius of the orbit for the 
atom to be mechanically stable? In your calculation, assume the velocity 
of the electron is small compared to the velocity of light (P < 1) and 
verify this assumption after obtaining your result for the radius. 
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b) A major problem with this classical model is that the electron continuously 
experiences centripetal acceleration and, therefore, radiates energy. As a 
result the orbit is not stable. What is the energy radiated per cycle (time 
- to complete one orbit) by the electron? Assuming the electron stays in 
this orbit, how long would it take for the electron to radiate an amount of 

; energy equivalent to its kinetic energy? 

6.14 Make a graph showing the normalized retarded time (/ t r ) /[R q ( t ) /c n ] versus 
Pn for a point charge moving with constant velocity in a material with index of 
refraction n. Let 0(0 = 150° and make the graph for the range 0 < p n < 3.0. 
Discuss the behavior of the curve as p n increases. 

6.15 A charge moving with constant velocity in a material such that v > c/n 
radiates electromagnetic energy - Cherenkov radiation. Therefore, we would 
expect a self force on the charge. Consider the charge to be a spherical shell in 
the rest frame of the observer and use diagrams like those in Figures 6.48 and 
6.49 to qualitatively describe this force. Represent the field due to different 
points (point charges) on the shell as in Figure 6.37b. 

6.16 Consider a particle moving with a speed close to the speed of light (v & c, 
u > c n ) through a Cherenkov detector like the one shown in Figure 6.47a. 
Assume that all of the light emitted by the particle in the wavelength range 
^ oi 5^5 k 0 2 is collected. Only consider the light produced in the dielectric 
rod of length L. Ignore any light produced in the dielectric cone. 


a) Obtain an expression for the number of photons produced per unit path 
length in the rod. 

b) Evaluate your expression from part a for an electron, a dielectric rod with 
relative permittivity e r = 2.25, and the wavelengths k 0 \ = 3, 900 A and 

^2 = 7,800 A. 

6. 17 A particle must have a velocity greater than the threshold value v t = = c/n 

before it will produce Cherenkov radiation in a detector. For a particular 
particle, there is a threshold energy £ t that corresponds to this velocity. 


a) Show that 




Vn 2 -r 1 * 



where £ 0 is the rest energy of the particle. 

b) Evaluate the expression in part a for a detector made of plastic ( n = 1.5) 
and a detector filled with nitrogen gas at atmospheric temperature and 
pressure (n = 1 4- 3.5 x 10~ 5 ). 

c) Explain how a group of detectors, each made from a material with different 
index of refraction n , could be used lo bracket the energy of a particle. 

6.18 Consider the equation of motion (6.171) for a charged particle when the 
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external force is constant over the time internal 0 < t < T: 

i a) Obtain a solution to this equation, a(r), that is a continuous function of 
time. 

b) Adjust the constants in your solution from part a to make the solution 
causal-: a(t ) = 0, for t < 0; that is, ensure that the charge does not 
accelerate until the force is applied. Show that your solution is a “runaway 
solution/’ 

c) Adjust the constants in your solution from part a to eliminate the “runaway 
solution” and discuss the problems that result. Is your solution causal? 

For further discussion of this problem see Reference [111]. 
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Dipole radiation \ 


In Chapter 6, we considered in detail the radiation frotn a single, moving point 
charge. If the moving charge belongs to an electrically- neutral system, a charge 
of equal magnitude but opposite sign must also be present. For the cases we have 
considered So far, this compensating charge can be thought of as being at an infinite 
distance from the moving charge. • . V 

In many practical situations, charge neutrality is often maintained locally, with 
equal amounts of positive and negative charge being confined to the same finite 
volume. The simplest model for this situation is the electric dipole shown in Fig- 
ure 7.1a. Here, two time-varying, point charges of equal magnitude, q(t), and 
opposite sign are separated by the fixed distance Al. A time- varying current, 1(0, 
in the direction i is between the charges. For conservation of charge, we must have 
(see (Problem 7.1) 


9 ( 0 = r x^dr, 

(7.1) 

J —00 . ; 

/ — S 

** 

II 

V / 

H 

(7.2) 


The current moment j and electric dipole moment p for this distribution are 

7(0 = j(t)i = l(t)Ali ( 7 , 3 ) 


and 


P (0 = p{t)l = q(t)Ali. 

From (7.1) and (7.2), we See that these moments are simply related by 

dp(t) 


(7.4) 


m = 


dt 


or 


P(t) 


= f ]{t')dt'. 

‘/—oo 


The electric dipole and its magnetic counterpart, which we will discuss in Sec- 
tion 7.3, can be used to model a number of physical. phenomena; these include the 
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classical radiation from atoms and molecules, the radiation from electrically small 
antennas, and electromagnetic scattering by electrically small objects. 


6 

7.1 Infinitesimal electric dipole or current element 
7.1.1 General time dependence 

The infinitesimal electric dipole is the configuration of Figure 7.1a in the limit as 
the length of the dipole goes to zero (A l -* 0) and the charge becomes infinite 
(l?l -* oo), such that the dipole moment (7.4) remains finite. We will evaluate 
the expressions for the potentials and the electromagnetic field of the dipole in this 
limit. In doing this, we will be careful to identify the terms that become small and 
are therefore dropped in the limit. Knowledge of these terms will be essential when 
we use the infinitesimal dipole to model a practical dipole (one of finite physical size 
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that is electrically small) because-they allow us to determine when the results for 
the infinitesimal dipole are good approximations' to those for the practical dipole. 
The scalar potential for the two point charges is (5. 1 24) 


9<t ~ 9<f - R~/c) 

4>(r, t) = 2 , 

4jte 0 Rq 4 ne 0 R g 

and the vector potential for the current is (5.127) 


(7.5) 


Mr 


•’-SC 


A,/2 l(t - R/c) 


dt. . 


J(=-Al/2 R 

where £ is the distance along the Current element, as shown in Figure 7.1a, and 
R t = + (A//2)2 t Air (l • r). 


(7.6) 


R = 7r* + f2-2fr(f.p). 
In the limit as A/ — ► 0, for |r| 0, we have 


(7.7) 

(7.8) 


r » A/. (7.9) 

We can use this inequality to obtain approximations for the potentials that apply 
in the limit. We will consider the vector potential first and express the integrand of 
(7.6) as a Taylor series about the origin, f = 0: 
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where the following shorthand notation is used: 

l = l(t-R/c) | t-0 , 
dl(t - R/c) 


± = 


dt 


*=o 


The various derivatives of R are 
dR 
d$ 


— — (i • r). 


£=0 


< ?R 

dp 


f=o 


f~o 




which, on substitution into (7.11) and a rearrangement of terms, gives 
r \cr r 2 / , 


1 

• + 2 


+ 6 


% 

3 ( ^3 + ( f ' ? )[ 5 < r ' ^ " 3 1 + • ?)3 




? 3 + ---. 


(7.12) 


When (7.12) is inserted into the expression for the vector potential (7.6), the re- 
sulting integrals are easily evaluated (those for odd powers of f are zero) 
(Problem 7.2): . * 


i(r,o=^r(-A/+ 

47T \ r 


±{(* + 4+4W> 


c L r cr 




(A/) 3 + 
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f (t) Ai ~ ~ 3( ‘ • 


+ 24 < Af ) 2 J(» - r/e)(f • r ) 2 + 


Here Ar is the time for light to travel the length of the dipole, 


a Al 

At = — . 
c 


Subject to (7.9) and the validity of the inequalities 


( tH 


« i/i 


and 


|(ao 2 ;| « \J\, : 


(7.13) 


(7.14) 


(7.15) 


(7.16) 


we can approximate A as simply 


Mr, t ) = j(t - r/c) 

= £r r p (t - r/c) - 


(7.17) 

Now we will consider the scalar potential. The terms q/R± in (7.5) can be 
expressed as Taylor series about the origin. The steps are the same as those we just 
used with thevector potential to obtain the series for I/R, so we can obtain our 
results by simply replacing I by q and £ by ±A//2 in (7.12): 

4 




s {(^ +2 £ + #" )2 

-(^)[wr,) 2 ]}(Ao 2 

3 (i + F) (f,?) t 5( '- ?)2 


± h 


+ ^_ ( f . p ) 3 + 3 _ 9 _( f . ? )[ 2(r . ? ) 2 


-3] 


-1] 


(A f) 3 


(7.18) 
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After substituting (7.18) into (7.5) and rearranging terms, the scalar potenti.al be- 
comes 


<*>(r, 0 = 


4tt£o 




1 , 
Ane 0 r 


+ -j(t 
c 


Dipole radiation 


L + . r)Al + 1 3^..+ •>)[ 5(f . f) 2 - 3] 


r) 3 + (' ' ' ? ) 2 “ 1] J(Ai) 3 + •■ • 

{lC**H$*-*r* 


+ 1 ( 1 ) ( t ) a ‘ ~ Kt ~ r/c) ^ ' p)2 ~ *1 


+ ^0)(Af) 2 JO - r/c)(i • r) 2 + • 


(7.19) 


Making use of the inequalities we introduced earlier, (7.9), (7.15), and (7.16), 
we can approximate: O as 


* (r ' 0 - shjD L ” r • + r • ■ 1(1 - ,/e) ] 




(7.20) 


The electromagnetic field: of the infinitesimal electric dipole is obtained by sub- 
stituting the potential functions, (7.17) and (7.20), into (5.133) and (5.134). The 
electric field is 


£(r,t) = — VO — 


-1 


dA 

dt 


An s 0 




-r/c) pO-r/c)' 


it- 7) 


+ 




PO-r/c ) p0-r/c)\ f ix 0 , 


r3 1 


(7.2D 

The term V(t • r) is evaluated by temporarily assuming rectangular Cartesian 
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coordinates (*,y,z) with ? = £: " 

V(f • r) = V[£ • (xx + yy + zz)] = V(z) = £ = i. 


After substituting this result into Equation (7.21), evaluating the remaining gradient 
in spherical coordinates, and Rearranging terms, the final expression for the electric 
field is obtained: 


£(?, 0 = 7-1- {(1-3 fp-) 
4 ne. 1 


4 P 0 - r/c ) + P 0 

rr L 



• - x [r x £(r-r/c)]j. (7.22) 

The magnetic field, using (7.17), is f 

= J j x f J ; (,.23, 

which, on evaluating the gradient in spherical coordinates and rearranging terms, 
becomes 


B(jr, t) = 


-Ho 

An 


~r x p(t - r/c) + —r x p(t - r/c) 


(7.24) 


For future reference, these results for the electromagnetic field of the infinitesimal 
electric dipole or current element are summarized in Table 7.1/ In addition to the 
general vector formulas, (7.22) and (7.24), formulas are given for the special case 
where the dipole is at the origin of the spherical coordinate system (r, # , (p) and 
points in the z direction ( i = £), as in Figure 7.1b: 


£(r, t) = 


An s 0 


P(t - r /c) + ~2 “ r / c )j 


[2cos# r -f- sint 


+ 


-4- pit — r/c) sin# # 
c l r 


(7.25) 


(7.26) 

The electric field (7.25) is seen to consist of three terms with the radial depen- 
dences 1/r 3 , 1/r 2 , and 1/r. The first term (1/r 3 ) is proportional to the dipole 
moment, p\ this is the familiar field of the electrostatic dipole with the static mo- 
ment replaced by a time-varying moment. It predominates close to the dipole. The 
second term (1/r 2 ) is proportional to the first temporal derivative of the dipole mo- 
ment, p , and the third term (1/r) is proportional to the second temporal derivative 
of the dipole moment, p. The latter is the radiated field, and it predominates at large 
distances from the dipole (0 0). The magnetic field (7.26) only contains terms 

with the radial dependences 1/r 2 and 1/r, and these are proportional to p and p, 


fl<r. 0 = 


Ho 

An 


1 


1 


p(t - r/c) H pit - r/c) sin# 0 


1 j sir 
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Table 7.1. Electromagnetic field of infinitesimal electric dipole or current element 


General time dependence 


£(r, 0 = 

B(r , f) = 

p(0 ; 
p(0 ! 


-1 

47re 0 


( i _ 3fr.)(l ^ + -L ^) - -L r x (r x 

)(2cos0r 4- sin00) + *4- £sin00 
4^£ 0 |^Vr J cr 2 ) c 2 r 

— P'Q ( 1 * * 1 * u\ 

4jr V '- 2 cr J t -,-r/c 

S[(^ + ^) Sin0 ^ 

[' h')dt' 

J— oo 

[?(0A/ 1] j(t) = lim&;_. 0 [l(t)Al j] 


Jt r =t-r/c . 


Harmonic time dependence 


E<?) = 


~ k l 

4 nt 0 


+ cv?] (1 ~ 3fh)p + (£)* * (f x p) \~ ikcr 

k °?r\2co!ie\~- i ~3 + — ^-jlr + sine[— + — J —z - — 

?ol L(V ) 3 (k 0 r ) 2 J Lfc'O 3 (k 0 r ) 2 k 0 r\ J 


4tt e. 


B(r) = 


I0.\ rr L^.jL]f x f e -Jk t r 


11; 

47T l(k 0 r) 2 k 0 r \ 


£^sind 

An 


P = 


“ J •*? 
— j. 

CO . 


respectively, with the latter being the radiated field. Notice that, as expected, the 
radiated electric and magnetic fields are orthogonal to each other and to r : 
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The Poynting vector for the dipole field is (Problem 7.3) 


S(r, t) = — £(r, t) x B(r , t) 
P'0 


+ P 2 )+^PP+ 


(4jr) 2 E„ |[r 3 PP + cr^ PP 
~ 2 [^ PP + ^(PP + P 2 ) + ~r r 3 ppjsin^ 


cos 6 6 


, (7.29) 

J t r =t- r /c 

from which the power instantaneously passing outward through a spherical surface 
of radius r is readily, determined: 


r ■ <S(r, t)dQ 


<S(r, t)r 2 sin 0d6 


= 2ti T r 

Je**o 

1 f 1 . 1, , 2 i,l 

“6 xe 0 [r* PP + ^ (pp + P )+ &PP + ^ P 

J tr—t—rjc 

(7.30) 

At a large radial distance from the dipole (lim r — > oo), these expressions simplify 

to become the Poynting vector for the radiated field, 

or/-* ^ 1 sin 2 0 r -2 




sin 2 9 r 


and 


167 t 2 £ 0 c 3 r 2 

[ r ■ S r (r , t)dQ = —J— 
S 07TS o C 3 


[p(t - r/c)f. 


(7.32) 


Close to the dipole, the terms proportional to pp are dominant in (7.29) and 
(7.30). The Poynting vector has components in both the r and $ directions, and 
these may be positive or negative depending upon the sign of p p. Instantaneously, 
power may be passing outward or inward through a sphere of constant radius! 
again depending upon the sign of pp. At large distances from the-dipole, however,’ 
where the radiated field is predominant, the Poynting vector (7.31) has only a radiai 
component, and this always points outward; [p] 2 is always positive. Instantaneously, 
power is always passing outward through a sphere of constant radius (7.32)., 

From (7.31) and (7.32) we conclude that, at the retarded time t r = t - r/c, the 
power radiated by the dipole per unit solid angle in the direction 9 is 


dP rad Or) 


= r 2 f ■ S r = 


1 


d£2 — 16jr 2 e 0 c 3 

and the total power radiated in all directions is 

1 r..,. 


sin 2 0[p(f r )] 2 , 


P rad(^r) — 


6 ne 0 c 3 


[pM] 2 . 


(7.33) 


(7.34) 
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Fig. 7.2. Directional characteristics of the radiation from an infinitesimal electric or mag- 
netic dipole. For general time dependence, the radial distance in the direction 0 , 0, measured 
from the origin, is proportional to the power per unit solid angle, dV m d(t r )/d^. For har- 
monic time dejpendence, it is proportional to d (P rac j) /d£l. 


drr = C£ r r 



Fig. 7.3. Detail for the construction of electric field lines. 


Figure 7.2 shows the directional characteristics of the radiation. Here the radial 
distance in the direction 0 , 0, measured from the origin, is proportional to dV^/dSl. 
A quadrant of the figure has been removed to show the cross section on a plane 
of constant 0. The pattern has the shape of a fat doughnut or fat tire; this is the 
same pattern we observed earlier in Figure 6.7 for the slowly moving point charge 

G*«l). 

The characteristics of the field are nicely illustrated by plots of the electric field 
lines surrounding the dipole, a procedure that dates back to the work of Hertz [1, 2]. 
Recall that a field line is a curve whose tangent at each point is in the direction of 
the electric field. With reference to Figure 7.3, the vector t that is tangent to the 
field line is . 

t = drr + rde§ = C(£ r r + £ e §), (7.35)’ 

where C is an arbitrary constant. After using (7.25) with (7.35), we obtain the 
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following differential equation for the field lines of the dipole: 



Next, we notice that 



which, on substitution into (7.36), gives 


de 



= 2 cot 6 



Using logarithmic differentiation, this becomes 



t- 2 cot0. 


Now we will integrate this equation to obtain our final expression for the field lines: 




cot OdO = In 



or 


\.p[t -r(Q)/c] , A 0 

\~TWc + P [' “ r W/e] j sin 6 = K > (7-37) 

where K is a constant of integration. 

• The following procedure is used with (7.37) to draw the field lines surrounding 
the dipole at a particular time t. A value of K is selected, with a different value 
being used for each field line. A starting point, r\ % 0\ % is determined, such that n 
is the 'maximum value of r for the line and r\, 0 i satisfy Equation (7.37). Next, 
a new position, 7 * 2 , 9 2 , is determined by decreasing the radius by a small amount, 
r 2 = r j — A r , and solving (7.37) for 62 . A segment of the field line is drawn between 
the points r\ t Q\ and 7 * 2 , O 2 , as in Figure 7.3. Additional segments are drawn in toe 
same manner until the field line is complete. 

To illustrate these results, we will let the electric dipole moment vary in time as 
a Gaussian function with characteristic time r: 


p(t) = p(t)z = p 0 e-W 2 z. 


(7.38) 
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a) . */ r ■ b) */r 



Fig. 7.4. a) Gaussian function for the electric dipole moment, b) First temporal derivative 
and c) second temporal derivative of the dipole moment. 

Figure 7.4a is a graph of p(t)\ the first and second temporal derivatives of p(t\ 
shown in Figures 7.4b and 7.4c, are 

P(.0 = P^)z = ~(j^\poe~ i,/r)1 z (7.39) 

and. 

P (0 = P(‘)z = -^[l - 2(f/r) 2 ]p 0 e- (, / r > J z. (7.40) 

The electric ‘field lines for this dipole moment are shown in Figures 7.5 and 7.6. 
Each of the six plots is for a different normalized time t/z: Below .each plot are 
graphs of the . normalized electric and magnetic fields solid line, B^\ dashed 
line) broadside to the dipole (O' =' n/2) versus the normalized *radi.al position r/cz. 

At the time tf r = 0, the dipole moment has just reached its maximum values 
( p = Po)- The field lines are very similar to those for an electrostatic dipole, going 
from the top of the dipole (positive charge) to the bottom of the dipole (negative 
charge). Near the dipole, the electric field, £*, falls off rapidly with increasing radial 
position due to the 1/r 3 term in (7.25), and the magnetic field, jfy, is very small, 
because the dominant term (1/r 2 ) in (7.26) has the coefficient /?, which is zero at 
time t = 0 (Figure 7.4b). 

As time advances, kinks develop in the field lines, as seen in Figure 7.5 for 
t/z = 1.10. Later, at time t/z = 1.35, the kinks in the upper and lower half spaces 
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Fig. 7.5. Electric field lines for an electric dipole moment that js a Gaussian function of 
.time. -Each plofjs for a different time t/z, and the graph below each plot shows the field 
(£d, B<p) as a function of r/cr for 6 = n/2. 


have merged to form a continuous electric field line or loop away; from the dipole. 
Near the dipole, the electric field lines still resemble those of the electrostatic dipole. 
The magnetic field, B$ n , is_now large near the dipole, because p is no longer zero. 
By the time t/r. = 1.80, a second loop of opposite sense has formed, and as time 
advances, these two loops propagate away from the dipole, as seep in Figure 7.6. 

A close examination shows that in the region near 9 = n/2, the field in Figure 7.6 
behaves as the radiated field given by Equations (7.27) and (7.28).; The electric and 
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SSLtrtSS for an electric dipole nwment that is a Gaussien function of time. The field veiy close to the 
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magnetic fields, Ee n and B<t>n (solid, and dashed lines), are nearly identical, and 
they clearly resemble the second temporal derivative of the electric' dipole moment, 
shown in Figure 7.4c. The field propagates outward with the speed of light and 
falls off as 1/r: The negative peak moves the distance. A r/cr ^ 4.0 in the time 
At/ r = 4.0, and it decreases in amplitude by a factor of about 2 in moving from 
r/cr « 4 to r/cr ** 8. 

It is important to keep in mind that a field line only shows the direction of the 
electric field; it says nothing directly about the amplitude of the field. To illustrate 
this point, we will consider the right-hand plot in Figure 7.6. The field at point A 
(i 9 = 7r/2), as we have shown above, behaves as the radiated field. However, the 
field at the .point B (0 « 7r/9), which is on the same field line as A and at about the 
same radial distance from the dipole, clearly does not behave as the radiated field; : 
it has a radial component. 1 The magnitude of the electric field at point A is about’ 
12 times greater than that at point B. This is shown roughly by the density of the 
field lines near the two points. 

When the radiated field is of primary interest, the representation shown in Fig- 
ure 7.7 proves useful. Here we have plotted the radiated electric field, ££, of the 
dipole as a function of the normalized time, r/r, for several values of the angle 0 
within the range 0 < 0 < 7r. 2 The field is rotationally symmetric about the z axis, 
so .the figure applies for any angle <p. The radiated field is clearly proportional to the 
second temporal derivative of the dipole moment (p(r) in Figure 7.3c) and varies 
as sin0 (7.27). It reaches a maximum broadside to the dipole (0 = n/2) and falls 
off to zero at the ends of the dipole (0 = 0, n). 

7^1.2 Harmonic time dependence 

X • 

For harmonic time dependence at the angular frequency co, the electric dipole 
moment (7.4) is 

P (0 =*-Po cos(a;r + (j> 0 )z = Re(p e Jat ), 
where we have introduced the complex vector phasor 

p = pz = p 0 e j<po z. (7.41) 


The electromagnetic field, (7.22) and (7.24), expressed in terras of vector phasors, is 

p-JKr 


5(0 = 


-*J( 

47 T£ 0 [ 

1 1 

Ui 

+ J 

C k 0 r ) 2 

“f ok] 1 


--1? 

47T 1 

_(V) 2 

V J 


r x p e 


- jk 0 r 


(7.42) 

(7.43) 


1 The radiated electric field is proportional to (1/r) sin 0, whereas the radial component of the electric 
field is proportional to (1/r 3 ) cos 9. Thus, at any finite radius, there will be a range of angles 9 about 
6=Q where the radial component of the field is larger than the radiated field. 

2 Note that the electric field is positive on the side of the axis indicated by the arrow at 6 = 45°. 


466 


Dipole radiation 


0 * 0 ° 



Fig. 7.7. Radiated electric field as a function of normalized time for several values of the 
angle 6 . Electric dipole moment is a Gaussian function of time. 


Using the spherical coordinates (r, 0 , </>) shown in Figure 7.1b, the field can be 
expressed as 


■E(r) = { 2 cos 6 


47T£ fl 


r_L. + _i_i 
L(V ) 3 (k 0 r) 2 _ 


+ 


+ (k 0 r) 2 k B r_ 


t ,-Jk 0 r 




<pe 


~jK>r 


(7.44) 

% » 


(7.45) 


These results are also summarized in Table 7.1. 

The radiated electromagnetic field ( E r , B r ) consists of the terms- proportional 
to 1/ k 0 r in (7.44) and (7.45). Thus, the complex Poynting vector for the radiated 
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field is 


S r c (r) = —E r (F) x [B'(r)]' 


(okjnpl 

. 32 n 2 r* 


sin 2 6 r 


- l x i( £)j£l! 

" 2 UJ K 


-V sin 2 6 r, 

r L ' 


making the time-average power per unit solid angle radiated by- the dipole in the 
. direction 6 : 

d {V rad) 


dQ. 


= Re[r 2 r • S r c ] 




and the total time-average power radiated 

rln rn 

{V ni ) = / / 

J <p—Q J 0=1 


d{Pr&d) . CijajA. 
— — - — sin OdOdd) 
i0 dti 


Vq(Q 4 \p\ 2 _ 4 3 / c\|p| 2 
12 nc 3 n \e 0 J ' . : 


(7.47) 


Notice that (P r ad) increases as the fourth power of the frequency or as the inverse 
fourth power of the wavelength. 

The directional characteristics of the radiation are. again shown by Figure 7.2. 
The directivity (3.115) of the dipole in the horizontal plane ( 9 •= n/ 2) is easily 
obtained from (7.46) and (7.47): 


= 3/2= 1.76 dB. . (7.48) 

The electric field lines for the dipole with harmonic time dependence are shown 
in Figure 7.8 for the times t/T = 0.0, 0^5, 0.50, and 0.75, where T = 2n/co is the 
period of the oscillation. Again, the graphs below each plot show the normalized 
electric and magnetic fields, Se n and ^ n , broadside to the dipole (i 9 = nr/2) versus 
the normalized radial position r/k 0 . The field lines are seen to resemble those of the 
dipole with the Gaussian excitation, consisting of a succession of pairs of loops (one 
with clockwise sense and one with counterclockwise sense), each pair resembling 
the single pair seen for the Gaussian excitation in Figure ;7.6. A pair of loops is 
produced during each cycle (time T), and as time advances, they move away from 
the dipole. The comparison with the Gaussian excitation Is developed further in 
Figure 7.9. The time-harmonic moment, shown in Figure 7.9a, can be viewed as 
the superposition in Figure 7.9b: a constant moment, which is negative, plus a 
positive moment that pulses in time with period T. The latter clearly resembles the 
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t/T = 0.0 



-i L — i 1— — i — Lu l i 

0.0 0.5 1.0 1.5 2.0 


t/T = 0.25. 



r/\ 0 

t/T = 0.75 



r/A. 


r/A„ 


Fig. 7.8. Electric field lines for an electric dipole moment that is time hannonic. T is the 
period of oscillation. Each plot is for a different time t/T, and the graph below each plot 
shows the field (£$, B#) as a function of r/X 0 for 9 = jr/2. 


train of Gaussian functions with characteristic time r and spacing T = 4r shown 
in Figure 7.9c. We thus see that the radiation of the time-harmonic signal is similar 
to that for the train of Gaussian pulses. 

As we mentionedearlier, plots of the electric field lines surrounding a dipole (such 
as those in Figures 7.5, 7. 6, and 7.8) were introduced by Heinrich Hertz around 1889 
[1, 2], and since then they have been popular for instruction. For comparison, we 
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Fig. 7.9. a) Time-harmonic dipole moment with period T. b) Decomposition of time har- 
monic moment, c) Moment composed of a train of Gaussian functions with characteristic 
time r and spacing T = 4r. 


present one of Hertz’s plots in Figure 7.10; it corresponds to the plot for t/T =0.0 
in Figure 7.8. 3 With these plots, Hertz explained the radiation from the dipole 
antennas he used in his classic experiments, which we discussed in Section' 2.7. 
Hertz only considered a dipole moment with harmonic time dependence. Later, 
other researchers included damping to better represent the decaying oscillation of 
Hertz’s spark-gap transmitter shown in Figure 2.20d. In fact, one paper published 
in 1900 contained 56 of these plots for the decaying oscillation; all of the plots were 
drawn by hand [3] ! 

7.2 Electrically short linear antennas 

•The linear, antenna is simply a straight piece, of wire driven at its midpoint by a 
voltage source. The geometry is shown in Figure 7. 1 la; each half of the antenna is a 
thin, metallic rod of radius a and length h\ a <&h. Figures 7.1 lb-d show variations', 
of this basic structure. Figure 7.11b is the antenna used by Hertz; it is the linear 
antenna with square metal plates added at the ends. In Figure 7.1 lc, the plates are 
circular and positioned normal to the axis of the wire, and in Figure 7. lid they 


3 In Hertz’s notation, the period of oscillation is T = n/co, which is one half of our value T = 2n/o)\ 
this must be kept in mind when comparing his plots with ours. 
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Fig. 7.10. One of Hertz s plots for the electric held lines surrounding an oscillating dipole 
(from Hertz’s, Electric Waves , 1893 [2]). 



Fig. 7.1 1. a) Linear antenna. b)-<3) Top-loaded linear antennas. 


are replaced by a group of radial wires. The arrangements in Figures 7.11b-d are 
referred to as “top-loaded” antennas. 4 

To relate these antennas to the electric dipole, we will examine the current and 
charge (Figures 7.12 and 7.13). We will use- the following notation. Since the axial 
current and the charge per unit length may vary with the position z along the 
wire, they are described by the distributions l(z, t ) and Q(z, r), respectively. At the 
terminals, z '= 0, the current and charge are J„(f ) and Q a (t), respectively. The total 
charge on the top half of the antenna is q{t). 

These antennas are electrically short when the temporal variation of the source, 
the voltage V(f), is negligible during the time for light to travel the length of the 
antenna. We can then assume, for practical calculations, that the charge throughout 
the antenna changes almost instantaneously in response to a change in the applied 


The plates and wires used for top loading are generally much larger than those shown in the 
schematic drawings in Figures 7.1 lc and 7.1 Id. The radius of the plates or the length of the wires 
can be several times the height h ; for an example see Figure 7. 15a. 



voltage; the antenna then behaves approximately as a capacitor C a : 


q(t) * C a V(t). (7.49) 

For the top-loaded antenna in Figure 7.12, the voltage V(t) produces a current 
distribution that is approximately uniform in the vertical wire, T(z, t) & l 0 (t). This 
current charges/discharges the plates. Negligible charge is on the wire Q(z, t ) *=» 0, 
so the total charge on the top half of the antenna, q{t ), is that on the top plate. 5 A 
comparison of Figure 7.1a and 7.12 shows that the antenna is simply an electric 

5 Radially directed currents also exist on the plates. These currents distribute the charge over the 
surfaces of the plates. The currents at diametrically opposite points on a plate are in opposite 
directions; thus, the fields of these currents approximately cancel at large distances from the antenna, 
and they contribute little to the radiation from the antenna. 
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dipole with a moment that is the product of the charge nn 77 77 

the separation between the plates 2 h: 8 t0P plate with 

p(t) = 2hq{t) = 2h f I 0 {t')dt'. • 

J — 00 


ss®ses: 


2T(z, O^X 0 (r)(l-| z |/ft). . 


This is sometimes 
tion of continuity, 
uniform on the wires: 


referred to as a “triangular current distribution.” From the equa- 
we see that the charge distribution Q(z,t) is approximately 


thus, 


dQ(z. t) _ 9J( Z> ,) 


9r 


dz 


■' ±Zo(t)/h; 


Q(z, t ) « ±Q 0 (r) 






where the + sign applies for the top wire f> m 
bottom wire (z < 0). The effective dipole ioment is now ^ ^ the 

f k t 

P(t) = J_ h ZQ(z,t)dz = h 2 Q 0 (t) = h f l o{t ') dt \ 

J—oo 


i sLvsr to write ^ equivaient djp ° ie “ ts f ° r 


F(0 



Zifrty/', 


(7.50) 


or 


where 6 


dp 

dt 


2yhl 0 (t), 


(7.51) 


f I n r 50 ™ CUITent ^' str ibution (top-loaded, linear antenna) 
( / triangular current distribution (linear antenna). 


When these practical dipoles are electrically short we can model them 

fng (7 diP ° leS “* .**“*“ ** electromagnetictw by “bstitu" 

mg ( /.50) mto the expressions in Table 7. 1 . Of course the ;™„„iv y . 

obtaining the results for the infinitesimal dipole, (7.9),' (7.15), lid 


‘Spf 

tn angular current, h e = h. * whereas for the antenna with 
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satisfied. In terms of the quantities for these antennas, the inequalities are 



r » 2 h, 

(7.52) 


« Pol. 

(7.53) 

|(A0 2 2 O | « \Xg\. 

(7.54)' 


The' first inequality says that the observation point must be at a large distance from 
the antenna in- terms of the length 2h. The second and third inequalities essentially 
say that the temporal variation in’the current must be very small during the time 
for light to travel the length of the antenna, At = 2 h/c. The inequalities (7.53) 
and (7.54) are to be satisfied in an average sense over the period of observation 
(Problem 7.4). 7 

The radiated field, (7.27) and (7.28), is proportional to p t which in terms of the 
current and voltage, is 

p = lyhlo * lyhCaV. (7.55) 

Thus, the radiated field is proportional to the first temporal derivative of the current 
or the second temporal derivative of the applied voltage. Notice that the radiated 
. field of the uniform current distribution (top-loaded linear antenna) is twice that of 
the triangular current distribution (linear antenna) when the current at the terminals, 
2o(r), is the same for both. The power radiated is proportional to |p| 2 , so it is four 
times larger for the uniform distribution. The benefits of top loading are evident. 
For both antennas, the directional characteristics and the directivity are the same as. 
for the infinitesimal electric dipole. 

For the practical case of harmonic, time dependence , the voltage and current are 
represented by the phasors V and l D% respectively, and the phasor for the electric 
dipole moment is 



(7.56)' 


From (7.47) the time-average power radiated by the antenna is then 

(V ni ) = -^(k 0 2yhf\I 0 \ 2 = ^ (^) 2 | ht ' (7.57) 

The simple series circuit of Figure 7.14 applies to the electrically short linear 
antenna [4]. In addition to the capacitance C fl , this circuit contains two resistors: the 


7 There are really two distinct assumptions involved in modeling the electrically short linear antenna 
as an infinitesimal electric dipole. The first is that the current distribution oh. the antenna is uni- 
form (or triangular), and the second is that the inequalities (7.52)-(7.54) are satisfied, so that the 
electromagnetic field of the antenna is well approximated by that of the infinitesimal dipole. 
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Fig, 7. 14. Equivalent circuit for the electrically short linear 


antenna. 


ohmic resistance, R ohm , due to the losses in the antenna, and the radiation resistance 

inl til H? C t l° UntS fOTthe energy radiated ^ *«« antenna. 8 The time-average power 
supplied to the antenna by the source is ® ” 

(Pin) = i'Pahm) + (V mi ) = ||7 0 | 2 * ohra + l|/ 0 | 2 fl rad . ( 7 . 58 ) 

resistance^ 8 ^ t0 ** SeC ° Dd tam “ (7 ' 58) ' we can d ^nnine the radiation 


*r.d = -~(,k 0 2yh) 2 = 


3 


(7.59) 

**’ \ , ''0 / 

The advantage gained by making the antenna electrically longer is clear: The radia- 
ton resis tance and radiated power increase as the square of the ratio of the height to 
the wavelength. Of course, we must remember that these results are for electrically 
short antennas; to use them, we must always have the length of the antenna much 
smaller than a wavelength, 2 k 0 h = 4 nh/k 0 « 1 (Problem 7 .4). ^ 

To illustrate these results for the electrically short linear antenna, we will consider 
an example of historical interest. At the mm of this century, radm cotmudcahon 
was in its infancy. It was believed that radio waves, like hght' woul^eWed 

P3thS; • thUS ’ * e curvature of Earth would prevent any long 

193rexDSm e °n I ^ U H CatIOn ' T ° ? in 1901 Gu ghelmo Marconi (1874^ 

1 D W ? demonstrated radio communication across the Atlantic [5- 
H Dlffer ® nt mechanisms were proposed by which radio waves could propagate 
over such long distances; however, none was satisfactory For examole HiffrW 

SSjf* 6 a " “ as height h) Was 3180 increased t0 maintain the power radiated 
which from (7.57) is proportional to {h/X 0 )\ Li this process, some physicaUv ve™ 
large antennas were constructed. pnysicauy very 

approximation in (7.49), or equivalently X 0 C a V. g ^ ^ dependence and assume the 
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Figure 7.15a shows a top-loaded antenna built by Marconi around 1905 at Glace 
Bay, Nova Scotia [5-7]. It was to be used for trahs- Atlantic communication at a 
frequency of about 82 kHz (X 0 & 3.66 km). The central, nearly vertical, portion of 
the antenna was 67 m (220 ft) high. The top loading was formed from 200 radial 
wires, each 305 m (1,000 ft) long. The structure was supported by wooden towers. 

Marconi’s antenna was a top-loaded monopole. The source was connected be- 
tween the base.of the vertical element and the ground. Wires were often placed over 
or in the ground below these antennas to increase the effective conductivity of the 
ground [8]. If we assume that the ground is a very good conductor, we can model 
it as a perfect conductor and replace the monopole by an equivalent dipole using 
the method of images (Section 4.7). This equivalence is sketched in Figure 7.15b. 
The current in the top half of the image equivalent is the same as that in the original 
antenna. The input impedance of the monopole is Z mono = V// 0 , whereas that for 
the dipole is Zdi p = 2 V/ 1 Q \ thus, the input impedance of the monopole is one half 
that of the dipole: 9 

Zmono ~ 2^dip* 


Even though Marconi’s antenna was physically very large, it was an electrically 
short antenna ( h/k Q = 1.8 x 10“ 2 ), so we can estimate its radiation resistance from 
(7.59): 

. 2 


D _ 1 D _ 

A rad mono — ^ ^rad dip — ^ 


(£H 


53 a 


A very crude estimate for the capacitance of the antenna is obtained by replacing the 
array of radial wires by a solid plate and using the formula for an ideal, parallel-plate 
capacitor: 10 


e a A 


= 0.039 /zF. 


9 Another way to understand this relationship is to consider the power radiated by the two antennas. 
Let the power radiated into the upper half space by the monopole be: 

( Aid ) mono — ^ l^ol Aid mono* 

The dipole must radiate twice the power pf the monopole; it radiates symmetrically into the upper 
and lower half spaces; thus, 


{ Aid ) dip — ^\Io\ Rnd dip — 2 ( P tt ^ ) mono — |I©| Rnd n 


from which we see that 


Aid mono — ^ dip • 


10 The above values for R nd and C a are very small. For comparison, we mention that 0.53 ft is the 
DC resistance of about 100 m of No. 12 copper wire (diameter 2.Q5 mm), .'the gauge often used 
for residential wiring. A commercial 0.04 /iF capacitor made with Mylar film insulation is about 
5 mm x 5 mm x 2 mm. *■ r 
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ORIGINAL PROBLEM IMAGE EQUIVALENT 

b) (MONOPOLE) (DIPOLE) 

Fig. 7.15. a) Sketch of Marconi’s top-loaded antenna at Glace Bay, Nova Scotia, b) Image 
equivalent for raonopole antenna. 


The capacitive reactance of the antenna is 1 /coC a ^ 50 ft, which is much greater 
than the radiation resistance. A tuning network (inductance) was often used at the 
base of these antennas to “tune out” the capacitance producing resonance. 

The ohmic resistance, i? 0 hm, of the antenna is due to the losses in the wires and 
the ground. It is difficult to estimate because we do not know the conditions of the 
ground (electrical conductivity) under Marconi’s antenna. However, for antennas 
like this, the ohmic resistance was often much greater than the radiation resistance; 
a typical value would be a few ohms [8]. Thus, the radiating efficiency for these 
antennas, 

_ time-average power radiated by antenna ' 

^ . time-average power supplied to antenna 


•^rad 


Rohm + Rmd 


am 


could be fairly smali. 

The radial wires forming the top loading for these antennas often drooped in 
going from the center to the supports at the ends; for Marconi’s antenna, they 
went from a height :of 67 m at the center to a height of 55 m at the ends. This 
makes the wires of the top loading appear as the ribs of an umbrella; hence, these 
antennas were called “umbrella antennas.” Marconi’s antenna at Glace Bay was not 
the highest umbrella antenna. In about 191 1, the Telefunken Co. built an umbrella 
antenna at the Nauen station outside Berlin, Germany [9, 10]. The height for its 
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central tower was 200 m (656 ft).- For comparison, this is about one half of the 
height of the famous Empire State Building in New York City, which measures 
381m (1,250 ft). 

In-1902, A. E. Kennelly and O. Heaviside independently hypothesized that the 
reflection of radio waves from a layer in the Earth’s upper atmosphere (the Kennelly- 
Heaviside layer) might be what made long distance radio communication possible 
[11, 12]. If this layer were caused by the radiation from the sun, it would help to 
explain the observed differences in communication during the day and the night. 
Evidence gradually mounted for such a layer, with conclusive experimental proof 
for it coming in the 1920s [13-15]. The layer is now known as the ionosphere: A 
region of ionized gas, a plasma, that surrounds the Earth at altitudes from about 
60 km to 600 km. 

With the success of these experiments came the acceptance of the idea that long 
distance radio communication was made possible by the reflection of electromag- 
netic waves from the ionosphere, which could occur for frequencies up to about 
30 MHz. The trend in long distance radio communication then reversed, going 
to higher frequencies (shorter wavelengths), lower powers, and physically smaller 
antennas [7]. 


7.3 Duality and the infinitesimal magnetic dipole or current loop 

Maxwell’s equations for free space (Table 1.3) are 


V x £ = 


V x 0 cB ) = 

V.£ = 
V • (cB) = 

V- = 


1 d(cB) 

c dt 

(7.61) 

1 dS 

KoJe + ~ — 

C Ot 

(7.62) 

c (oPe 

(7.63) 

0 

(7.64) 

dp e 

(7.65).' 

dt * 


Here we have included c with B to form a quantity with the same units as the electric 
field £, and we have temporarily included the subscript e to indicate electric charge 
and current. In thes.e equations, the volume densities of electric charge and current, 
p e and J e , can he viewed as the sources producing the electromagnetic field. 

As we discussed in Problem 1.6, if magnetic charge were discovered, Maxwell’s 
equations could be easily modified to include their effect. With the volume densities 
of magnetic charge and current, p m and J m , the only sources, Maxwell’s equations 
in free space become 


c ot 


(7.66) 
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1 d£ 

Vx(c£)= ' (7.67) 

c at 

V-£ = 0 • (7.68) 

V • (c0) = cp m (7.69) 

V-Jm = ~^ L - ’ (7.70) 

A comparison of these two sets of equations, (7.61)— (7.65) and (7.66)— (7.70), 
shows that the former becomes the latter on the interchange (Problem 7.5): 

KoPt Pm 
ioJe “* Jm 
S^cB 
cB -> -S. 

Equations in the two sets that have the same mathematical form [e.g. (7.61) and 
(7.67)] are called dual equations , and the corresponding quantities in these equa- 
tions (e.g., S and cB ) are palled dual quantities . n 

Now consider two problems: In the first we have known distributions of electric 
charge and current ( p e , J e )\ in the second, the dual problem , we have identical 
distributions of magnetic charge and Current \p m , J m ). The appropriate equation of 
continuity, (7.65) or (7.70), is satisfied by the charge and current in each problem. 
From the duality of Maxwell’s equations, we automatically know the solution to the 
second problem if we know the solution to the first problem; we simply make the 
substitutions (7.7 1)— (7.74) in the solution to the first problem to obtain the solution 
to the second problem. Of course, the reverse is also true. Notice the similarity of 
the relations for the duality principle to those for Babinet’s principle, which we 
discussed in Section 4.4. Both principles result from the fundamental symmetry for 
electric and magnetic quantities in Maxwell’s equations. 

We will illustrate the principle of duality by obtaining the electromagnetic field 
of an infinitesimal magnetic dipole from that of an infinitesimal electric dipole. The 
picture in Figure 7.1a also applies to the magnetic dipole, only the electric point 
charges q are replaced by magnetic point charges q mi and the electric current I is 
replaced by a magnetic current I m . 

The magnetic dipole moment is defined to be 

m(f) = m(f)? = ^-Jq m (t)Ali„ (7.75) 

1 1 We have chosen the dual quantities so that they have the same electrical units (e.£., £ and cB, 
$ 0 J e and J m ). Other dual quantities are sometimes used (e.g., £ and H, J e and J m ). Although 
our discussion is for sources in free space, the duality can be extended to include material regions. 
One then has dual materials, with special cases such as dual perfect conductors (electric perfect 
conductors and magnetic perfect conductors) [16]. 


(7.71) 

(7.72) 

(7.73) 

(7.74) 
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where, as for the electric dipole, we are interested in the limit . as A / -* 0. 12 The 
electromagnetic field of the magnetic dipole is obtained; from that of the electric 
dipole on making the interchanges (7.73), (7.74), and 

p = qM-+ i-(, q m Al ) = ^-(jJL 0 m) = -m (7.76) 

bo (o . C 

in the formulas in Table 7.1; thus, 


£(r, t) = 


Mo 

4jt 


(l. * 1 * u 

-*r x m H r x m 

\r z cr 



(7.77) 


B(r, 

47 r 


(1 - 3rr-)(—m + \-9 x (r x in) 

\r 3 cr 2 ) c 2 r. 


(7.78) 


All of the other formulas for the magnetic dipole.follow from the same interchanges; 
for example,, the formula for the Poynting vector is unchanged on making the 
interchanges (7.73) and (7.74), 


s = -(ixB)-y — [(cB) x (-f/c)l = x B), 

P '0 Mo Mo v : 

so the total power radiated by the infinitesimal magnetic dipole is simply (7.34) 
with the interchange (7.76): ; . ■ • 


Prad(/r)= 6 &[^ (rr) ] 2 - (7>79) 
The directional characteristics for the radiation from the magnetic dipole are the 
same as thosd for the electric dipole (Figure 7;2). 

The magnetic dipole with the structure of Figure 7. la is a fictitious entity due to 
the nonexistence of magnetic charge in nature. The field away from the magnetic 
dipole, however, can be duplicated by a realizable structure - a small loop of electric 
current. This equivalence is most easily seen by considering the magnetostatic case 
where the dipole has a fixed moment, that is, the current in the loop is invariant in 
time. In Figure 7.16 the magnetic field lines for the infinitesimal magnetic dipole 
are shown on the right, while those for the small loop of current are shown on the 
left. Away from the loop, the lines are clearly the same as those! for the dipole, so 
in the limit as the size of the loop goes to zero (an infinitesimal current loop) the 
lines will be equivalent for the two structures, except at the origin, 

Although the above pictorial argument based on magnetostatics is convincing, 
we wish to show the equivalence of the infinitesimal current loop and infinitesimal 
magnetic dipole for dynamic fields. We will do this by first obtaining the field 
of a small loop as the superposition of the fields from a group of electric current 
elements, and then we will show that this field is equivalent to that of the magnetic 
dipole. - -- 


Logically, to completely parallel the electric case, we should define the magnetic dipole moment 
as p m = q m Al i. However, we use m for the moment and include the factor l/fi 0 in (7.75) so that 

our later results will agree with long established convention. 
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SMALL CURRENT LOOP MAGNETIC DIPOLE 

Fig. 7.16. Comparison of magnetostatic fields for infinitesimal magnetic dipole (right) and 
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Consider the square loop shown in Figure 7.17a with sides of length A / and 
uniform current l(t). This loop can be viewed as the superposition of the four 
current elements shown in Figure 7.17b. Notice that because the charges at the 
ends of adjacent current elements cancel, there is no charge on the loop. The vector 
potential for this combination of current elements is the superposition of four terms, 
one for each element. After using (7.3) and (7,17), the vector potential due to the 
y-directed elements at (± A//2, 0, 0) is 

I f) _ t*o Al f 3T* zlLZ (A//2)^1/c] I[t - 1 r + (Al/2)x\/c] ] 
y 9 4tt { \r-(Al/2)x\ \r + (Al/2)x\ \ 


Ho&l d rj(r-r/c)ir d\r\- 
4n dr[ r J[ dx _ 


Ho(Al) 2 8 [~ T(/ — r/c) ~\x 
4n dr [ r Jr 


where we have used the fact thatjwe are interested in the limit as Al 0 to write 
the ratio of differences as a derivative. The vector potential due to the x -directed 
elements at (0, dzAZ/2, 0) is obtained in a similar manner: 


- f , _ At a (A/) 2 9 f lit -r/c) ~ly 

47T dr |_ r Jr‘ 


After combining these results, we have 

'-/a a/) 2 . 


-4(r. 0 = 


An 





(7.80) 


The last factor in this equation is 

y x 1 

-x y=-rx£=rx£=rxfi, 

r r r 

where we have let the normal to the plane of the loop be h (n = £). Thus, the vector 
potential becomes 


M7 ' 0 = x t I(A/)2 ^ + k r x *]} f ■ 


and the electric field is 


£(r, t ) = -V<t> - 


dA d A 


dt 


dt 


NW ' 1 l „ 
4tt 


x [Z(A/) 2 n] + — r x [1(A1) 2 «]) . (7.81) 

Cr / t r 


The absence of charge on the loop made the scalar potential zero in the above 
calculation. 

A comparison of (7.81) with (7.77) shows that the electric field of the current 
loop is the same as that for the infinitesimal magnetic dipole when we define the 
magnetic moment o’fthe loop to be, in the limit as Al 0, 


m(r)=T(0(A/) 2 /z, 
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Fig. 7.18. The plane loop of general shape (a) as a superposition of smaller square loops (b). 


or 


m(f) = JCOA/i, (7.82) 

where A = (A/) 2 is the area of the loop. 

In summary, the infinitesimal current loop is a loop whose area goes to zero 
(A 0) while its current becomes infinite (|T(r)| — ► oo) such that their product 
remains finite. It is equivalent to an infinitesimal magnetic dipole with the moment 
(7.82), which is the product of the current, area of the loop, and the unit vector 
normal to the plane of the loop. For this equivalence, the loop need not be square, 
as in our example; it can be any closed plane curve. To see this, notice that a plane 
loop of general shape can be viewed as a superposition of small, square loops, as 
illustrated in Figure 7.18. The currents on the adjacent sides of a pair of square 
loops cancel, leaving only the current around the periphery; the area. A, of the loop 
of general shape is the sum of the areas, A A, of the small, square loops. Therefore, 
the magnetic moment of the general loop is the same as the sum of the magnetic 
moments for the small, square loops. 

The results for the electromagnetic field of the infinitesimal magnetic dipole or 
infinitesimal current loop, for both general and harmonic time dependences,, are 
summarized in Table 7.2. 


7.4 Electrically small loop antennas 

The multitum loop antenna shown in Figure 7.19 consists of a tighdy wound coil 
of n turns of metallic Wire, fed at its terminals by a voltage source V. The loop is 
circular with radius b in this figure, but in general it can have any shape (square, 
rectangular, etc.). The radius of the wire, a, is assumed to be much smaller than the 
radius of the loop (a <3C b). 

When the loop is electrically small, the current is approximately uniform (the 
same at any point along the wire) with the value l 0 (t). Loosely speaking, this occurs 
whenever the temporal variation in the source V(r) is negligible during the time for 
light to travel a distance equal to the total length of the wire (nlnb). At any cross 
section of the multitum loop the total current is nl 0 (t), and so its magnetic dipole 
moment is the same as that of a single-turn loop carrying the current nX c {t)\ 

m(t) = nl 0 (t)A = nnb 2 To(t). (7.83) 

The electrically small loop antenna can be modeled as an infinitesimal magnetic 
dipole, and the electromagnetic field can be determined by substituting (7.83) into 


7.4 Electrically small loop antennas 
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Table 7.2. Electromagnetic field of infinitesimal magnetic dipole or current loop 


General time dependence 
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Harmonic time dependence 
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the expressions in Table 7.2. The inequalities that must be satisfied for this model 
are again (7.52)-(7.54), only with 2h replaced by 2 b. 

This antenna behaves essentially as an inductor L a \ thus, 


V(0 fc* L a 


dXq(t) 
dt ’ 



Fig. 7.19. Multitum, circular loop antenna. 


or 


Io«) ‘ 


— [' 
L a J -oc 


W)dt\ 


(7.84) 


The radiated field, (7.77) and (7.78), is proportional to m, which in terms of the 
current and voltage is 


m = rutb 2 X 0 


nnb 2 

17 


V. 


(7.85) 


So the radiated field is proportional to the second temporal derivative of the current 
or the first temporal derivative of the voltage. This is to be compared with the radiated 
field of the electrically short dipole, which is proportional, to the first temporal 
derivative of the current or the second temporal derivative of the yoltage (7.55). 

For the case of harmonic time dependence , the Voltage and current are represented 
by the phasors V and /, respectively. The magnetic dipole moment for the loop is 
then the phasor 


m = nI 0 A — nnb 2 I 0t 
and the time- average power radiated by the loop is 

(Prad) = ^nXA 2 \Io\ 2 = ^|n 2 (M0 4 |/ ? | 2 ; 


(7.86) 


47T 3 ( 0 n 2 A 2 , 2 4jr s (c 


-\Io \ 2 = 




(7.87) 


: 3 74 ™ - 3 . 

The simple series circuit of Figure 7.20 applies to the electrically small loop 
antenna [17]. In addition to the inductance L a , this circuit contains two small 
resistors: the resistance due to the ohmic loss in the wire, R ohm , and the radiation 
resistance, 7? rad . An expression for the radiation resistance can be obtained in the 
same manner as for the electrically short linear antenna. The time-average power 
supplied to the loop is 

('Pin) ~ ^l^ol^ohm “F ^ I 1 2 ^rad • 


(7.88) 
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Fig. 7.20. Equivalent circuit for the electrically small loop antenna. 

. The radiation resistance is determined by equating (7.87) to the second term in 
(7,88): 


87T 3 f 0 n 2 A 2 8 jt 5 ( 0 2 (bV 

3 74 - 3 11 U J 


(7.89) 


The radiation resistance and the power radiated increase as the square of the number 
of turns, n , and as the fourth power of the ratio of the radius to the wavelength, 
b/X 0 (as the square of the area A). Consequently, the performance of the loop (the 
radiation) can be improved significantly by simply increasing the number of turns 
or the radius of the loop. Of course, these dependences. only apply as long as the 
loop is electrically small [k 0 (ji2nb) = n4n 2 b/\ 0 «; 1]. Notice that the radiation 
resistance for the loop antenna is a much stronger function of the electrical size 
than it is for the linear antenna [proportional to (b/ 7 0 ) 4 versus C h/k c ) 2 ]. 

The directional characteristics of the radiation from the electrically small loop 
antenna are the same as those for the electrically short linear antenna and the 
infinitesimal electric dipole; thus, the directivity in the horizontal plane is again 
D = 3/2 = 1.76 dB. The electrically small loop antenna, like the electrically short 
linear antenna, often has an ohmic resistance that is much greater than the radiation 
resistance, and so the radiating efficiency (7.60) can be very small [18]. 


7.5 Simple arrays of electrically short linear antennas 

The pattern shown in Figure 7.2 for the radiation from the electrically short linear 
antenna, or dipole, is uniform (omnidirectional) in the horizontal plane (0 = n /2). 
This is a direct consequence of the rotational symmetry of the structure about the 
z axis. In certain applications, higher directivity for the radiation is desirable. For 
example, in communications systems, transmission may be between two antennas 
at fixed locations. In this case, one would like the radiation to be directed along the 
line joining the antennas. Directive radiation can be achieved by using two or more 
antennas (elements) in an array. The.basic idea is to choose the physical arrangement 
and the excitation for the elements so as to produce constructive interference of the 
radiation from the individual elements in a particular direction and destructive 
interference in other directions. 

In the simplest theory for arrays , the current distributions for all of the antennas are 
assumed to have the same functional form. For example, for an array of electrically 
short linear antennas, the current distributions in all of the elements are assumed to 
be either uniform (with top loading) or triangular (without top loading) functions 
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of the position z, as shown in Figures 7.12and 7.13. The currents at the terminals 
of the antennas, z = 0, are specified independently. The radiation from the array is 
then just a superposition of die radiation from the individual antennas, each treated 
as if it were isolated from the others. In this simple theory, the effect of mutual 
coupling on the current distributions is ignored. Mutual coupling is the result of 
every element in the array being in the field of the other elements. In general this 
field will be different for elements at different locations in the array; hence, the 
component of the current distribution due to mutual coupling will not be the same 
for all elements [19]. 

The science for the design of antenna arrays is highly developed, and there are 
numerous in-depth treatments addressing the subject [19-25]. Here we will only use 
the simple theory described above to introduce a few of the basic concepts associated 
with arrays. We will restrict our discussion to simple linear arrays of equally spaced, 
identical, electrically short linear antennas. 13 First, we will examine the case where 
the elements are excited by “pulse-like” signals; later, we will consider the special, 
practically important case of time-harmonic excitation. 

7.5.1 General time dependence 

For the two element array or couplet shown in Figure 7.21 , the antennas are located 
on the x axis at x = — d/2 (antenna 1) and at x = d/2 (antenna 2), and their axes 
are parallel. The currents at the terminals of the antennas are X 0 i{t) and T o2 (f), 
respectively. The radiated electric field from antenna 1, obtained by using (7.51) 

i 

13 A linear array is one in which the elements lie along a straight line. Other geometrical arrangements 
may be used; for example, in a circular array the elements are placed along the circumference of 
a circle. 
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with (7.27), is 

£[ (Ti , t) = sin Qiloi (f - ri /c)& i, (7.90) 

47T7* i 

and similarly for antenna 2 

£ 2 (^ 2 , 0 = sin02± O 2(f - r 2 /c)0 2 . (7.91) 

We will apply the approximations for the radiated field that we have used before to 
this problem. .We take r\ « r 2 r, 0\ » 62 *** 0, etc., except in the retarded times 
(the arguments of X 0 ), in which we let 

r\ — \r + (d/2)£| = [r 2 -f {d/2) 2 + dr sin0i cos 0i] l/2 

• « r 4* (d/2) siii 0 cos <p 

and 

n = I? — {d/2)x\ = [r 2 4- (d/2) 2 — dr siri0 2 cos 0 2 ]^ 2 

** r - (d/2) sin 0 cos 0. (7.92) 

With these approximations, the radiated electric field of the couplet, the sum of 
(7.90) and (7.91), becomes * 

£ r (r . t) = ^ sin 0 0 Jt<,i [r — r/c — (d/2c) sin 0 cos <j > ] 

+ i 0 i\t — r/c + (d/2c) sin:0 cos (p] J . (7.93) 

We will assume that the currents in the two elements, X 0 \ and are the same 
except for a shift in time, 

%ol{t) = Z 0 i(f - AO; (7.94) 

that is, the current waveform at the terminals of antenna 2 is the same as that at 
the terminals of antenna 1 except that it is delayed in time by the amount At. The 
spacing d and time delay At will be chosen to increase the directivity of the couplet 
in the horizontal plane (0 = 7r/2), for which (7.93) becomes 

= 7t/ 2, 0;O = ^ [Xl [* — r/c — (d/2c)cos0] 

+ r/c + (d/lc) cos 0;-. At] ] . (7.95) 

To illustrate this formula, we will let the current 1 0 \ (r ) be the Gaussian function: 14 

2oi(0 = / 0 c" (,/t)2 . '(7.96) 


This current will result when the electrically short antenna is excited by a voltage that is a “step-like” 
function of time, such as one of the waveforms shown in Figure 5.5b. 


14 
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The radiated electric field from each antenna is then a differentiated Gaussian 
function, and the field of the couplet (7.95) is 


££(r, 0 = 7r/2, 0; t) 


= [t/T - r/cx - (d/2cx) COS W/2cr) cos , 

+ {t/x - r/cr + (d/2cx) cos <p — Af/r]e -[,/t - r/cr ' Kl ' /2cr)cos '^ A ' /rl! J, 

: (7.97) 


which in normalized form becomes V 5 

£ r en (p, e = n) 2, = V2e 1/2 {[> + (rf/2cr)cos<0]e- [p+M / 2cr)cos ^ 

i + [p - (d/2cx)C0S<P + A,/ r ] e -^-W/2«)co S 0+zi,/t] 2 | i 

(7.98) 

where 

p = (r - ct)/cr. (7.99) 

Figure 7.22a is a graph of the radiated field (7.98) as a function of the normalized 
position p (7.99) alqng the axis of the array. 16 The right half of the figute shows 
the field for 0 = 0 (the forward direction), whereas the left half of the figure shows 
the field for 0 = n (the backward direction). For this graph, the spacing d and the 
time shift A t were chosen to separate in space the pulses (differentiated Gaussian 
functions) radiated by the individual elements. The' pulses from each element, 1 or 
2, are marked in the figure. 1 

When the couplet is designed to produce maximum radiation in the forward 
direction (0 = 0) it is called a unilateral end-fire array. This requires superposition 
of the pulses for 0 = 0, which from (7.98) means 


• p 4- d/2cx = p — d/2cx + At/x, 


or 

At/x = d/cx: (7.100) 

The excitation of element 2 is delayed by the time required for the signal from 
element 1 to propagate to element 2. We also want the radiation in the backward 
direction (<p = x) to cancel as much as possible. Partial cancellation is obtained by 
choosing (Problem 7.6) 

d/cx + At/x = 2d/cx = 2/V2 , 

13 The radiated field is normalized so that the maximum field for a single element is one. 

16 These graphs can be viewed as plots of the field in space at a fixed time, say t = t 0 . The point 
p = 0 is then at the point r 0 = ct 0 , and p = (r - ct 0 )Jcx = (r - r 0 )/cx. 
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Fig. 7.22. The radiated electric field- along the axis of a couplet when .the current in the 
elements is a Gaussian function of time, a) General spacing and time shift, b) Spacing and 
time shift chosen to make a unilateral end-fire couplet: d/cx = At/x ~ 1 /V 2. 

or 

d/cx = 1/V2, (7.101) 

so that the peak of the positive lobe of the signal from element 2 is superimposed on 
the peak of the negative lobe of the signal from element 1 . This situation is shown in 
Figure 7.22b. For this arrangement, the maximum field in the forward direction is 
about twice that in the backward direction. Figure 7.23 shows the radiated electric 
field (7.98) of this end-fire couplet for all of the angles in the range 0 < <p <n. This 
•diagram is essentially a collection of graphs similar to Figure 7.22b, each drawn at 
the appropriate angle (p . 

The couplet can also be designed to produce maximum radiation in the directions 
normal to the line of the' array (0 = tt/2, 37r/2); it is then called a bilateral 
broadside array. This requires superposition of the pulses for both 0 = 7r/2 and ' 
0 = 37T/2, which from (7.98) means 

p = p + Ar/T, 

or 




At/x = 0. 


(7.102) 
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Fig. 7.23. Radiated electric field in horizontal plane, 0 = 7r/2, for unilateral end-fire couplet 
with currents that are Gaussian functions of time: d/cx = At /r = 1/V2. 


t; 



Fig. 7.24. Radiated electric field in horizontal plane, 9 = ;r/2, for bilateral broadside 
couplet with currents that are Gaussian functions of time: d/cx = V2, At/x =0. 

The excitation of element s occurs at the same time as that of element 1. For partial 
cancellation of the radiation in the directions 0 = 0 and 0 =* 7 r, we choose 

p 4- dflcx = p- — d/2cr + 2/V2, ' : •. 

or 

d/cr = n/2. (7.103) 

Figure 7.24 shows the radiated electric field (7.98) of this broadside couplet for 
all of the angles in the range 0 < 0 < 3n/2. The bilateral nature of the pattern 
(maximum radiation for 0 = n/2 and 0 = 3jt/2) is clearly evident. The maximum 
value of Sg n at 0 = 3tc/2 is about twice that at 0 = 0. 

An N-element linear array is formed by locating N equally spaced antennas 
symmetrically along the x axis, as shown in Figure‘7.25. When the currents in all 



Fig. 7.25. Placement of elements in the ^/-element array. The element-to-element spacing 
is d. 


elements are the same except for a progressive, element-to-element time shift At, 
Z m (t)=l 0 i[t-(n-l)At], n = 1,2, . . . N, (7.104) 

this arrangement is called a uniform array. The radiated electric field is then 
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VoVyh) 

4nr 


£>l i l - r / c - (d/2c)(N -2 n + 


n=l 


0 - (.n - l)Af], 


(7.105) 


1) cos (j) — (n - l)Ar], 


(7.106) 

For currents that are Gaussian functions (7.96), Equation (7.106) becomes, in 
normalized form, * 


N 

£ en(P< & = X/2, 4>\ t ) = V2 e 1/2 £ [p + (d/2cz)(N - 2n + 1) cos 4> 

71=1 


(7.107) 
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7r/2 



Fig. 7.26. a) Radiated electric field in the horizontal plane, 9 = 7t/2, for an 8-element, 
uniform, unilateral end-fire array with currents that are Gaussian functions of time: d/cr = 
Ar/r = l/\/2. b) Radiated electric field in the horizontal plane, 0 = 7r/2, for an 8- 
element, uniform, bilateral broadside array with currents that are Gaussian functions of 
time: d/cr = \/2, Ar/r = D. 

Figure 7.26a shows this field for an eight-element (N = 8), unilateral end-fire array. 
The spacing and time delay are again given by (7.100) and (7.101). Figure 7.26b 
is a similar graph for an eight-element, bilateral broadside array, with the spacing 
and time delay given by (7.102) and (7.103). A comparison of these figures with 
those for the couplets (N = 2), Figures 7.23 and 7.24, shows the increase in 
directivity obtained by adding more elements to the array. For the eight-element 
end-fire array,; the maximum field in' the forward direction is now about eight times 
that in the backward direction. 

The results; presented above show that the ability to design a directive array de- 
pends greatly upon the temporal behavior of the radiated signals. The differentiated 
Gaussian functions radiated by different elements in the array could be superim- 
posed to produce partial cancellation of the field in a particular direction. For signals 
that do not have the odd symmetry of the differentiated GauSsian, this would not 
be possible. • 
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7.5.2 Harmonic time dependence 

In most practical applicationsi the excitation for the array is essentially time har- 
monic: The current' at the terminals of all elements is a cosinusoidal function of 
time. For the N-element, uniform array, we then fiave (7. 104) 

T on (t) = 1 0 cos |m[f - (n - l)Af]J 

.*■ = 1 0 cos \cot — ( n — 1)5] 

= Re(/ 0 „^'), n = 1, 2, ... 7/, (7.108) 


where we have introduced the element-to-element phase shift 8 = coAt and the 
.phasor for the current 


/„»-= I 0 e~ j(n - l)S . (7.109) 

The radiated electric field is obtained by substituting (7.108) into (7.105). For . 
the vector phasor of the electric field, we find 



? 


E r {r) = 


jcOLL 0 (2yh)I 0 -jk 0 (d/2)(N-l)sin e cos <#> 

4 nr 

> ^ ' * 

sin 0 0 ^ IXM sb s cos , 

n=l 


(7.110) 


which is a geometric sum that is easily evaluated: 

_ i^^oO-Y h )Nl 0 c -jk,r e -KN-\)m 

An r 

. „ f sin [N(k 0 d sin 6 cos <f> - 8)/2\ ] ^ 

sin 9 < — — > 6 

[ N sin[(/: 0 J sin 9 cos 0 - <5)/2] J 

= e -]Kr e -HN-Wi EF( g) AF N (0, (7.111) 

Anr 

In the last line, we have followed convention and expressed the field in terms of the 
element factor EF and the array factor AFn: 


EF(0) = sin^, 


(7.112) 


AFn(0. <P) 


sin[7/(/: 0 <i sin 9 cos (p — <$)/2] 
N sin [(k 0 d sin 9 cos (p - 8)/ 2] ’ 


sin[N(k 0 d cos \p — 8)/2] 
N sin[(A: 0 (i cos yp — 8)/ 2] ’ 


(7.113) 


The element factor describes the directional characteristics (pattern) of the individ- 
ual isolated element, in our case the electrically short linear antenna, whereas the 
array factor describes the directional characteristics that result from combining the 
elements in the array. The fact that EF and AFn are simply multiplied to obtain E r 
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is referred to as pattern multiplication . 17 Notice that the array factor (7.113) has 
been written as a function of the two angles 9 and 4> and also as a function of the 
single angle i/r: 

cos = sin 9 cos <p. 

Here y/r is the angle r makes with the * axis' in Figure 7.25; hefipe, the array factor 
is rotationally symmetric about the x axis. . 

The time- average power per unit solid angle radiated by the array in the direction 
9 , <t> is 

d{V nA ) _ 2 - 1 - 2 

-K*(rr-S c )-—\rE\ 

-^W^I 2 |®W| a |AIW«.«P. (7-114) 

and the total time-average power radiated is’ 

rln. rit 

(n.d> = / / 

J 0=0 J 6={ 


,a * r d(v nd ) . 

/ — —— sm9d9d<b. 

Wo dSl 


(7.115) 


After substituting (7.112)-(7.114) and making a change of variables, the integrals 
in (7.1 15) can be evaluated in closed form to give (Problem 7.7) [26, 27]: 

^ + (j^) E g - .) cos(m3, 


The directivity, as defined in (3.115), of the uniform array of electrically short 
linear antennas is easily determined from (7.1 14) and (7.116). At the angle <p in the 
horizontal plane ( 6 = ;r/2), the directivity is 


D(8 = 7t/ 2, 0) = — f d J ^ 6 = M ] = fgg 

CPrad) L dQ J 1 si 


sin[N(fc 0 <i cos <\> — <5)/2] 
sin [(k 0 d cos 4> - 5)/2] 


2// (i + (jvb)5(S“ 1 ) co ^ ,a) 


* { f - (. 53 )* 

(7.117) 

17 When mutual coupling is important, the current distributions for the individual elements are differ- 
ent The radiated fields (patterns) for the individual elements are then different; and we no longer 
have simple pattern multiplication for the array. 


sin (mk 0 d) -f 


\mk 0 dj 


cos (mk 0 d) 



Fig. 7.27. Directional characteristics of the radiation from an ordinary end-fire couplet of 
electrically short linear antennas, d(V Ta d)/d£2 : S = k a d = 7r/2. • • 


We will first consider the directive properties of the simple couplet (N = 2), for 
which the electric field in the horizontal plane (9 = n/2) is (7.110) 

E r = i^°Vy h V° e -iKr e -im cos cos ^ _ S)/2 ]l (7> j lg) 

For a unilateral end-fire array , we want the field of the couplet (7.118) to be 
maximum for <p = 0, so we make the argument of the cosine function zero for this 
angle by choosing " ; 

& = k 0 d. ■•. i (7.119) 

A uniform array, of any number of elements, with this choice for <5 is referred tp as 
an ordinary end-fire array. If we also require the field to be zero in the backward 
direction (</> = n) we must have 

(-k a d - <5)/2 = -7t/ 2, 
which on substituting (7.1 19) requires 

k Q d = n/2. 

With these values of <5 and k 0 d , we are delaying the radiation from element 2 so that 
in the forward direction (<p = 0) each cycle is exactly superimposed on the radiation 
from element 1. In the backward direction (<p = n) the radiation from element 2 is 
delayed exactly one half cycle from that of element.! (28 = 2k q d = tt), and thus 
there is total cancellation of the field. 

The directive characteristics of this array are shown in Figure 7.27. 18 For the 
picture on the" left the radial distance in the: direction 9 y <p, measured from the 
origin, is proportional to d(V rB d)/dQ (7.114). The graph on the right shows the 
pattern in the horizontal plane (9 = tt/ 2); the null in the backward direction is 
evident. . •' , 

The directivity (7.117) for this array in the forward direction (0 = 0) is D = 
3.0 (4.77 dB)> which is Twice that of a single element (D = 1.5). The pattern 
multiplication for this array is shown on the left-hand side of Figure 7.28. The 


These patterns and all similar ones to be presented are normalized so that the maximum value is 
one. 


18 
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END FIR£ BROADSIDE * 


f' g nl' 2 r 8 ' mustra,ion of P a “ ern multiplication for couplet of electrically short linear an- 
tennas. Left side is for the end-fire couplet shown in Fig. 7.27, while the right side is for the 
broadside couplet shown in Fig. 7.29. B r me 

element factor, which is doughnut shaped, is multiplied by the array factor which 
is a beam in the direction <j> = 0,. to obtain the result in Figure 7.27. A pattern that 
has a smgle, rotationally symmetric lobe in the direction for maximum radiation 
hire the one for the end-fire array factor, is referred to as a “pencil beam ” 

For a bilateral broadside array, we want the field of the couplet (7 1181 to be 
maximum for both $ = */2aiid* = 3rr/2. so we make the argument of the cosine 
function zero for these angles by choosing 


<5 -°- (7.120) 

haw alS ° re<JUire ** fieW t0 be Zer ° “ thC directions * = 0 and we must 

k Q d = n. 


The directive characteristics of this array are shown in Figure 7.29, The directivity 
(7.117) is D — 3.57 (5.53 dB) for either 0 = rr/2 or </> = 3 tt/ 2; this is about 2 4 
Umes that of a single element. The pattern multiplication for this array is shown 
on the nght-hand side of Figure 7.28. Notice that the broadside array factor is not 
maximum for a single direction, as is the end-fire array factor. Rather, it obtains 
its maximum for all- values of 9 when <t> = n/2 or 3rr/2. A pattern with this 
characteristic is referred to as a “fan beam.” 
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Fig. 7.29. Directional characteristics of the radiation from a broadside couplet of electrically 
short linear antennas, d (P r ad )/d£l: S = 0, k 0 d = n. 


The directivity for the broadside couplet ( D = 3.57) is higher than that for the 
end- fire couplet ( D = 3.0), even though the former has two directions for maximum 
radiation, whereas the latter has only one. The increased directivity of the broadside 
array is due to its narrower beamwidth, which can be clearly seen by comparing 
the graphs on the right of Figures 7.27 and 7.29. 

Now we will consider uniform arrays that do not have the spacing between the 
elements (k 0 d) adjusted to obtain a particular result (e.g., a null in the pattern for 
a particular direction). The directivities (7.117) for the uniform, ordinary end-fire 
array (5 = k 0 d) and the uniform broadside array (S = 0) are graphed as functions 
of k Q d in Figure 7.30 for arrays with two to eight elements. The directivity of the 
end-fire arrays increases with increasing k 0 d until a maximum is reached ioi.k 0 d 
slightly less than n. After this maximum, there is a decrease in the directivity with 
increasing k 0 d t until a minimum occurs for k 0 d slightly greater than n . This decrease 
in the directivity is caused by the pattern for the radiation becoming bilateral end 
fire, with large lobes in the two directions 0 = 0 and 0 = tt, rather than in just the 
one direction 0 = 0. With a further increase in k 0 d, the directivity increases until a 
second maximum, of nearly equal value to the first, is reached when k Q d is slightly 
less than 2jt. Past this point the directivity decreases. This is caused by the pattern 
for the radiation again becoming bilateral and, in addition, developing large lobes 
in the broadside directions: 0 = 7t/2 and 0 = 3 jt/2. 

The directivity for the broadside arrays increases with increasing k 0 d until a 
maximum is reached for k Q d slightly less than 2jt. Past this point there is a decrease 
in the directivity. This is the result of the pattern for the radiation developing; 
additional large lobes in the end-fire directions: 0 = 0 and 0 = n. 

The maximum directivities, D max , for these arrays along with the values of k 0 d 
at which they occur are given in Table 7.3. The half-power beam widths in the 
horizontal plane (6 = n/2) are also given in this table. Recall from Section 3.7 
that the half-power beamwidth, 20b w* is the angular separation between the points 
at which the power per unit area has dropped to one half of its maximum value. 
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Fig. 7.30. Directivity of uniform linear arrays of electrically short linear antennas versus 
the spacing between the elements k 0 d. a) Ordinary end-fire arrays; <5 = k a d. b) Broadside 
arrays; <5 = 0. 

Figure 7.31 shows patterns in the horizontal plane ( 6 = n/2) for arrays with 2, 
4, and 8 elements. For each case, the spacing k 0 d is that given in Table 7.3 for 
maximum directivity. The decrease in beam width, hence the increase in directivity, 
that accompanies an increase in the number of elements is clearly seen. 
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Table 7.3. Uniform arrays of electrically short 
linear antennaS ( dipoles ) 


Ordinary end-fire array, 8 = k Q d 

N 

k 0 d 

d/K 

Dmax 

20bw 

2 

2.11 

0.336 

3.55 

150° • 

3 

2.42 

0.385 

5.43 

107° 

4 

2.58 

0.411 

7.31 

87.4° 

5 

2.68 

0.426 

9.19 

75.9° 

"6 

2.75- 

0.437 

11.1 

67.8° 

7 

2.80 

0.445 

12.9 • 

62.1° 

8 

2.84 

0.451 

14.8 

57.6° 



• Broadside array, 8 

= 0 


N 

kod 

d/K 0 

Dm&x 

20b w 

2 

4.23 

0.674 

4.51 

43.6° 

3 

4.80 

0.763 

7.73 

23.5° 

4 

5.11 

0.813 

11.0 

16.1° 

5 

5.31 

0.846 

14.4 

12.2° 

6 

5.46 

0.868 

17.7 

9.88° 

7 

5.56 

0.885 

21.1 

8.27° 

8 

5.64 

0.898 

24.4 

7.12° 


When the number of elements, N , is large, we can obtain a simple estimate for 
the half-power beamwidth in the horizontal plane (0 = jt/ 2). From (7.11 1), at the 
angle faw 


sin(Nu) 
N sinw 



where for the end-fire array 


(7.121) 


u = k 0 d( cos 0 bw - l)/2 


(7.122) 


and for the broadside array 


u = k 0 d cos(7r/2 + 0bw)/2. (7.123) 

We will now assume that for large N the beamwidth is small; hence u <£ l. 19 The 

19 This assumption can be checked by substituting values from Table 7.3, say for N = 8, into (7. 122) 
and (7.123). 
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N=2 


N=4 


N=8 


ORDINARY 
END. FIRE 






Fig. 7.31. Patterns for the radiation in the horizontal plane (i 9 = jr/2) of uniform linear 
arrays of electrically short linear antennas, d(V iad )/dQ. Each pattern is for the element 
spacing, k 0 d, that gives maximum directivity, as given in Table 7.3. 


left-hand side of (7.121) then can be approximated as 


sin(Nw) 


therefore 


N sin u 


i«i 


Nu 


~ t (Nu)3 1 

~k — ^ = 1 " 6 {Nu)Z ' 


^6(1 -l/v^)= 1.33 /N. 


Substituting (7.122) and (7.123), we find the half-power beam widths: for the end- 
fire array 


|^(cos^bw - 1)/2| s 

20bw j 

and for the broadside array 


, kod 
4 

4.61 

,fNK4 


■0bw « 1.33/A7 


radians = 


264 

VNT^d 


degrees, (7.124) 


k Q d 


\k 0 d cos(7t/2 -f <£bw)/ 2| ~ -y-0BW & 1 .33/ 


20BW 


5.30 • 304 • 

: radians = — . . degrees. 


Nk 0 d 


Nk 0 d 


(7.125) 


Notice that beamwidth for the end-fire array is proportional to (Nk 0 d)~ l/2 , whereas, 
that for the broadside array is proportional to ( Nk 0 d )~ l . This explains the narrower 
beamwidth for the broadside array. The approximations (7.124) and (7.125) are 
fairly good whenever N is: large; for example, for N — 8 the exact values from 
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Table 7.3 are 57.6° for end fire and 7rl2° for broadside, and the approximations are 
55.4° and 6.74°. 

We can use the beamwidths (7.124) and (7.125) to estimate the behavior of the 
directivity for large N. Recall from'Section 3,7 that the directivity of an electrically 
large, uniformly illuminated, circular aperture was (3.129b) 

D a ( 20bw) 2 ** x 2 - 


Now, if we assume that a similar relationship holds for these arrays, we will have 20 . 

; ' ’ D “ (2^ w )(20bw) : (7,126) 

For'the end-fire array, the pattern -is approximately symmetric about the x axis; 
hence, 0bw % 0bw, and from (7,124) and (7.126) 



(20bw) 2 


a Nk 0 d. 


For the broadside array, the half-power beamwidth in the vertical plane (0 = n/2, 
37T/2), i.e. 20 bwi is determined by the element factor; hence it is independent of N 
and k 0 d (for the electrically short linear antenna, sin 2 0Bw = 1/2, 20 b w = n/2). 
From (7. 125) and (7. 126), the directivity .is then 

D a — - — a Nk 0 d. 

20BW 


For both the uniform ordinary end-fire and broadside arrays, the directivity is seen to 
be proportional to the product of the number of elements N and the electrical spacing 
between the elements k 0 d = 2i T(d/\ 0 ). This behavior is evident iii Figure 7.30. For 
large N , say N = 8, the directivities for both arrays are seen to be approximately 
linear functions of k 0 d % provided k 0 d is less than the value for D^ax- 

Let us now return to our discussion of the simple couplet ( N .= 2). From Fig- 
ure 7.30 and Table 7.3, we see that the first maximum in the directivity is ob- 
tained for end fire when k 0 d = 2.11 (D max == 3.55) and for broadside when 
k a d = 4.23 (£> m ax = 4.51). The patterns for the radiation from these arrays are 
shown in Figures 7.32 and 7.33, respectively. These couplets are more directive 
than the ones we discussed earlier (Figures 7.27 and 7.29). However, the nulls that 
were present in the latter (at 0 = n for end fire, and at 0 = 0, n for broadside) 
are not present in the former. We have chosen the spacing of the elements, k 0 d, to 
produce maximum directivity rather than to obtain the specified nulls. 

For the end fire couplet ( N = 2), the second maximum in the directivity occurs 
at k 0 d & 5.4. The pattern for this array is shown in Figure 7.34. Notice that in 


20 


Here we have recognized that the beam for the electrically large, circular aperture is nearly sym- 
metrical; thus, (2 9bw) 2 is the product of the half-power beamwidths in the two-orthogonal planes. 
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2S D ^° nal CharaCteristicS ofthe radiati °“ from an ordinary end-fire couplet of 
electrically short ltnear antennas, d{V ni )/dQ. The spacing has been adjusted for the first 
maximum in directivity: <5 = k 0 d = 2. 1 1 . 



DLr ^ ctionaJ ^ar acteristics of*e radiation from a broadside couplet of electrically 

lZ^:td^ dn - ^ Spac “ s h3S bee “ adjUSted f0r 46 &St maidmu m m 


addmon to the main beam at <t> = 0, there are two additional beams, side lobes 
whose magnitudes are nearly equal to that of the main beam. In many applies-’ 
Uons, the presence of these side lobes is undesirable; hence, the larger spacing 
between the elements, associated with the second maximum in the directivity is 
often, avoided. • . . y ' 

To complete' our discussion of arrays, we will briefly examine a phenomenon 
known as superdirectivity. Again, we will use die simple couplet as an example 
So far, we have constrained one parameter, S, when determining the maximum 
directivity for the arrays: For ordinary end fire 8 = k„d, and for broadside 8 = 0. 
When, we remove this restriction, we can view the directivity as a function of the 
two parameters kd and 5, as in Figure 7.35. Here contours of constant directivity 
are shown on the k 0 d-8 plane for the end-fire direction, D{6 = it n d, = ft) an d 
for the broadside direction, D{6 = tt/2, 4> = n/2) 7 ’ 9 ’ ™ 

The dashed toe in Figure 7.35a is the locus of points for the ordinary end-fire 
couplet, 8 = k 0 d. The directivities for the couplets we have discussedso far are 
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Fig. 7.34. Directional characteristics of the radiation from an ordinary end-fire couplet of 
electrically short linear antennas, d {Vnd)/d &- The spacing has been adjusted for the second 
maximum in directivity: 8 = k 0 d & 5.4. 


5.25 3.55 ORDINARY 



Fig. 7.35. Directivity' for couplet of electrically short linear antennas as a function of the 
element spacing, k 0 d , and the phase shift between elements, 8. a) End-fire directivity, 
D(0 = tt/2, <t> — 0). b) Broadside directivity, D(6 = 7r/2, 0 = k/2). . 
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Fig. 7.36. Directional characteristics of the radiation from a ‘'superdirective" end-fire cou- 
plet of electrically short linear antennas, d<J» ni )/dCl-;& = n- (2/5JJW, k a d = 0.1. 


indicated by solid dots (M = n/2, D = 3.0, Figure 7.27; and k a d = 2.11, D = 
3.55, Figure 7.32). Notice that substantially higher directivity is obtained when k 0 d 
approaches zero while 8 approaches . In fact, if we take 5 = n — (2/5 )k„d, in 
the limit as k a d -> 0, the directivity is D = 5.25 (7.20 dB) (Problem 7.8). Since 
the two elements of the couplet essentially merge in this limit, we should compare 
its directivity with that of a single element, for which D = 1.5. We have increased 
the directivity by a factor of 3.5 while requiring negligible additional space for 
the couplet over that for a single element; this is superdirectivity. Figure 7.36 
shows die pattern for the radiation from this couplet when k a d = 0.1. It is clearly 
more.directive than the ordinary end-fire couplets we discussed earlier (Figures 7.27 
and 7.32). 

Although superdirectivity is an interesting phenomenon, it is often impractical. To 
see why this is true, we fust note that the directivity is only a measure of the relative 
distribution of radiation in space. It says nothing about the actual magnitude of the 
radiation; for this we must consider the gain of the couplet. Recall from Section 3.7 

(3.138) that the gain of an antenna or an array is the product of the efficiency and 
the directivity: 

<P) = r)D(Q y 0), (7.127) 

where 

= time-average power radiated by antenna 

time-average power supplied to antenna 


(P rad) 


(P rad) 


(7.128) 


(Pin) (Prad) + (7>ohm> ’ 

For the couplet, the power lost due to the finite conductivity of the elements (V obm ) 
is just twice that for a single isolated element (7.58); that is, for the couplet 21 - ' ■ 

(Pohm) = |7 0 | 2 (Rohm)i, • ■* (7.129) 


where (Rohm) l is the ohmic resistance of the single, isolated element. On substituting 
(7.1 16), (7. 1 17), (7. 128), and (7. 129) into (7. 127), we obtain the gain of the end-fire 

21 This is a consequence of assuming the same distribution of current for the elements when isolated 
or combined in the couplet and exciting the elements of the couplet so that |/ cl J = |/ o2 | = \l 0 \ 
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X sin(M)+— COS(M) } +(flohm/firad)l 


-1 


(7.130) 


where the parameter 


(7? ohm/ 7?rad)l 


is the ratio of the ohmic resistance to the radiation resistance (7.59) of a single, 
isolated element. For the ordinary end-fire couplet with S = k D d ;= 7r/2, Equation 
(7.130) reduces to 


G(6 = tt/2, 0 = 0) 


3 

1 + Cochin/ ^rad)l 


(7.131) 


whereas for the superdirective end-fire couplet with 8 = n — (2/5 )k 0 d, k Q d 1, 
it reduces to 


G(0 = tt/2, 


0 = 0 ) = 



5.25 

1 

(M ) 2 


(•^ohm/-^rad)l 


(7.132)'. 


Tp illustrate the.se results, we have graphed the gain as a function of the parameter 
(7?dhm/#rad)i in Figure 7.37. For the superdirective couplet, we chose k 0 d = 0.1. 
When the ohmic resistance is extremely small (left side of graph), the gain for both 
couplets is nearly equal to the directivity (the efficiency rj is nearly 100%). For the 
ordinary couplet, the gain drops to one half the directivity ( rj = 50%) when 


(■^ohm/7?rad)l — 1» 
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whereas for the superdirective couplet (k 0 d = 0.1), this occurs when 

(£ohm/£rad)l = — (k 0 d) 2 = 2.8 X 10 -3 . 

Comparing these results, we see that the ohmic resistance (loss) of the elements 
must be extremely small for the superdirective couplet to have a gain greater than 
that of die ordinary couplet. Superdirectivity does not necessarily translate into 
supergain. In fact, as this example shows, superdirectivity can result in very low 
gain when ohmic losses are significant. 

There is a fairly simple explanation for the decrease in gain that accompanies the 
increase in directivity for the superdirective couplet. The elements of the couplet 
are very closely spaced (k 0 d « 1), and they are driven so that their currents are 
equal in magnitude but nearly opposite in direction (8 =» nr, as seen in Figure 7.35). 
Hence, the fields of the elements nearly cancel, and very large currents (large |/ 0 |) 
are required to produce significant radiation. The large currents produce large ohmic 
losses in the elements (7.129) and, consequendy, low efficiency and gain for the 
couplet. 

Notice from Figure 7.35b that there is no superdirective arrangement for the 
broadside couplet. Maximum directivity is for the case 5 = 0, k 0 d = 4 23 shown 
in Figure 7.33. ' 

Additional discussions of superdirectivity and supergain can be found in Refer- 
ences [28-33], We only mention that a linear array of finite electrical length can 
have unlimited directivity, provided we increase the number of elements in the ar- 
ray indefinitely and precisely adjust the phases of their currents. Of course, as we 
have seen, the' array will not have unlimited gain if there are ohmic losses in the 
elements. 


7.6 Scattering by electrically small objects 

Earlier, in Section 4.5, we introduced a few of the basic-concepts associated with the 
scattering of electromagnetic waves, such as the backscattering and total scattering 
cross sections. At that time we only considered scattering by electrically large 
objects, ones whose characteristic length d, for example the diameter of a disc or 
sphere, satisfies the inequality k 0 d = 2 nd/X 0 » 1, where X 0 is the free space 
wavelength for the time-harmonic field. With this restriction on the size of the 
object, it was possible to infer certain general characteristics for the scattering. 

Now we will consider scattering in the opposite limit, that is, for electrically small 
objects, ones whose maximum length d satisfies the inequality k a d = 2nd/k a <<^ l 
With this restriction on the size of the object, it will again be possible to infer certain 
general characteristics for the scattering. We will confine our discussion to time- 
harmonic fields. 

Figure 7.38 illustrates the basic ideas we will be using. Here, a perfectly con- 
ducting sphere of diameter d is illuminated by the incident plane wave 

E* — E l 0 e~ jkorki ' r , B 1 = B i o e~j k ° r *i\ 


(7.133) 
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Fig. 7.38. Sketches illustrating the scattering from an electrically small, perfectly conduct- 
ing sphere. ' 


To simplify the pictorial representation, in Figure 7.38a: the plane wave is taken 
to be linearly polarized with = y and E' 0 = E l 0 z. Since the sphere is assumed 
to be electrically small ( k 0 d <5C 1), the incident field is approximately uniform 
throughout its volume: . 


£*' « E‘ 0 , B‘ *B‘ 0 = -lii xE‘ 0 , r< d/i. (7.134) 
c 

The incident field produces charge and current on the surface of the perfectly 
conducting sphere. We replace the sphere by the surface densities of charge and 
current, p s and J S1 to calculate the scattered electromagnetic field, E\B S . These 
surface densities are sketched in Figures 7.38b and c. The vertical currents shown 
in Figure 7.38b periodically deposit charge at the top and bottom of the sphere. The 
sketch is for a time when positive charge is on the top and negative charge is on the 
bottom. In addition, the closed currents shown in Figure 7.38c circulate around the 
sphere in the clockwise sense with respect to x. Within the volume of the sphere, 
the total field, E* , B l , must be zero, so the scattered field, which is due to the charge 
and current, must cancel the incident field: 

= E { + = 0, B f = B l + B s = 0, r < d /2, 

or ' ; 

. E s = -E\ B s = -B i ’ r < d/2. . (7.135) 

The directions shown in Figures 7.38b and c for the scattered electric and magnetic 
fields are seen to be correct for this cancellation. 

For the purpose of calculating the scattered electromagnetic field at a large dis- 
tance from the sphere, r » d/ 2, th^ charge and current on the surface of the 
sphere are approximately equivalent to the electric and magnetic, dipoles shown in 
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Figure 7.38d: 

p = a e e 0 E‘, (7.136) 

™ =0 ‘ n '~ S ‘- ' (7.137)’ 

This equivalence can be established qualitatively from the sketches in Figures 7 38b 
and c. The charges on the top and bottom of the sphere form a z-directed electric 
dipole, while the current circulating around the sphere forms an electrically small 
loop or ^-directed magnetic dipole. The constants of proportionality in the above 
expressions are the electric polarizability a e and the magnetic polarizability a m 22 
With the equivalent dipoles (7.136) and (7.137) known, the scattered field is 
simply a superposition of the fields of the individual dipoles, which are given in 
Tables 7 . 1 and 7.2. The radiated part of the scattered field is 


ty >< r*> * (? **)],' . 

with the complex Poynting vector 
= ~—E sr (r) x [B-(r)]‘ 


(7.138) 

(7.139) 


q *r 2 1 2 * 

= 32jr 2 e 0 r 2 jj'’ X x ^ ^ x "*l 2 + ~ f <P * «) r (7.140) 

and the time-average; power scattered per unit solid angle given by 
d(V s ) . - 

^ r = Re[r 2 r-5f], (7.141) 

Other quantities describing the scattering, such as the cross sections, are easily 
determined from these results. 23 

From the above discussion, the problem of scattering from an electrically small 
object is seen to reduce to one of determining the polarizabilities ot e and a m . Be- 
cause the object is electrically small, the time-harmonic incident field is practically 
uniform throughout its volume (7.134), and the field varies little during the time 
for light to cross the object (for the sphere, d/c <£ 7\ where T = 2? t/co is the 
period of the oscillation). At any instant the response of the object to this dynamic 
field is then veiy similar to that for a uniform static field, and the polarizabilities for 
the dynamic field are essentially the same as those for the static field. Therefore, 
as a first approximation, we can use the polarizabilities for the static field in the 

procedure we have outlined above 

3 


SI units for both a f and a m are m 3 . 

23 The physical argument we have presented (replacing the sphere by equivalent dipoles etc 1 is 
somewhat heuristic; mathematical justification for these steps can be found in Reference [34] , 
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For the perfectly conducting sphere, the calculation of the polarizabilities for the 
static field is particularly simple. This is because everywhere outside the sphere, 
the electrostatic field of the charge on the sphere is exactly equal to the field of an 
electric dipole. Similarly, everywhere outside the sphere, the magnetostatic field of 
the current on the sphere is exactly equal to the field of a magnetic dipole. 

First, we will determine the electric polarizability. The sphere of diameter d is 
placed in the uniform “electrostatic” incident field E l . It is to be represented by an 
equivalent electric dipole, one that produces the same electric field as the sphere 
for r > d/2. For this equivalence, the boundary condition at the surface of the 
perfectly conducting sphere must be satisfied by the field of the dipole; that is, the 
tangential component of the total electric field must be zero (Table 1 .6): 

r x E* = r x (E* + E s ) = 0, 
or 

r x E s = -r x r = d/2. (7.142) 

In this equation, E s is the “electrostatic” field of the dipole. It is given by the ex- 
pression in Table 7.1 in the limit as co -► 0 or k Q = co/c 0 (the term proportional 
to 1 /r 3 ). After substituting this field into the boundary condition (7.142), we obtain 

-^L rxp = -rxE l . (7.143) 

7r e 0 d* 

vector r can 


(7.144) 

• or that the electric polarizability is 



The magnetic polarizability can be determined_m a similar manner. The sphere 
is placed in the uniform “magnetostatic” field B l t and the equivalent magnetic 
dipole is to produce the same magnetic field as the sphere for r > d/2. For this 
equivalence, the boundary condition at the surface of the perfectly conducting 
sphere must be satisfied by the field of the dipole; that is, the normal component of 
the total magnetic field must be zero (Table 1.6): 

r • B‘ = r • (B y + B s ) = 0, 

or . 

r-B s = -r-B‘, r = d/ 2. (7.146) 

In this equation, B s is the “magnetostatic” field of the dipole. It is given by the 
expression in Table.7.2 in the limit as k 0 0 (the term proportional to 1/r 3 ). After 


Since the directions of the vectors p and E l are fixed, and the unit 
point in any direction, this result implies that 

P ■“ “ 


-e 0 E l 
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substituting this field into the boundary condition (7.146), we obtain 


or 


4Mo . - . 


nd 3 1 

m = B\ 

4 Mo 


Thus, the magnetic polarizability is 


(7.147) 

(7.148) 

(7.149) 

When these values for the dipoles are substituted into (7. 138)— (7. 140) and the 
configuration shown in Figure 7.38a is assumed (linearly polarized incident field 
and spherical coordinates), the scattered electromagnetic field and Poyntine vector 
become 6 




nd 3 


E"(r) = -. d( ~ kod ^ E o -~lk.r 


8 r 


B"(r) = d( - k ° d)2E o c -ik.r C i 


8 cr 


and 


^sin0 - 1 sin 0 ^ 9 - ^cos0cos 00 

(sine - Isin^j, 


- cos 9 cos 4>9 + 


(7.150) 

(7.151) 


$ c ^ ~ I28f 0 r 2 ~ sin ^sin0 + i(l - sin 2 0cos 2 0)jr. (7.152) 

The backscattering and total scattering cross sections, (4.49) and (4.50), are 
ag _ 4rrr 2 r • S s c r (6 = g/2, 0 = 3rr/2) 

h~si 


and 


9nd 2 . 9 n 5 d 2 . 

-JT (W) F — WAo) 4 


r 2 jt pjr 

/ / r • S sr (6\ (p')r 2 sm6'd6'd(/) ; 

o Jo'* ~ 


(7.153) 


_ J9'=0 

cr T = 


h • S[ 


5lZd2 n j\4 5 * 5 d 2 a 

= -96~(M) 4 = — g— (dA 0 ) 4 . 


(7.154) 


The directional characteristics for the scattered radiation are shown in Fig- 
J/ 39 .' where time-average power per unit solid angle scattered by the sphere 
(7.141) is graphed as a function of the angles 6 and 0. Half of the figure has been 
removed to show the pattern on the plane 0 = n/2, 3jt/ 2. We see that the electri- 
cally small, perfectly conducting sphere scatters energy primarily in the backward 



Fig. 7.39. Directional characteristics of the scattered radiation from an electrically small, 
perfectly conducting sphere, d('P s )/dSl. 


direction (6 = 7r/2, </> = This is because the fields of the equivalent electric 
and magnetic dipoles add constructively in the backward direction while adding 
destructively in the forward direction, these results for the electrically small sphere 
are to be compared with those for the electrically large sphere, which we briefly 
discussed in Section 4.5. The electrically large sphere scatters energy primarily in 
the forward direction (Figure 4.17b). 24 

The scattefed electric and magnetic fields are seen to increase as the square 
of the frequency (co 2 ) or as the inverse square of the wavelength (1/X 2 ); thus, the 
scattered power and the cross sections increase as the fourth power of the frequency 
(o> 4 ) or as the inverse fourth power of the wavelength (1/X 4 ). This behavior is 
characteristic of the scattering from most electrically small bbjects. 25 The objects 
need not be perfect conductors, but they can be dielectric (e ^ e 0 ) or magnetic 
(/x t^./x 0 ) materials. The scattering from electrically small objects, in particular the 
dependence with frequency noted above, is often referred to as Rayleigh scattering 
after Lord Rayleigh (John William Strutt, 1842-1919), who studied this subject in 
detail [35-38]. We will say more about Lord Rayleigh’s Contributions in the next 
section. 

As a second example, we will consider the scattering from an electrically small, 
perfectly conducting; circular disc of diameter d. The incident field will again be the 
plane wave (7.133). Through the use of Babinet’s principle (Section 4.5) the results 
for the disc will also be used to determine the transmission through an electrically 
small, circular apernire in a plane, perfectly conducting screen. 

To simplify the pictorial representation, in Figure 7.40 the disc is assumed to lie 
in the x-z plane* and the incident plane wave is taken to be linearly polarized, with 
the vector wave number in the x-y plane, 

h = cos (f>{X 4“ sin (p t y , (7.155) 

Notice that the orientation of the. incident field in the rectangular Cartesian coordinate system 
(x, y, z) differs from that used in Section 4.5. 

25 An exception occurs when both the equivalent electric and magnetic dipoles for the object are zero, 
in which case the scattering cross sections depend upon a higher power of the frequency. 
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Fig. 7.40. Sketches illustrating the scattering from an electrically small, perfectly conduct- 
ing, circular disc. The disc lies in the x-z plane, and the vector £,• is in the x-y plane. 


and the incident electric field at the angle 07 to the z axis: 

E l = E l 0 e~ jk °^ COi ^ l+ysm<t>i \s\n 0,- sin 0,-jc — sin 07 cos 0,y -H cos 0,-£), 

‘ ' ; ; (7.156)- 

B l = l E 'e- jko(xcoS(f,i+ysm(pi) (cos 0, sinfax — cos0,- cos fay — sin V^/ £)• 
c 

(7.157) 


The surface densities of charge and current for the disc are sketched in Fig- 
ures 7.40b and c, and the equivalent electric and magnetic dipoles for calculating 
the scattered field are shown in Figure 7.40d. Analysis, which we will not reproduce 
here, shows that the; equivalent electric dipole is proportional to the component of 
the incident electric field that is in the plane of the disc, whereas the equivalent 
magnetic dipole is proportional to the component of the incident magnetic field 
that is normal to the plane of the disc [39-41]: 

p = a e e 0 [E l — (h • E 1 )/!] = — ot e e 0 [n x (n x £')], (7.158) 


m — a m —(h • B l )n, 
Ho 


with the polarizabilities 


and 


2d 3 


d 3 

Oim = -y. 


(7.159) 


(7.160) 


• ■ (7.161) 

Here h is the unit vector normal to the plane of the disc; h = y in Figure 7.40. 
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Fig. 7.41. Directional characteristics of the scattered radiation from an electrically small, 
perfectly conducting, circular disc, d{V s )/dQ. a) Broadside illumination: (pi = tt/ 2, ypi = 
0. b) Edge-on illumination: <pi = tt, 0/ = 0. 


When these values for the dipoles are substituted into the expressions for the 
complex Poynting vector and the scattering cross sections, (7.140), (4.49), and 
(4.50), and the configuration in Figure 7.40a is assumed (linearly polarized incident 
field and spherical coordinates) the following results are obtained: 

S s c r (r) = j 2 | E l 0 1 2 \ sin 2 0,- sin 2 (pi ( 1 — sin 2 9 cos 2 (p ) -F cos 2 1 pi sin 2 9 
12"K L ^ 0 r L 


— 2 sin 0,- cos 0,- sin <pi sin 9 cos 9 cos (p + sin 0 / cos \pi sin (pi cos (pi cos 9 


— cos 2 0,- cos (pi sin 9 cos 0 + ■ \ cos 2 0/ cos 2 0, (1 — sin 2 9 sin 2 (p) 

4 


(7.162) 


and 


Ofl(0M 0/) = 


d\k 0 d) A 


9 n 


sin 2 0 ,- sin 4 (pi 4 - cos 2 0 / ( 1 + ^ cos 2 (pi 


h ^ cos 2 0 ,^ 


(7.163) 


& t ( 0 i , 0 «) = ^ ( sin2 ^ ^ cos2 ^ cos2 * ( 7 . 164 ) 

The time-average power scattered per unit solid angle (7.141) is now a func- 
tion of the orientation of the incident wave, the angles 0 ,- and 0 <. In Figure 7.41, 
the directional characteristics of the scattered radiation are shown for two cases: 
broadside illumination of the disc j ( 0 ,- = tt/2) and edge-on illumination of the disc 
{cpi = n). For both cases, the incident electric field is in the £ direction (0, = 0). 
The scales for the two graphs have been made the same so that the scattering for 
the two cases can be compared. 
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For broadside illumination (Figure 7.41a) there is no equivalent magnetic dipole, 
and the pattern is the familiar one for the electric dipole: the fat doughnut or fat 
tire. A change in the direction of the incident electric field, a change in the angle 
V'i , would merely cause a rotation of this graph about the y axis. 

For edge-on .illumination (Figure 7.41b) there are both equivalent electric and 
magnetic dipoles, and the disc scatters energy primarily in the backward direction 
(0 = ;r/2, 0 = 0) with the same pattern as for the sphere (Figure 7.39). For this 
case, a change in the direction of the incident electric field can greatly affect the 
pattern. In fact, when the incident electric field is normal to the plane of the disc 
(0*i = 7 t/ 2), there is no scattering from the disc. The total scattering cross section 
is zero, as can be seen by substituting 0/ = tt, 0* = tt/ 2 into (7.164). 

An examination of the expressions for the backscattering and total scattering 
cross sections (Problem 7.11) shows that they are both maximum for edge-on 
illumination of the disc with the incident electric field parallel to the plane of the 
disc: 0/ = n, 0* = 0 (the case shown in Figure 7.41b). For this illumination, 
&B is 9/4 times larger and o T is 5/4 times larger than for broadside illumination. 
These results are most likely contrary to your intuition, which probably says that 
the disc should block or scatter the most energy at broadside illumination. This 
contradiction arises because our intuition is usually based on the optical case, that 
is, the case where the disc is electrically large (k 0 d » 1), not electrically small 
(k 0 d « 1) as it is here. Indeed, for the electrically large disc, the scattering cross 
sections are maximum for broadside illumination. 

The above results for the disc can be used with Babinet’s principle to solve the 
complementary problem: the transmission of a plane wave through an electrically 
small, circular aperture in a plane, perfectly conducting screen. The geometry for 
the. complementary problem is shown in Figure 7.42a. In this figure, the quantities 
for the aperture have the subscript a while those for the disc have the subscript d. 
Notice that the incident magnetic field is now at the angle 0,- to the z axis. The 
directional characteristics for the radiation from the aperture into the right half 
space, y > 0/ are. the same as those for the scattered field of the disc in Figure 7.41 
[recall that the total field of the aperture is simply related to the scattered field of 
the disc: (4.40a), (4.40b)]. 

The transmission coefficient for the aperture is simply obtained from the total 
scattering cross; section of the disc (7.164) using Equation (4.53): 


» 




, , _ i fi) 

• 2 A 


4(M) 4 

27n 2 


(si 


sin 2 (pi -f - cos 2 0; cos 2 0, 


> 


(7.165) 


Maximum transmission through the electrically small, circular aperture occurs for 
grazing incidence on the screen (0/ = tt, £,* parallel to the plane of the screen) with 
the incident electric field normal to the screen (0,- = 0). Again,' this result is most 
likely contrary to your intuition, which is probably based on the optical case and 
says that the aperture should transmit the most energy for normal incidence. 

The radiated field of the electrically small aperture can also be described in 
terms of the equivalent electric and magnetic dipoles shown in Figure 7.42b. Notice 
that the dipoles are in free space with no screen present. These dipoles are easily 
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Fig. 7.42. a) The complementary problem - transmission through an electrically small, 
circular aperture in a plane, perfectly conducting screen. The screen is in the x-z plane, and 
the vector k, is in the x-y plane, b) Equivalent dipoles for calculating the total field in the 
right half space, y > 0. 


determined from the equivalent dipoles for the complementary disc (Problem 7. 12): 


p a = -lm d = —a m £ 0 (n ■ E‘ a )h, (7.166) 

m„ = cpi = - (n • B‘ a )h] = a e —[h x (h x-5^)l. (7.167) 

In microwave engineering, such dipoles are often used to model the coupling 
through electrically small holes in metallic walls, such as those in a common wall 
separating two metallic waveguides [42-44], 

For the special case of broadside illumination or normal incidence (<ft = rr/2), 

the cross sections and transmission coefficient, (7.163M7.165), become 


^2 

167T 3 d 2 • . 


°b (0i = ar/2) = ^j;(M) 4 = 

—g—(d/K)\ 

(7.168) 

2d 2 

32 Tt^d 2 . 


0T(<t>i = n/2) = —(fed) 4 = 

■- — j — WAo) 4 , 

(7.169) 

=* /2) = 27>d)*= 64 ; 


(7.170) 


These approximate results are compared with exact results. in Figure 7.43. There is 
reasonable agreement, as we would expect, for small k 0 d\ \k 0 d < 0.6 (d fk B < 0. 1). 
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Fig. 7.43. Normalized backscattering and total scattering cross sections for a perfectly 
conducting disc at normal incidence. Approximations are for an electrically small disc, 
k 0 d « 1. 

We have now examined two approaches for determining the scattering from the 
circular disc (transmission through the circular aperture): The one in Chapter 4, 
which is based :on Kirchhoff ’s approximation and applies to electrically large discs 
( k 0 d >> 1), and the one presented here, which is based on the dipole approximation 
and applies to electrically small discs ( k 0 d <£ 1). In the region pf k 0 d separating 
these two extremes, the diameter of the disc is comparable to a wavelength, and 
the scattering cross sections oscillate as k Q d is varied. This can be seen in the 
exact results for normal incidence presented in Figure 4.15. Both er^ and crj have 
a maximum for k 0 d & 3 (d/k 0 & 0.5). This behavior is the result of traveling 
waves moving -across the face of the disc and being reflected at the edges. Strong 
standing waves: develop for certain values of k Q d t leading to the o.scillatidns in the 
scattered energy. The standing wave is evident in Figure 3.26, which shows- the 
field measured in a circular aperture. 

Scattering in this intermediate region is very geometry dependent, and there are 
no simple, general techniques available for analysis, such as the ones we have 
examined for the extremes k Q d ]£> 1 and k Q d <£ 1. In this region, the disc has 
been analyzed using series expansions based on special functions (spheroidal wave 
functions); in fact, the exact results we have been quoting for the disc are from this 
analysis [45-47]. 

As our final example, we will consider the scattering from an electrically short, 
straight wire. The wire is perfectly conducting, of length 2 h and radius a, and it 
is very thin ( a/h <£; 1). The incident field is again given by Equation (7.133); 
however, to simplify the pictorial representation, in Figure 7.44 it is shown as 
being linearly polarized. The vector wave number, is in the y-z plane, and the 
incident electric field is at the angle to this plane. For the thin, straight wire, the 
equivalent electric dipole is directed along the axis of the wire and is proportional 
to the component of the incident electric field in that direction: 

p = a e e 0 (z • E l )z. 


(7.171) 
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Fig. 7.44. Scattering from a perfectly conducting, thin wire. The vector £/ is in the y-z plane. 


The equivalent magnetic dipole is insignificant (Problem 7. 13) ‘ 

Now we must determine the electric polarizability a*. One might think that this 
can be readily done for such a simple geometry; however, this is not the case. Here we 
will introduce several simplifying assumptions in order to obtain an analytical result. 
Our procedure, albeit crude, will illustrate the physical aspects of the problem. At 
the end, we will compare our result to those from more accurate analyses. 

We will ignore the charge and current on the small end caps of the wire, and 
we will assume that the current density on the cylindrical surface is in the axial 
direction: 

Jiiz) = ' (7.172) 

The incident electromagnetic field is approximately uniform throughout the elec- 
trically short wire (7.134); hence; /(z) niust be an even function of z. In addition, 
the current must be approximately zero at the ends of the wire, z = ±/z. We will as- 
sume that the current distribution is the following quadratic function of the position 
z satisfying both of these conditions: 26 

/(z) = / 0 [l-(z//i) 2 ]. (7.173) 

From the equation of continuity, the accompanying surface charge density is 

^ (z) = i e(z)> (7-174) 

with the charge distribution (charge per unit length) 

Q(z) = Z ^(z/h). (7.175) 

con 

The total electric field must be zero within the volume of the wire; that is, the 

26 We cannot assume the current is the “triangular distribution” I(z) = 7 0 (1 — \z\/h) that we used 
earlier for the electrically short linear antenna, because the accompanying charge distribution is 
discontinuous at z = 0. This is not a problem for the linear antenna, because the terminals are. 
. located at z = 0. 
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scattered field must cancel the incident electric field: 

Z ■ E s = —z • E‘. (7.176) 

I 

The scattered electric field is obtained by substituting the charge and current into the 
formulas in Table 5.3. Since k 0 h <£ 1, we can assume k 0 R <£ 1 in these formulas’. 
The free-space Green’s function, potentials, and electric field then become 

e rjkoR if i j “| 

°*' - toF * Sjfl 1 ’ '*■* - 2 (M) + L 6^ r) + ■ - } <7 ' 177) 

*^~z!S s 

- dt finr[' 7 '*•* - fr# * fr# * • ••]«’• w 


Mr) 


J,(.r')G 0 (r, r')dS' 


"“’ll 

* 4% fls _ + 6 (koR)3 + : "] dS '’ (7,179) 


and 

E\r)=-V4>{r)-jo>Mr) 




+ ■ 




fl •'.<?■>[} - i*. - *.'• •••!}».- (T iso) 

Now we will make an additional approximation. We will enforce the requirement 
(7.176) at only one point within the wire, at the center (r = 0). The distance R in 
the above equations is then 


fl = |r-r'| = vW(z') 2 . 


(7.181) 

After substituting (7.172), (7.174), and (7.181) into (7.180) and introducing the 
result into (7.176), we have 

[^3 + 2T n {k ° h)1 ~ fart &Zn 

-\(k 0 h? |d- - ;Mtj(l - zl)dz n j = -Z • E‘, (7.182) 


with 


Rn=J(.a/h? + z*. 
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Here we have dropped all terms smaller than (k 0 h) 3 . After evaluating the remaining 
integrals, we obtain 

~jh /[l, r Vl+(fl/ft) 2 +l l 1 

LyiTw^-iJ vi+^/A) 2 

x j 1 - ^(M) 2 [l + (a/h) 1 ] | + j^koh) 3 ^ — £ • £'\ (7.183) 
Since the wire is thin [(a/ A) 2 « 1] Equation (7.183) simplifies to become 27 


jnEpCoh 1 A . .. 

(Pn(2A/a) - 1][1 - \{k 0 h)i} + j\(k 0 h?) iZ ’ ^ 


jnEoCOh. 1 

[ln(2 A/a) - 1] 


(z • S'). 


(7.184) 


After substituting (7.184) into (7.175), the charge distribution on the wire be- 
comes 

: 2 7TE 0 h(z ■ E‘ ) 

G(z) = rr. - ~ — ^(z/ h), ■ - (7.185) 


[ln(2ft/a) — 1] 


with the electric dipole moment 


~ p - i L ;ewifc ~ aitocwla - u H* < 7 - i8 ‘> 

The electric polarizability of the electrically short wire (7.171) is then 

4nh 3 

a ‘* mzh/a)-iy ■■ : < 7 - 187 > 

• A review of the above calculation of a e reveals that several simplifying assump- 
’ tions w ?re made ' Naturally, we would like to know the effect of ;these assumptions 
on the final result. This can be estimated by comparing our result (7. 1 87) with those 
obtained by other methods. When the wire is modeled by a thin, perfectly conduct- 
ing prolate spheroid, an object formed by rotating an ellipse about its major axis, an 
electrostatic calculation yields the same expression for a e , only with a as the minor 
semiaxis and h the major semiaxis of the ellipse (a/h «; 1). A more elaborate 
electromagnetic calculation obtains an a e that is the same as (7. 187), except the - 1 
in the denominator is replaced by —0.307 [48]. When the wire is very thin so that 
\n(2h/a) 3> 1, only a negligible difference in a e results. 


31 Notice that we have kept terms as small as (k 0 h) 2 and (k,hf in the denominator of the first line 
of (7. 184), even though they are not required for the argument presented in the remainder of this 
section. These terms are needed for Problem 7.17. 


520 


Dipole radiation 


Table 7.4. Equivalent dipole moments for electrically small objects 


Perfectly conducting sphere 



(diameter = d) 

p = a e s 0 E l 

- 1 5 ,- nd 3 ■ -7i d 3 

m = a m —B‘ a e ~— • a m = — — 

Po 2 4 


Dielectric sphere 

(diameter = d, e = e r e 0t p = p 0 ) 

p = a e e 0 E l 

- ~ n nd 3 fe r -l\ 

m& 0 a e = — - 

2 \£r + 2/ 


Magnetic sphere 

(diameter = d, e = e 0 , P = PrPo) 

P* o 

1 ltd 3 ( p r -\\ 

m = a m — B‘ - ani -—~[- 

Po 2 \p r +2j 


Perfectly conducting disc 
(diameter = d, normal h) 


p = -ct e e 0 {h x h x E‘) m = cc m —(h • B i )h a e = a m = — 


Perfectly conducting wire 
(length = 2/i, radius = a , axial direction £) 


p = cc e £ 0 (z • £‘.)z 


a* 5 


4nh 3 


3[ln(2A/fl)-i] 


The complex Poynting vector and scattering cross sections for the configuration 
shown in Figure 7.44 (linearly polarized incident field and spherical coordinates) are 



h\k a Kf 

18? 0 [ln(2 h/a) - l] 2 r 2 


\E' 0 \ 2 cos 2 sin 2 9i sin 2 dr, 


(7.188) 


fi) 


4nh 2 (k 0 h) 4 

9[ln(2A/a) - l] 2 


cos 2 yjri sin 4 <?,• , 


(7.189) 
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Fig. 7.45. Observer on the Earth viewing direct sunlight and light from the zenith sky. 
and 

/0 , &nh 2 (k 0 h)* , - 

»rW, »i) = 2 7[li.(a/.) - 1]» <t| m 6l \ 

The directional characteristics of the scattered radiation from the electrically short 
wire are those of the electric dipole, which are shown in Figure 7.2. 

For future reference, the equivalent dipole moments and polarizabilities for the 
perfectly conducting sphere, circular disc, and wire are summarized in Table 7.4. 
In addition, results are given for electrically small, dielectric and magnetic spheres. 
For the former e = e r e 0t p = p Q , where kd = jr r k 0 d « 1; for the latter e = e 0i 
V* = MrMoi where, kd = */pik 0 d 1. Notice that the dielectric sphere only has 
an equivalent electric dipole moment, whereas the magnetic sphere only has a 
magnetic dipole moment, unlike the perfectly conducting sphere, which has both 
moments. 


7.7 The color and polarization of skylight 

Undoubtedly, daylight is our most familiar form of electromagnetic radiation. We 
can roughly divide daylight into two components: direct sunlight and skylight. The 
latter includes the blue observed for the sky overhead on a clear day. 

The theory of light scattering by particles plays an important role in the scientific 
explanations for skylight. Several of the interesting observed characteristics are 
explained by applying the material on dipole scattering we developed in the last 
section. Here we will only be concerned with two of these characteristics: the blue 
color of the light from a clear sky and the state of polarization for this light. The 
blue color, of course, has been known since the earliest of times. The polarization of 
this light, however, was first scientifically observed by Dominique-Franfois Arago 
(1786-1853) in about 1809 [49]. 

Consider the arrangement shown in Figure 7 .45 . An observer on the Earth is view- 
ing the sky when the sun is at the angle above the horizon. Using a spectrometer, 
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(VIOLET) X, A • (RED) 



Fig. 7.46. a) Relative energy versus wavelength for direct sunlight and light from the zenith 
sky. (Measured data from Taylor and Kerr [50] .) b) Ratio of energies for light from the zenith 
sky and direct sunlight versus wavelength. 


he measures the relative energy of the light coming from two directions: direct sun- 
light at the angle yjr s and skylight from a point directly overhead, yj/ p = 90° (zenith). 
Results from such measurements are shown in Figure 7.46a; the relative energy of 
the light is graphed as a function of the wavelength in the visible region: 4,000 A 
7,000 A [50]. 28 When we take the ratio of the two energies (zenith sky /direct 
sunlight) we get the curve (dots) shown in Figure 7.46b. These quantitative results 
clearly support the observation we make directly with our eyes: Skylight at zenith 
• on a clear day is much bluer than direct sunlight. 

The observer makes an additional measurement. Using a polarimeter, he mea- 
sures the state of polarization of the light at zenith, x/r p = 90°, as a function of the 
angle of elevatipn of the sun, xjr s . He finds that this light contains a component that 
is linearly polarized with its electric field normal to the plane passing through the 


28 were measured at Cleveland, Ohio on clear days during 1939. Reference [50] contains 

additional data that show the effects of cloud cover-and smoke on these distributions. 
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Fig. 7.47. Degree of linear polarization for light from the zenith sky versus the angle of 
elevation of the sun. (Measured data from Richardson and Hulbert [5 1 ] t ) 

sun, the observer, and the zenith point in the sky (this is called the: scattering plane, 
and it is the plane of the page in Figure 7.45). Results from such measurements 
(dots) are shown in Figure 7.47 [5 13. 29 Here the degree of linear polarization, dj 
(a quantity we will have more to say about later), is graphed as a function of the 
angle \/r s . At sunrise (f s ^ 0°), the light is about 80% linearly polarized. As the 
sun continues to rise, the degree of linear polarization decreases, with the light 
becoming unpolarized as the sun approaches zenith. 

When our observer measures the state of polarization for the light from the 
rest of the sky, he finds a complex pattern that changes with the elevation of the 
sun. Repeated measurements on clear days demonstrate that this pattern is pre- 
dictable [52, 53], 

During the first half of the nineteenth century, several- physical explanations 
were proposed for the two characteristics of skylight described above [54-57]. All 
of these explanations failed at one point or another to be consistent with observa- 
tions. In 1868 John Tyndall (1820—1893) performed a series of careful experiments 
that further clarified the mechanism responsible for these characteristics [58, 59]. 
Tyndall placed an evacuated glass tube (about 1 m long and 7 cm in diameter) in a 
darkened room. A powerful beam of light passed through the tube; the axis of the 
beam was parallel to the axis of the tube. Tyndall then produced an aerosol in the 
tube (a suspension of small liquid particles in air). As the aerosol formed, a “blue 
cloud” appeared. When viewed from the side of the tube (a 90° angle between the 
axis of the beam and the direction of observation), the light from this cloud was lin- 
early polarized with the electric field perpendicular to the axis of the beam. Notice 
that this is in complete agreement with the observations for skylight. The light from 
the zenith sky is nearly linearly polarized at sunrise (x// s & 0°). The angle between 
the ray of sunlight illuminating the zenith sky and the direction of observation is 
then 90°. 

29 These results were measured for a cloudless sky at Bocaiuva, Brazil at an altitude of 671 m during 

io An b 
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Tyndall noticed that as time passed the particles in the aerosol coalesced, becom- 
ing larger in size. The light from the cloud then became* white,, and when viewed 
from the side of the tube, it was no longer linearly polarized. Tyndall found that 
these effects were independent of the liquid used in the aerosol. 

Tyndall’s observations showed that both the blue color and the polarization of 
skylight were due to a single physical mechanism - the interaction of light with 
suspended particles; He further demonstrated that this interaction was fairly inde- 
pendent of the composition of the particles and that the particles had to be small to 
produce these effects. 

' Takin S clues fr°ni Tyndall’s observations, in 1871 Lord Rayleigh used an elastic- 
solid theory of light, not Maxwell’s equations, to explain the observed characteris- 
tics of skylight [60]. Both the color and the polarization were due toi the scattering of’ 
light by objects (particles) in the atmosphere that are small compared to the wave- 
length. He showed that the energy scattered from the particles was proportional to 
the inverse fourth power of the wavelength (oc \/X A 0 ). Thus, when white light is 
incident on the particles, the violet scattered light (X 0 = 4, 000 A) is about nine 
times greater in intensity than the red scattered light (X 0 = 7,000 A ). 30 Rayleigh 
performed an experiment, much like the one we described earlier, in which he com- 
pared skylight with direct sunlight. He found that his experimental results were in 
reasonable agreement with his theory. We have drawn a curve proportional to 1 /A. 4 
on Figure 7.46b to show this agreement for our results. 

hi the years that followed. Lord Rayleigh published additional results on the scat- 
tering of light in the atmosphere (atmospheric optics). In his first investigation [60], 
he suspected that the particles responsible for the scattering were common salt- 
later he proposed that the molecules of the air were the scatterers [61], which is the 
explanation accepted today. ! 

We will now leave this brief historical account and apply the results we have 
obtained for dipole scattering to explain these observations. In this process we will 
introduce additional information about the nature of sunlight (natural light) and the 
scattering of light by molecules. 

7.7.2 Natural light 

Before .we can examine the scattering of sunlight by the molecules in the Earth’s 
atmosphere, we must describe the electromagnetic properties of this light. The Sun’s 
electromagnetic radiation is the sum of independent emissions from myriad atoms. 
We believe that a measurement of the electric field of this radiation would show 


Rayleigh’s results explain the blue cloud initially observed by 'iyadfdl. However, they do not 
explain why the cloud turned white as the size* of the particles in the aerosol became larger When 
the dimensions of a particle are much larger than the wavelength, the amount of energy scattered 
by the particle is nearly independent of the wavelength. Since the incident light in Tyndall’s 
experiment was white, the scattered light was also white when the particles were electrically large. 
We observed this phenomenon in Section 4.5 when we considered the scattering from a disc. The 
total scattering cross section, shown in Figure 4. 15a, is nearly independent of the wavelength when 
the diameter of the disc is large compared to the wavelength (k 0 d » 1). 
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Fig. 7.48. Arrangement of optical elements for measuring the properties of natural light. 


a chaotic, noise-like waveform. Unfortunately, we cannot make this measurement; 
no instrument currently available has a response time short enough to resolve the 
expected temporal variations. We must settle for measurements that are averages 
over time of certain properties of the light. We will confine our description of sun- 
light to a discussion of these measurements - an empirical description. Theoretical 
descriptions based on the statistical properties of the light are available; however, 
these are more involved than what we require [62, 63]. 

The first measurement we will consider uses the arrangement shown in Fig- 
ure 7.48a. The sunlight is collimated to produce an approximately plane electro- 
magnetic wave. This wave then passes through a filter with center frequency 5J and 
a very narrow bandwidth A co\ Aco <£ To. In terms of the free-space wavelength, 
the parameters for the filter are X 0 = 2nc/c3 and AX 0 = 2n c Aco /To 1 . Finally, a 
detector measures the time-average power per unit area, or the irradiance 7* , of the 
filtered light: 


/'(*•) 



(7.191) 


The time interval 7£>in(7.191) must be long enough to make the average indepen- 
dent of Td. \ 
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K, 

*: Fig. 7.49. Spectral irradiance versus wavelength for sunlight outside the Earth’s atmo- 
sphere. (Measured data from Tbekaekara [65].) 


Results from measurements that are similar to the one we have described are 
shown in Figure 7.49 (solid line) [64, 65]. Here, the spectral irradiance, 


^ = luf’ (7.192) 

is graphed as a function of the center wavelength of the filter. This curve represents a 
composite of measurements made with several different instruments aboard aircraft 
at altitudes high enough for the measurements to be practically free of atmospheric 
absorption. 

If we consider the sun to radiate as a blackbody, the spectral irradiance at the 
sun's surface is given by Planck’s radiation law [66]: 



(7.193) 


where h = 6.63 x 10“ 34 J-s is Planck’s constant and k = 1.38 x 10” 23 J/K is 
Boltzmann’s constant. Because the sun radiates isotropically, the spectral irradiance 
at the Earth is simply Equation (7.193) multiplied by the ratio ( r s /r se ) 2 , where 
r s « 6.96 x 10 5 km is the radius of the sun and r se « 1.496 x 10 8 km is the 
distance from the sun to the Earth: 



(7.194) 


The dashed curve in Figure 7.49 is Equation (7.194) for the temperature T = 
6, 000 K. Within the range of wavelengths shown, the sun is seen to radiate approx- 
imately as a blackbody at a temperature of T — 6,000 K. 31 The extraterrestrial 


31 The sun is an opaque body enveloped by a gas of low emissivity. The opaque body radiates a 
continuous spectrum (blackbody radiation). The gas absorbs this radiation at certain wavelengths. 
Thus, if we made a graph like Figure 7.49 with finer resolution, the continuous spectrum would 
be crossed by dark lines (Fraunhofer lines) [67], 
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spectral irradiance peaks near the wavelength for blue light (k 0 & 4,700 A), and it 
varies by about 30% over the range of visible wavelengths.. 

For our second measurement, we place two additional optical elements between 
the filter and the detector: an ideal linear retarder and an ideal linear polarizer. 32 
Figure 7.48b shows this arrangement. The retarder shifts the phase of the vertical 
component (y ) 6f the electric field by thte amount - A relative to that of the horizontal 
component (x). The transmission axis of the linear polarizer is at the angle % p to 
the horizontal axis (x). The properties of both elements are assumed- to be constant 
over the frequencies within the narrow bandwidth of the filter. f 

Measurements made with this arrangement reveal the following interesting prop- 
erty for the transmitted light: The irradiance, V, is the same for any value of the 
retardance A and for any angle $ p of the linear polarizer. It always equals one half 
of the irradiance of the incident light (7.191): 



(7.195) 


Light with this property is called natural light or unpolarized light [68, 69]. 
o- For our purposes, we require a simple representation equivalent to natural light 
that can be used in our scattering calculations. Consider the time-harmonic (fre- 
quency co) plane wave with the electric field (phasor) 

^(cosyx + sinyy). (7.196) 

This is a linearly polarized electric field at the angle y to the horizontal axis (x). 
We now claiip that our observations for natural light are reproduced by this wave 
when we average over all states of linear polarization (average over all angles, 
0 <y< 2 tt). To see this, we will determine the irradiance of the wave for the two 
measurements shown in Figure 7.48. The electric field of the wave, is unchanged 
on passing through the filter (center frequency co), so 33 


I Etf f 2 * 

4jt( 0 Jo 


dy = 


|£'l 2 

2 (o ' 


(7.197) 


After passing through the retarder and linear polarizer, the electric field of the wave 
becomes 

E‘ 0 = E‘ 0 (cos y cos l; p + sin y sin A )(cos % p x ;+ sin % p y), (7.198) 


32 The properties of these elements are described in Section 2.5. 

33 The overbar on the irradiance is used to indicate the average over the' angle y, . ' 
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by an applied electric field (electronic polarization). 


and thus 

■ I 

= f (cos 2 y cos 2 fp + sin 2 y sin 2 tj p 
4tt s 0 Jq 

; •*' j. U ? 1 ! 2 1 — — 

-f 2 cosiy sin y cos tj p sin cos A)riy = = ^/*(A. 0 ). (7.199) 

Notice that this is the same result we obtained for natural light (7.195): The irradi- 
ance of the transmitted wave (7.199) is always equal to one half of the irradiance 
of the incident wave (7. 197) and is independent of both the retardance A and the 
angle % p of the linear- polarizer. 34 

7.7.2 Molecular scattering 

An applied electric field can induce an electric dipole moment in an atom or 
molecule, as indicated schematically in Figure 7.50 [70]. With no applied elec- 
tric field (Figure 7.50a) the centers for the nuclear charge and the surrounding 
spherical “cloud” of electronic charge coincide, and the atom has no dipole mo- 
ment. When the electric field is applied (Figure 7.50b) the centers for these charges 
separate, and the atom acquires an electric dipole moment. The electric field and 
dipole moment are simply related; for a time-harmonic field 

p = a e s 0 E‘ 0 , (7.200) 

where a e is the electric polarizability of the atom or molecule (for the illustration 
in Figure 7.50, it would be called the electronic polarizability). When there is a 
negligible time delay between a change in the field and the corresponding change 
in the dipole moment, £/ and p are in phase and ot e is a real number. 

The illustration in. Figure 7.50b is for an isotropic polarizability; the applied 
electric field and the: induced dipole moment are in the same direction. In some 

34 In Problem 7.14 this equivalence is utilized further; the Stokes parameters are determined for 
natural light. 
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cases, the structure of the molecule causes an anisotropic polarizability; the applied 
electric field and the induced dipole moment are then in different directions. 

The Earth’s atmosphere is a gas composed mainly of oxygen and nitrogen 
molecules; in the lower atmosphere, the composition is about 21% 0 2 and 78% 
N 2 by volume. The polarizabilities for these two molecules are comparable, and 
they are also slightly anisotropic. 35 However, in our discussion we will ignore these 
factors and assume an average, isotropic polarizability for the molecules. Sunlight 
induces dipole moments in these molecules. These time-varying dipole moments 
radiate electromagnetic energy. This “scattered” energy is the skylight we observe 
on a clear day. 

In Figure 7.51a, we show the coordinates associated with one molecule. The 
incident, time-harmonic electric field is 

E l a = E l 0 (c os yx 4- sin yz), (7.201) ’ 

with the irradiance 

• . T(X 0 )=^. (7.202) 

Notice that we have changed coordinates from those in Figure 7.48 so that we 
can make use of our earlier results for dipole scattering (the incident wave is now 
propagating in the y direction rather than in the z direction). The induced electric 

dipole moment of the molecule is 

p = a e £ 0 E ‘ 0 ( cos yx + sin y £), (7.203) 


and. from (7.138) and (7.140), the radiated electric field and complex Poynting 
vector of this moment are 
_ k 2 

E" S- e ~ Jk ‘ r (r x r x p) 

4 ne 0 r 




47rr 


and 


e -J k ° r [(sin y sin 0 - cos y cos 6 cos <p)8 + cos y sin 4><p] (7.204) 


cti 


2 

-(sin 2 y sin 2 9 + cos 2 y cos 2 6 cos 2 <f> 


£ o | a * l 2 |£ oi 2 ,.;..2 „;„2 a _!_ „ ™*2 a „~2 , 


327T 2 f 0 r 2 

- 2 sin y cos y sin 9 cos y cos <p -F cos 2 y sin 2 (p)r . 


(7.205) 


35 The average polarizabilities for these molecules are a e % 2.00 x 10" 29 m 3 for 0 2 and a e 
2.21 x 10 -29 m 3 for N 2 (SI Units) [71]. The anisotropy of the polarizabilities has a small effect 
on our calculations. It causes about a 4% change in the degree of Unear polarization at = 0° in 
Figure 7.47 [56, 72]. 
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Fig. 7.51.. a) Coordinates used to determine scattering of natural light by a molecule, 
b) Directional characteristics of the scattered radiation, 7"\ 


To obtain the irradiance for the scattered sunlight, we must average the magnitude 
of (7.205) over all states of linear polarization (over all values of the angle y)\ 


'" <A -> = 5? f - 


sin 2 </>) 


(7.206) 


In the last line, we have simplified the result by introducing the angle x between the 
position vector r and the y axis (cos / = sin 6 sin <p). The directional characteristics 
of the scattered radiation from the molecule are shown in Figure 7.51b; half of the 
figure has been removed to show the pattern on the plane 0 = tt/2, 3tt/2. Notice 
that the natural light is scattered in all directions; there is no null in the pattern,' as 
there is when. the incident light is linearly polarized (Figure 7.2). 

Two factors are seen to determine the dependence of the scattered irradiance 
(7.206) upon the wavelength: the spectrum of the incident sunlight, shown in 

Figure 7 .49, and the term ( 1 /\ A 0 ) from the dipole scattering, shown in Figure 7.46b. 36 
The latter is seen to be the most significant factor at visible wavelengths; it is the 
principal cause for the blue color of the light from a clear sky. 

We will now determine the polarization of skylight. We will confine our discus- 
sion to the situation used for Figure 7.45, an observation of the light at zenith as 
the sun rises. The geometry is shown in Figure 7.52. The plane y-z (. x'-z' ) is the 
scattering plane; it contains the sun, the observer, and the molecule producing the 
scattered light. The observer examines the scattered light with a linear polarizer. The 
scattered electric field in the direction of the -observer is (7.204.) with 9 = n - yfr s 


36 Of course, when we observe the color of the sky with our eyes there is a third factor - the response 
of the human eye to the various wavelengths in the visible spectrum [73]. 
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Fig. 7.52. Observation of the polarization of light from the zenith sky. 
and <p = jt/2: 

— lAnr R i 

E sr = — oj P - g -A> r ( s iH y sin \// s 9 -f cos y<i>) 


F i 

=? - ° - - — ° e~i k ° r (sin y sin fax H- cos y y). 
4xrr ■ t 


(7.207) 


In the last line, we have expressed the field in terms of the local coordinates (*', y ) 
at the polarizer. After passing through the linear polarizer, this field becomes 

-» ]0"OL E* 

E‘ = -^~- £ e~ Jtcr (cos^ p sin y sin f s + sin cos y )(cos $ p x + sin % p yj, 

(7.208) 

i i 

where % p is the angle the transmission axis of the polarizer makes with the jc' axis. 
The irradiance for the transmitted sunlight is then •: >• ; 

• I 1 . = J Q 1 Re (^)M/ = * 2r * (f) 7< ^ sin2 ^ sin2 cos2 V'j)- 

; • (7.209) 

The irradiance (7.209) is seen to change as the linear polarizer is rotated, that 
is, as the angle % p of the transmission axis is varied. It is maximum when the axis 
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is perpendicular to the scattering plane (£- p = 7r/2), and it is minimum when the 
axis is parallel to the scattering plane (f, = 0). Notice that the first term within the 
parentheses of (7.209) is independent of the angle of the linear polarizer. Recall 
that this a characteristic of natural fight. We can therefore identify a portion of the 
scattered sunlight as being equivalent to natural light: 

/* r nat = 2C sin 2 

where C is a constant. The factor of two is required in the above formula because the 
irradiance transmitted by the linear polarizer is always one half that of the incident 
natural light (7 . 199). The second term in the parentheses of (7.209) is proportional 
to sin % p . This is a characteristic of linearly polarized light (the law of Malus 
that we mentioned in, Section 2.5). Thus, we can identify a second portion of the 
scattered sunlight as being equivalent to* linearly polarized tight with the electric 
field normal to the scattering plane: 

/ fr iin = C cos 2 \/r s . 


The degree of linear polarization for the scattered sunlight is defined to be [66] 
j _ irradiance of linearly polarized component } 
irradiance of total 


^ fr lin 


• /"nat + I sr lin 


iy p =7C/2)-iy p ^Q) 

/'(£„ = 7T/2) + /'(f p =0) 


cos 2 y/r s 
1 + sin 2 \/r s 


(7.210) 


This result is compared with the measurements in Figure 7.47 (solid tine). The 
agreement is only fair but can be improved by including several factors that we have 
omitted in our simple analysis. One of these factors we have already mentioned: 
the anisotropic polarizability of the molecules. Other factors include the sunlight 
reflected from the ground, multiple scattering between molecules, and the scattering 
from haze and: dust in the air [52, 74]. 

The theory predicts that the skylight will be completely polarized (di = 1) when 
fs = 0. This is easily understood when we consider the electric field of the incident 
light (7.201) to be composed of a component parallel to the scattering plane (z) and 
a component normal to the scattering plane (x). Patterns for the scattered irradiances 
of these two components are shown in Figure 7.53. For tJs s = 0, we are interested in 
the scattered electric field in the direction of the negative z axis. For the z component 
of the incident field (Figure 7.53a), there is a null in this direction, whereas, for 
the x component of the incident field (Figure 7.53b), the scattered electric field is 
linearly polarized in die x direction (normal to the scattering plane). Since this is 
true no matter :what values the relative amplitudes of the two components of the 
incident field have (fpr any angle y), it is true for natural tight: 

Our discussion of polarization has been confined to the observation of sky- 
light from directly overhead (zenith). However, it is easily extended to include 


7 .7 ' The color and polarization of skylight 533 .i 



Fig. 7.53. Directional characteristics of scattered radiation from a molecule, a) Incident 
electric field linearly polarized parallel to scattering plane: E l v b) Incident electric field 
linearly polarized normal to scattering .plane: E l x . 


observations at other points of the sky. From the patterns in Figure 7.53, we see 
this simple theory predicts that skylight is always completely polarized (4 = 1) at . 
90° to the sun, that is, when the ray of sunlight to the point in the sky and the ray of : 
scattered tight from that point to the observer form a right angle. The electric field 
is then normal to the scattering plane. 

Until now, we have only considered the scattering from a single molecule, and 
we have seen that this explains, reasonably well, the characteristics of skylight: 
the blue color and polarization, Of course, it is the scattering from a large number 
of molecules in the atmosphere that produces these effects, and so to complete 
our discussion, we must determine the relationship between the scattering from a 
single molecule and the scattering from a collection of molecules. We will use the 
approximation known as single scattering [75-77]. That is, we will assume, that 
each molecule is polarized by only the electric field of the incident sunlight, and that 
the scattered tight we observe is simply the sum of the scattered electric fields of 
the individual molecules, each treated as if it were isolated from the others. We are 
ignoring the additional dipole moment induced in a molecule by the electric fields 
of the other polarized molecules; hence, we are ignoring the scattered field of this 
additional moment (ignoring multiple scattering). This is a reasonable assumption 
when the molecules are far apart, as in a gas. 

We will consider a collection of N molecules. The schematic drawing in Fig- 
ure 7.54 shows the scattering by two of these molecules, 1 and 2. The scattered 
electric fields are the same for the two molecules except for a phase difference, 
which is due to the difference in the paths (. y 2 i ) light travels in going to and from- 
these molecules: 

E s { = 

where the phase- difference (pi is 

(P2 =?= ko s 2\ • 

For the collection of molecules, the scattered electric field, complex Poynting vector, 
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(1 and 2^ Schematic drawin S showing scattering of incident light' by two molecules 
and irradiance are 
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(7.212) 


and^n = 0. 

Now we must evaluate the sum in (7.21 1). A volume of atmospheric gas several 
wavelengths on a side contains a large number of randomly spaced molecules 37 
Consequently, the phases of the scattered herds from these molecules (7 212) are 
random and uniformly distributed over the range -n < <p n < n}* The sum in 
(7.21 1) is then a collection of N phasors, each of unit amplitude and random phase- 
this is shown diagrammatically in Figure 7.55. 39 The square of the magnitude of 


At the surface of the Earth, there are about 2 5 x 10 23 molecules in one cubic meter of air Thus a 

cube one wavelengdi on a side (X„ = 5,300 A for green light) contains about 3.7 x 10 6 molecules 
? “ e “ Cl “ d,n * 0,6 s P eci<J where the ray for the incident light and fte mv for *e 
in" 8 m EUrC 7 ' 54 *" Pafalle1 ' The scattered fields aU of the molecules are then 

” th ll r ' md0m ‘ wa ! k P roblem ” [78]. A person starting at the origin takes consecutive stens of 

J m ® 8 * b “‘ m ™ ndom directions. Each step would be one of the arrows in Figure 7 55 Vie 
* “ statistics for the location of the person, relative to the origin, t^tera We 

S^S‘SeS a,t ma8mtUde ° fthe SUm (7 2B) COrreSp ° nds t0 1116 s <* uare bf ' 



N N 

= //+EE C0S ^-^) = Ar - : (7-213) 

n— 1 m=l 
n^m 

In the last line, we have recognized that, due to the random nature of (p n and 
(p m , cos(^n — (p m ) is as likely to be a particular positive number, say u (0 < u < l),as 
the negative of that number, —u. Thus, when N is. very large, the contribution of the 
double sum in (7-213) is negligible, and the “most probable” value for (7.213) is N. 

The irradiance of the scattered light from the N randomly spaced molecules 
(7.211) is now s6en to be just N times the irradiance of the scattered light from a 
single molecule: 

; : (7.214) 


This is why we could explain the observed characteristics of skylight using the 
scattering of sunlight by a single molecule. 

As a beam of sunlight passes through the Earth’s atmosphere, the molecules 
scatter energy from the beam and it is attenuated. The time-average power scattered 
per unit volume of the gas is the product of the number of molecules per unit volume, 
Av, and the total power scattered by a single molecule (the integral of (7.206) over 
a spherical surface surrounding the molecule): 


2 nr 2 Nv 


f ■ I sr sinxdx =7r 3 N v |a.| 2 (-M /' f (i+cos 2 x)sin xdx 

7x^0 \^o/ */x=0 


— 7T 3 . 

87r 3 N v |a e | 2 
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This is the amount by which the irradiance decreases as the beam propagates a unit 
distance (dz): 


dl>_ _ 8n- 3 iVv|a g | 2 / 1 \ 4 _ 
dz ~ 3 I> ' 


The solution to this 


differential equation is 


(7.215) 


I l (z) = l‘(0)e~ rz , (7 .216) 


where the factor in the exponent, 



87r 3 AV|q e | 2 / 1 \ 4 

3 UJ ’ 


(7.217) 


is called the extinction coefficient. When the relationship between the polarizability 
of the molecules, a e , and the index of refraction, n, is introduced, the extinction 
coefficient becomes 40 


32jt 3 |w — 1| 2 / 1 \ 4 
3 N V VV/' 


(7.218) 


This famous result was obtained by Lord Rayleigh in 1899 and used by him to 
determine the “degree of transparency of air” [61].- 
When the sun is high in the sky, there is slight attenuation for light passing 
through the atmosphere. 41 At sunrise and sunset the situation is quite different. The 
path for light through the atmosphere is much longer, and the attenuation is much 
larger and more easily observed (Problem 7.16). Because the extinction coefficient 
(7.218) is proportional to (1/A 4 ), light at the violet end of the visible spectrum is 
attenuated much more than light at the red end. This is the reason for the red sky at 
sunrise and sunset. 

• It goes without saying that the blue of the sky and the red of the sunset have 
inspired humankind, but what of the polarization of skylight? This phenomenon, 
which under normal conditions is not observable by human beings, is sensed by 
many insects. As an example, we will briefly describe the honeybee’s use of polar- 
ization for navigation (80, 81]. 


The polarization (dipole moment per unit volume) is 

P = N v p = s„(e, - 1)£. 

For the single scattering approximation 

p oc t e 0 E, 

so * * 

(Xe = (e r -1)/N v . 

The square of the index of refraction is n 2 = e r ; thus, 

“« = (n 2 - l)/iV„ = (n + l)(n - 1 )/N v 2 (n - 1 )/N y . 

In the last step we have used the fact that n ss { for air. 

4 ' 070 forvirilet^ghflTO] “ ladianCe to incident “radiance at zenith is about 0.96 for red light and 
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A forager bee returning to her hive communicates the location of a distant food 
source to the other bees. She does this through a dance, the “tail-wagging dance.” 
When the bee is on a horizontal surface and can see the sun, the direction of 
the “tail-wagging run” indicates the bearing with respect to the sun of the food 
source. 42 New recruits will maintain this bearing when flying to the food source. 
The biologist Karl Ritter von Frisch (1886-1982) noticed that bees did not have to 
see the sun but only a small patch of blue sky to perform the dance correctly. Through 
a series of elegant experiments, he showed that the bees also use the polarization 
pattern of skylight and its relationship to the sun to determine their bearing. In one 
experiment, a hive was enclosed except for a window that made a small patch of 
blue sky visible to the bees. A linear polarizer (sheet) was placed over the window. 
When the polarizer was oriented so it did not alter the state of polarization of the 
skylight, the bees’ dances pointed toward the food source. When the polarizer was 
rotated from this position, however, the bees changed the direction of their dances. 

Experiments performed by von Frisch and others showed that it is primarily the 
direction of the linearly polarized component of skylight at ultraviolet wavelengths 
that the bees use for navigation. The degree of polarization is much less important; 
a value as small as di ^ 10 % is sufficient. This makes sense from the biological 
point of view, because the direction of polarization varies less with atmospheric 
changes than the degree of polarization, particularly at ultraviolet wavelengths, and 
the relationship between the direction of polarization and the sun’s position is more 
precise at ultraviolet wavelengths than at longer wavelengths. 

A theory that explains how bees detect the polarization of skylight is given in 
References [82] and [83]. 
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Problems 

7.1 Write expressions for the volume densities of charge and current, p and J , 
of the electric dipole shown in Figure 7.1a. Make use of the Dirac delta 
function and the Heaviside unit-step function. Show that (7.1) and (7.2) follow 
from application of the equation of continuity for electric charge to these 
expressions. 

7.2 a) Starting with the Taylor series (7.10), fill in all of the : steps required to 

obtain the vector potential for the electric dipole (7.13): 
b) Obtain the magnetic field (7.24) for the electric dipole from the expression 
for the vector potential (7.17). 

7.3 Obtain expressions (7.29) and (7,30) for the Poynting vector and the power 

instantaneously passing outward through a spherical surface surrounding the 
electric dipole. ■ 

7.4 For the special case of harmonic time dependence, evaluate the inequalities 
(7.53) and (7.54) in the root-mean-square sense and show that they imply that 
2k 0 h = 4nh/X 0 <£ 1. 

• 7.5 Show that Maxwell’s equations with only electric sources, (7.61)-(7.65), be- 
come Maxwell’s equations with only magnetic sources, (7.66M7.70), on the 
substitution of (7.7 1)-(7.74). 

7.6 Consider the couplet of electrically short linear antennas, each excited with a 
current that is a Gaussian function of time. For the unilateral end fire couplet, 
show that the choice (7.101) for the spacing between elements will cause 
partial cancellation of the field in the backward direction ( <p = tt). This 
choice causes the peak of the positive lobe of the signal from element 2 to be 
superimposed on the peak of the negative lobe of the signal from element 1. 

7.7 Obtain the expression (7.116) for the total time-average power radiated by 
the uniform array of electrically short linear antennas. Hint: In the integral 
(7.115), change the coordinates to those shown in Figure P7.1 (\j/, x)> and 
use the relationship [26] 


~ sin(A r Jc/2) H 2 

A^sin(x/2)J 


1 ? N ~ x 


N N 2 


cos mx 


m= 1 


to rewrite the integrand. 
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Fig. P7.1, New coordinates. 



Fig. P7.2. Collinear array of linear antennas. 

7.8 Consider the expression for the directivity, D(0 = tt/2,0 = 0),ofthe end fire 
couplet in. the limit a s k D d — ► 0 and 5 — ► n. Show that maximum directivity 
( D = 5.25) is obtained when this limit is taken such that 8 = n - (2/5)k 0 d, 
k Q d -* 0. • _ . 

7.9 t A uniform collinear array is formed by placing N equally spaced, electrically 
short linear antennas along the z axis. All of the antennas are parallel* to the 
z axis, as shown in Figure P7.2, and they are excited with the time-harmonic 
currents given in (7. 109). 

a) Determine general expressions for the field radiated by the array and the 
directivity of the array. 

b) For the case 5 = 0, make a graph, like the ones in Figure 7.30, for the 
directivity in the horizontal plane, D(0 = n/2\ versus k 0 d. 

c) What is the maximum directivity for the collinear couplet (N = 2)7 Make 
a graph (pattern) showing the directive characteristics of the radiation for 
this case. 
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7.10 The electrostatic polarizability of a dielectric sphere of relative permittivity 
e r and diameter d is 




7 id? / S r — 1 \ 

~u+2 y 


When the sphere is electrically small ( [kd = */s^k 0 d 


<& 1), the polarizability 


for the time-harmonic field is assumed to be the same as that for the static field. 


a) Derive the above result for a e . The sphere is placed in the uniform incident 
electrostatic field £,■ = E l 0 z. Assume that the total electric field inside the 
sphere is also uniform and points in the z direction. Let the total electric 
field outside the sphere be the incident field plus the field of an electric 
dipplfc p = pz. Determine p, thus a e , by satisfying the boundary condi- 
tions at the surface of the sphere. (Note that the magnetic polarizability 
oL m for the electrically small, dielectric sphere is insignificant). 

b) Whaf are the scattering cross sections, ob and <jj , for the electrically small, 
dielectric sphere? 


7.11 a) Determine the pair of angles 0; and 0 r for the incident plane wave that 

gives the maximum backscattering cross Section for the electrically small, 
perfectly conducting, circular disc. What is the backscattering cross sec- 
tion for this incident wave? 

b) Determine 0/ and 0/ as in part a but for the case where the total scattering 
cross section is maximized. What is the total scattering cross section for 
this incident wave? 

7.12 Let the equivalent dipoles for the electrically small, perfectly conducting, 
circular disc be pd and mj. These dipoles are used to calculate the radiated 
part of the scattered field for the disc. The complementary problem of an 
electrically small, circular aperture in a plane, perfectly conducting screen 
can be analyzed using Babinet’s principle with the results, for the disc. The 
total field for the aperture in the right half space, y - > 0 in Figure 7.42a, is 
simply obtained from the scattered field of the disc. " ! 

Obtain the expressions in (7.166) and (7.167) for the equivalent electric 
and magnetic dipoles, p a and m a , that produce the same field in the right half 
space as the aperture. First express p a and m a in terms of pd and using 
Babin'et’s principle; then determine the relationship of these dipoles to the 
field of the plane wave incident on the aperture. 

7.13 In this problem you are to make an estimate of the equivalent magnetic 

dipole moment for the electrically short, perfectly conducting, thin wire and 
show that it is insignificant. Use the configuration in Figure 7.44 and let 
0i = tt/2, 0/ = 0.T * ^ • ' 

Assume that an additional surface current 7' is on the cylinder. It can be 
modeled as a current that runs up the front of the cylinder (x = 0, y = —a), 
over the top, down the back (x = 0, y = a), and across the bottom. This 
current forms a closed loop in the y-z plane. The magnetic field of this 
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current is to cancel the incident magnetic field at the center of the wire 
(x = 0, y = 0, z = 0). 

Determine the equivalent magnetic dipole moment m of this current (loop). 
Compare the radiated electric field, E sr , of the equivalent magnetic dipole 
moment with that for the equivalent electric dipole moment, and show that 
the former is insignificant when the wire is thm-(a/h <£ 1). 


7. 14 Stokes parameters for natural light 

a) The definitions for the Stokes parameters of a time-harmonic field are given 

in Equations (2.72a-d). Use the equivalent, time-harmonic representation 
for natural light [(7.197) with the average over y] to show that the Stokes 
parameters for natural light are S l 0 = /*, = 0, S l 2 = 0, and S3 = 0. 

b) Consider a wave composed of a totally polarized component ( p ) plus 
natural light (71). The electric fields (phasors) for the two components are 

EP.= EPx + EPy 

and : • 


E n = £ rt (cos yx H- sinyy). 

Show that each of the Stokes parameters for this wave is the sum of 
the corresponding Stokes parameters for the individual components (e.g., 
So = S 0 P + Sq). 


7.15 For an ideal gas 

\ : pV = n m 7ZT, 

where p,V, n m> and T are the absolute pressure, volume, number of moles, 
and the absolute temperature, respectively. Assume that the gas constant, 
71 = 8.315 J/mol-K, is known. '•* • . 

a) A gas is contained in a vessel, and the pressure and temperature are mea- 
sured. Measurements are also made of the extinction coefficient y and 
the index of xefraction n at the wavelength k 0 . Show that these measured 
quantities ( p,T,y,n , and X 0 ) can be used to determine Avogadro ’s number 
N a = 6.022 x 10 23 mol -1 , the number of elementary entities in a mole. 

This is one of the early methods used to determine Avogadro’s number; 
a similar calculation was made by Lord Rayleigh in 1899 [61]. 

b) Assume that the measurements are made for air and the following val- 
ues are obtained: p = 1.010 x 10 5 N/m 2 , T = 273.2 K, y = 1.226 x 
10- 5 m" 1 , ri- 1 = 2.931 x 10 ~ 4 , and X 0 = 5,500 A. 

What do these measurements predict for Avogadro’s number? 

7.16 In the atmosphere, the concentration of molecules Ny ( h ) varies with the height 
h above the surface of the Earth. Assume the total height of the atmosphere 
is ft top and the irradiance of the light incident at the top of the atmosphere is 
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a) Show that when the sunds at zenith, the irradiance at the surface of the 
Earth is 


;<(0) = 

where y 0 is the extinction coefficient at the surface and 

r h «v Nv(.h) 


h= L 


»-0 «»(« 


dh 


is called the “reduced height” of the atmosphere. This corresponds to the 
height of a column of air with constant concentration equal to Ny(0 ) that 
gives the. same attenuation as the actual atmosphere. 

b) Assume that the atmosphere can be modeled as a homogeneous layer of 
concentration Ny (0) and height H surrounding the Earth. A typical value 
is H « 8 km, whereas the radius of the Earth is r e « 6.37 x 10 3 km; thus, 
H <£ r e . Using this inequality, obtain an expression for the irradiance at 
the surface of die Earth at sunset. Compare the lengths of the paths light 
travels through the atmosphere when the sun is at zenith and at sunset. 

c) Estimate the ratio of transmitted irradiance to incident irradiance for red 
and violet light when the sun is at zenith and at sunset. Use the following 
parameters: 


' n — 1 = 2.94 x 1(T 4 


JV v (0) =2.5 x 10 25 m" 3 . 

7.17 Starting with the current given in (7.184), determine the scattered electric 
field E sr of the electrically short wire. Use this electric field with the forward 
scattering theorem, Equation (4. 67), to determine the total scattering cross 
section cr T of the wire. Compare your result with that given for a T in (7 .190). 

Notice that (7.190) was obtained after neglecting the.small term (k 0 hy in 
the denominator of (7. 1 84), whereas this term was required for the use of the 
forward' scattering theorem. 
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» 

Many practical, antennas are formed by simply bending a piece of thin wire into 
an appropriate shape. We have seen examples in the previous chapter where we 
discussed linear (straight wire) and loop (circle of wire) antennas. There we were 
concerned with.the radiation from such antennas when they are electrically small, 
that is, when the temporal variation of all signals is negligible during the time for 
light to travel across the antenna. Now we will remove that restriction and consider 
such antennas for a general excitation. 

The arrangement is shown schematically in Figure 8.1. Here the perfectly con- 
ducting wire is bent so that its axis lies along the curve C. The wire need not form 
a closed curve as in the figure, but it can be open as is the case for the linear dipole. 
The antenna is characterized by the dimension d , which may be the length of the 
wire, the diameter of the loop, etc. 

The wire is assumed to be both physically and electrically thin. By this we 
mean that the radius of the wire a is much smaller than the dimension of the 




Fig. 8.1. Geometry for thin-wire antenna. 
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antenna, a <£ d, and that all signals vary negligibly during the time a/c for light 
to travel a distance equal to the radius of the wire (for harmonic time dependence 
a/k 0 « 1). ' . ‘ • 

We will be concerned with the calculation of the electromagnetic field at points 
away from the wire, such as at the point marked P in Figure 8.1. In this case, the 
thin-wire assumption greatly simplifies the analysis. The current, which is actually 
on the surface of the perfectly conducting wire, is replaced by a filament of current 
on the axis of the wire. The filamentary current l(s t t) is a function of the arc length 
s along the curve C, and it is in the direction of the unit tangent vector to the curve, 
s. The charge per unit length Q(s, t ) is related to the current through the equation 
of continuity (1.54): ! 


0 _ dQ(s, t) 
ds dt 


The radiated or far-zone electromagnetic field of the antenna is obtained by 
inserting the current into expressions (5.147) and (5.148). Since the filamentary 
current exists only on the axis of the wire, the volume integrals in these expressions 
reduce to line integrals: 


*\ — ^ ° f P^,r)l rw A.ys 


)}ds\ 


( 8 . 2 ) 


B r (r, l) = -f x £ r (r, t) = — — 
c 4 ncr 


<8j) 


In these expressions, the retarded time is 


tr =. t - (r - r • r')/c = t -r/c + (r' c<i>s yj/)/c. • (8.4) 

The radiated field is seen to be readily calculated once the current distribution in 
die wire is known. ! 


8.1 Charge and current: Physical arguments 

In general, accurate values for the charge and current on a thin-wire antenna cannot, 
be obtained by simple analysis. One must resort to numerical methods [1-4]. We 
have already seen an example of this in Section 1.6. There we showed how the 
charge and current on a monopole antenna can be obtained by numerically solving 
a discretized form of Maxwell’s equations. 

Recall that the monopole is a vertical metallic rod placed over a metallic image 
plane. It is fed through the image plane by a coaxial transmission line, as in Fig- 
ures 1.44 and 1.45. From the method of images presented in Section 4.7, we know 
that the monopole is equivalent to the dipole structure shown in Figure 8.2. Here 
we have not been concerned with the details of the imaging near the feed point 
(coaxial aperture). This simplification will not affect our discussion of the physical 
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! Fig. 8.2. Cylindrical dipole antenna. 

principles. Since the radius of the dipole is assumed to be much smaller than its 
half length (a <£ h ), this is a thin-wire antenna. 

The results presented in Section 1 .6 for the monopole also apply to the dipole. For 
example, the plot of the surfaice charge density on the monopole (Figure 1.47) now 
applies to the top half of the dipole (0+ < z < h). The charge on the bottom half of 
the dipole (-/i < z < 0— ) is. the negative of that on the top half. The electric field 
surrounding the monopole can be imaged to obtain the field surrounding the dipole. 
This is illustrated in Figure 8.3, where the result shown in Figure 1.48c has been 
imaged. Notice that the wavefront W 2Rt which for the monopole was interpreted 
as the reflection of the wavefront W 2 at the image plane, is now the wavefront fyat 
originates at the bottom end of the dipole/ 

For our purposes, we would like to have simple, approximate expressions for 
the charge and current on wire antennas that can be used with. Equations (8.2) 
and (8.3) to gain physical insight into the process of radiation. We can obtain 
these approximations by examining the accurate results mentioned above for the 
monopole/dipole. From Figures 1.47-1.49, we see that the electric field moves out 
along the dipole roughly at the speed of light, producing charge on the conductors as 
it goes. The field is “guided” by the conductors. When this field reaches the ends of 
the dipole there is a reflection, and this moves back down the dipole, roughly at the 
speed of light, again producing charge on the conductors as it goes. Radiation occurs 
each time the field encounters a discontinuity in the conductor, such as at the source 
and ends (the spherical wavefronts marked W\ t W 2 , W 2 r, etc. in Figures 1.48, 1.49, 
and 8.3). 

Now we will use these observations to construct approximations for the charge 
and current on the dipole. The source at the center of the dipole places charge on 
the two conductors of the dipole. We will let the charge per unit length deposited 
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i 
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Fig. 8.3. Radiation of a Gaussian pulse from a cylindrical dipole antenna. Gray scale shows 
magnitude of electric field: h/a = 65.8, r/r a = 0.114. (After Maloney et al. [4], © 1990 
IEEE.) 


by the source be Q s {t) at z = 04- (on the top conductor) and - Q s (t) at z = 0- (on 
the bottom conductor). For the example discussed in Section 1.6, this charge would 
be a Gaussian pulse in time. The charge per unit length oh the dipole associated 
. with the outgoing field is then approximately 

<5 

Q + (z. 0 = 

Similarly, the charge per unit length associated with the first reflection of this field 
at the ends of the dipole is approximately 


[Qsit-z/c), 0 +<z<h 

| -e.a +*/<?), 


Qs(t +z/c -2h/c), 0-P < z < h 

-Q s (t - z/c - 2 h/c) y —h < z < 0-. 


( 8 . 6 ) 


Here the -f- superscript indicates a wave traveling away from the source, while 
the — superscript indicates a wave traveling toward the source. An examination of 
Figures 1.47 and 1.48 clearly shows the approximate nature of (8.5) and (8.6). The 
charge density actually decreases in amplitude as the field travels along the antenna, 
and there is some change in shape of the pulse (distortion), particularly on reflection 
from the ends. Neither of these effects is included in (8.5) and (8.6). These effects 
generally become smaller as the wire is made thinner (as a/ h 0) [5]. 

The current in the dipole in the direction z can be obtained by inserting the charge 
per unit length into the equation of continuity (8.1). For the two terms given in (8 .5) 
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and (8.6) we have (Problem 8.1a) 1 

Zs(t - z/c), 


T* (z, 0 = 


£r(f + Z/C), 


0 < z < h 
—h < z < 0 


and 


r-(z, 0 = 


-2j(r + z/c - 2A/c), 
-I,(r - z/c - 2h/c), 


0 <z<h 
-h < z < 0. 


(8.7) 


( 8 . 8 ) 


Here we have introduced the current produced by the source at z = 0: 

2/(0 = cQ s (t). • ( 8 . 9 ) 

In the discussion above, we have only considered the first outward traveling wave 
on the dipole and the first reflection of this wave from the open ends. If subsequent 
reflections of the wave were of interest, such as reflections from the source or 
additional reflections from the open ends, additional terms like (8.5) and (8.6) would 
be needed to describe the charge. In this case, we would call the charge (8.5) Q+ and 
the charge (8.6) . The next reflection would be from the source, and we would 

call it Qt ■ This would be followed by the second reflection from the open ends, , 
and so on. The total charge on the dipole would be the sum of all of these terms: 

2(z,0 = Q+ + Q~-i-g+ + Q- + .... 


The motivation for our choice of approximations for the charge and current on 
the dipole antenna (8.5— 8.9) came from our earlier investigation of the monopole 
antenna. However, these expressions are actually the charge and current on a section 
(length h) of air-filled transmission line terminated with an open circuit. Thus, if 
we argue that the dipole is similar to an open-circuited section of transmission line, 
transmission line theory also provides motivation for our choice of approximations. 2 ' 

Now we wish to offer physical explanations for two of the interesting phenomena 
observed above [5-11). First, we noticed that the source connected to the terminals 
of the dipole introduced pulses of charge (current) onto the conductors and that 
these pulses then appeared to travel along the conductors at the speed of light, being 
reflected at discontinuities, such as at the ends of the conductors. Of course, the 


It is important to recognize that there are two directions associated with each of these currents' the 
direction of travel for the wave, which is determined by the argument of X„ and the direction of 
the current, which is determined by the sign of I,. For example, consider the current on the bottom 
half of the dipole: 

Z + (z,t) = l s (t + z/c), -h < z <0. 

This is a wave traveling down the dipole, that is, a wave traveling in the — £ direction. When l s is 
positive, it is a current in the -f-z direction. The charge associated with this current is 

Q + (z,f) = -Q s (t + z/c), -h <z <0- . 

When Q, is positive [which occurs when J, is positive; see (8.9)], a wave of negative charge travels 
in the -£ direction; hence, the current is in the +£ direction. 

2 The relationship between simple wire antennas and transmission lines is examined in detail in 
Reference [5]. 
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n 


h 


SOURCE 0 

Ah 


-n 

Fig. 8.4. Dipole antenna divided into In 4- 1 small segments. 

individual charges within the conductors - the electrons - do not travel the length 
of the conductor at the speed of light. What then is the mechanism that causes 
the pulses of charge to appear to move along the conductors at the speed of light? 
Second, we noticed that radiation originated at the points where a pulse of charge 
encountered a discontinuity in the conductor, such as at the ends. Why does the 
radiation appear to occur only at these points? 

We will use the very simple model shown in Figure 8.4 for our argument. Here 
we have divided the top half of the dipole into a large number, n, of small segments 
(i = 1, 2, . . . , n), each of length Ah = h/n. The bottom half of the dipole is divided 
similarly (i = - 1 , -2, . . . ,-n), and there is one additional segment (i = 0) for 
the source. Thus, there is a total of In 4- 1 segments. 

Our qualitative explanation for the apparent motion of the charge in the conduc- 
tors will be based on Figures 8.5 and 8.6. Consider Figure 8.5a, which applies for 
times t < 0. Our source is simply a pair of stationary positive and negative charges 
of equal magnitude. They are superimposed so as to produce no electric field, and 
the charge and current in the conductors are zero. ' 

At time t = 0 (Figure 8.5b) the two charges of the soured are separated, produc- 
ing the current Jo- One can think of a nonelectrical source producing the charge 
separation, such as a mechanical force. The electromagnetic field produced by this 
current travels at the speed of light; it first reaches the centers of the segments 1 and 
— 1 at the time t = Af = A h/c. In response to this field, now indicated as £\ in 
Figure 8.5c, a currentXi is produced in segment 1 . 3 Because the electric field within 
the conductor must be zero, this current must be in a direction so as to produce a 
separation of charge whose electric field will cancel the field S \ . 


I n 


Io 


CURRENT 
I | ELEMENT 


3 The drawings for charge and current in these figures are only symbolic. The charge and current are 
actually on the surface of each segment of the perfect conductor. • 
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Fig. 8.5. Qualitative explanation for the apparent motion of charge along the conductors of 
the dipole antenna for the region near the source. 

At the time At = 2 At (Figure 8.5d) an electric field, £ 2 , has reached the center 
of segment 2, and a current is being produced in this segment. The elfectric field £ 2 is 
the result of the current as well as the current Jo. The afqrementioned separation 
of charge has started to occur in segments 1 and — 1. The*hegative charge at the 
left-hand end of segment 1 roughly cancels the positive charge of the source (these 
charges are drawn with dashed lines in the figure). There is a net positive charge at 
the right-hand end of segment 1. 

The process described above is repeated as the field moves out along the conduc- 
tors. At time step j t there is a net positive charge at the end of segment j — 1. For 
example, at t = 3 At (Figure 8.5e) there is a net positive charge at the right-hand 
end of segment 2. In this way charge appears to move at the speed of light out along 
the conductors. 

A similar process occurs at the ends of the dipole, as illustrated for the right end 
(z = h) in Figure 8.6. At time t = (n + 1) A t (Figure 8.6b) a net positive charge is 
at the right-hand end of segment n. This charge now produces an electric field in 
the segment. The charge separation that results (Figure 8.6c) causes a net positive 
charge to occur at the left-hand end of segment n at time t = (n + 2)A t. This 
process is repeated, and charge appears to move at the speed of light back down 
the conductor toward the source. 
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Fig! 8.6. Qualitative explanation for the apparent motion of charge along the conductors of 
the dipole antenna for the region near the end. 

In the qualitative argument presented above, the source placed a small amount 
of positive charge on the end of the right-hand conductor at time f » 0. Of course, 
an actual source would continually place charge on the conductor, and this would 
be a definite function of time, 2,(0, such as a Gaussian pulse. A pulse of charge, 
Q s {t _ z / c ), would then appear to move out along the conductor at the speed of 

light. . 

The radiation from the dipole antenna is the superposition of the radiation from 
the 2n -f 1 individual segments shown in Figure 8.4. When the number of segments 
is large, each segment can be treated as an infinitesimal current element and the 
radiated field can be obtained frotn the results in Table 7.1. Here we will only 
consider the radiation due to the outgoing current (8.7). The current moment of the 
i -th segment is then 

. ji(t) = Ii(t)Ah = I s (t - |i|Af)A/i, (8.10) 

and the radiated electric field in the broadside direction ( 9 = 90°) of the entire 
antenna is 

£\r, t) = ^ £ %{t - r/c - |i|Af)$ 

/=— n 

= - r/c) + 2j2t,(t ~ r/c - i (8.11) 
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Fig. 8.7. a) Triangular pulse of current, b) Derivative of pulse. 


To illustrate these results, we will let the current produced by the source at z = 0 
be the triangular function shown in Figure 8.7a: 


°> \t/r — 1| > 1 

/<,(! 1|), \t/x — 1| cl. 


( 8 . 12 ) 


The temporal derivative of this current, ±„ is shown in Figure 8.7b. The radiated 
electric field (8.11) is the superposition of the contributions from all of the indi- 
vidual segments, Each contribution is proportional to t, and is shifted by the small 
increment of time At from the previous one. This is shown schematically for the 
first few segments in Figure 8.8a and for the entire dipole in Figure 8.8b. Here 
the time is normalized to t a = h/c, the time for light to travel the half length of 
Oie dipole, and the duration of the current (8.12) is 2r - r a /4. Notice that a radiated 
field exists only near the times t - r/c = 0 and r - r/c = r fl ; that is, radiation orig- 
mates only from segments near the source and the ends of the dipole. 4 The radiated 
fields from the segments away from the source and ends of the dipole cancel. This 
is illustrated in the inset of Figure 8.8b, where portions of the radiated fields from 
segments i and i + r/At are shown to cancel. 5 It may seem that this cancellation 
is a fortuitous result of our choice of current, the triangular function in Figure 8 7a 
This effect, however, will occur for any current that is a smooth function of time' 
for the piecewise linear approximation to the current can be represented by a sum 

of overlapping triangles, as in Figure 8.9, and the cancellation will occur for each 
of the triangles. 

Each pulse of the radiated field in Figure 8.8b is seen to resemble the cuirent of 
the source, the triangular function shown in Figure 8.7a. In fact, this observation can 
be verified analytically by taking the limit as n oo (At 0). For the outgoing 
current we have been discussing, the radiated field in the direction 9 = 90° (8.11) 


4 wave“aw - O^ndT ^ + ‘ = J 5 f"' ^ SmaU differenc “ - *e . 

and the'suml'addiog^differenUy at the^'o*times. aUSe< *^ *^ e tW0 ^ ac,ors in (8. 1 1 ) (the single term 

5 Tr/tt = ‘i + f*™ “ “ ^ ^ ““ "* ute shoWn in Fi * ure 
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T 



Fig. 8.8. Radiated electric field broadside to the dipole antenna (9 = 90°). aj Contributions 
from individual segments, b) Total field for outgoing wave. / 



Fig. 8.9. Piecewise linear approximation of a general current. 


becomes (Problem 8.2) 

£ r (r, o = ^liim I Af j^±i(r - r/c ) + 2 £i f (t - r/c -i At) 


i = 1 


= x^~l X(t ~ r/c) - I s (f - r/c - h/c)]e.. 


e 

(8.13) 
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There is an interesting analogy between what we have observed here for the 
radiation from the dipole antenna and what we observed earlier in Chapter 6 for 
the radiation from a moving point charge. Recall that a point charge moving at a 
constant velocity in free space does not radiate; radiation only' occurs when the 
point charge is accelerated. The pulses of charge on the dipole appear to accelerate 
from rest to the speed of light near the source, move along the conductor at constant 
velocity, then undergo a reflection at the end of the conductor, that is, to decelerate 
to zero velocity at the end and then accelerate to a velocity of equal magnitude in the 
opposite directipn. Radiation occurs only at the source and ends of the conductor, 
where the pulses of charge appear to undergo acceleration. 

When currents such as (8.7) and (8.8) are used with formulas (8.2) and (8.3)’, 
we obtain an accurate representation for the radiated electromagnetic field of these 
currents. However, we must emphasize that these assumed cuiTents ^re only approx- 
imations to the actual currents on the wire antenna. Hence, the radiated field is only 
an approximation to the actual radiated field of the wire antenna. This situation is 
similar to the one we encountered in Chapters 3 and 4 when we discussed radiation 
from apertures. Huygens’ principle gave an accurate result for the radiated field of 
an assumed aperture distribution. However, the assumed aperture distribution and 
the resulting radiated field were only approximations to the results for the* actual 
aperture. 

8.2 Basic traveling-wave element; dipole antennas 

In the rest of this chapter, we will examine the radiation from different thin-wire 
antennas. We will assume a current on an antenna, based on what we have learned 
from our discussion in the last section. The radiated electric field could be de- 
termined by simply inserting this current into Equation (8.2) and performing the 
indicated integration. However, it is more instructive, from the point of view of un- 
derstanding the mechanism for radiation, to first study the radiation from a simple 
structure, which we will call the basic traveling-wave element , and then to view a 
more general antenna Us a superposition of these basic elements. . . 


8.2.1 Description of element 


The basic traveling- wave element is shown schematically in Figure 8.10. A source is 
connected to one end of a straight, thin wire of length h ; a reflectionless termination 
is connected to the opposite end. 6 We will assume that the source produces the 
following traveling wave of current in the wire: 


Jfc t) = 1 ,(/ - z/c)[U{z) - U(z - h)]. 


(8.14) 


Here we have, used the Heaviside unit-step function to show that the current is 
confined to the length of wire 0 < z < h. This current is essentially the outgoing 


6 The basic traveling- wave element is a model for the simplest traveling- wave antennas [12]. It 
can only be realized approximately in practice, because of our inability to construct a purely 
reflectionless termination.: 
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Fig'. 8.10. Basic traveling-wave element. 


wave on the top conductor of the dipole we discussed in the last section (8.7). The 
charge per unit length that accompanies the current is 

2(z, t ) = Qs(t - z/c)[U(z) —-U(z - h)] 

-S(X) [' lAt'W + 5(z - h) [' l,{t‘ - h/c)dt\ (8.15) ; 

Jt'=-oo Jt'=- oo 

where Q s and I, satisfy (8.9). The terms in (8.15) that contain Dirac delta functions 
are required for conservation of charge at the ends of the wire (Problem 8.1b). As 
positive charge leaves the source (z = 0) and moves onto the wire; an equal amount 
of negative charge is left behind. Similarly, as positive charge leaves the end of 
the wire and enters the termination, positive charge accumulates' at the termination 
( z _ /,) We no t require these terms in our discussion of the dipole. For the 
dipole, the amount of negative charge on the bottom conductor is equal to the 
amount of positive charge on the top conductor, and there is total reflection (no 
accumulation) of the charge at the open ends. 

The radiated electric field for the basic traveling-wave element is obtained by 
inserting the current (8.14) into Equation (8.2). The various terms in this equation 


are: s' 

“6 ~ 1 

= r' = z';s = and 



• s' - r(? • s') = z -r(r • £) = - sin0 6\ 


so the radiated electric field becomes 




(8.16) 

with 

t r = t - r/c -t- (z'/c) cos 6. 

(8.17) 


Now we notice that the integrand in the above equation can be expressed as 


rai,(r' - z'/cY 


f ~ c ) 

dX s [t - r/c - (z'/c)(l - cos 0)] 

at' 

1 — cos 6 ) 

dz' 


1 Notice that we didn’t put the superscript + on this current. Since we only have one traveling wave 
on the antenna, it comprises the total current: I(r, r) = I + (z, /). 
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a) 


Iojc 


t/r m = 0.05 





t/r. = 0.5 t/r m = 1.05 



t ft 

Fig. 8.11. Charge per unit length (a), current (b), and derivative of current (c) along basic 
traveling-wave element. Excitation is a Gaussian pulse of current; r/z a = 0.076. 


(see Problem 8.3). On substitution of (8.18) into (8.16), the radiated electric field 
becomes 8 

0 = AivAi-lLe) l IAt ~ r,c) ~ ~ r ' c ~ ~ cos 0 )]p- ' 

(8.19) 

To illustrate this result, we will let the current of the source be a Gaussian function 
with characteristic time r: 

2)(0 = ( 8 . 20 ) 

A Gaussian pulse of charge then moves at the speed of light along the wire from 
the source to the termination. This charge, the current, and the temporal derivative 
of the current are shown in Figure 8.11 at three times: when the pulse is near the 
source, t/r a = 0.05, when it is at the center of the wire, t/r a = 0.5, and when it is . 
near the termination, f/r 0 = 1.05. For this illustration, z/r a =. 0.076, so roughly 
three pulses fit along the length of the wire. • 

The radiated electric field of this current is shown in Figure 8.12. We will fre- 
quently use diagrams like this to describe the radiated fields of antennas, so it is 
important that we understand their construction. At each of the nine angles shown 

At broadside, 9 = 90°, this is one half of the result we obtained earlier for the radiated electric field 
of the outward-going current on the dipole (8. 13). As we shall show, the dipole with only Outward- 
going currents consists of essentially two basic traveling-wave elements. Hence, at broadside it 
radiates twice the field of a single element. 
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0 = 0 ° 



Fig. 8.12. Radiated electric field of basic traveling-wave element. Excitation is a Gaussian 
pulse of current; xfx a = 0.076. Each graph shows the field as a function of the normalized 
time, 1 1 x a > for a particular angle of observation 6. 


(0 < 6 < 180°) a graph is drawn for the radiated electric field S r e as a function 
of the normalized time t/r a . Each graph is the field that would be measured in the 
particular direction 0 by an observer on the surface of a large sphere centered on 
the source. For each of the graphs, the electric field is positive bn the side of the 
time axis for which 6 points away from the axis (the clockwise direction measured 
from the axis). For the time axis at the angle 9 = 45°, this is indicated by an arrow. 
The antenna is rotationally symmetric about the z axis; thus, Figure 8.12 applies 
fpr any. angle ‘0. ^ i- 

Notice that the type of graph shown earlier in Figure 8.3 is distinctly different 
from the type of graph shown in Figure 8.12. Figure 8.3 shows the magnitude of the 
electric field throughout space for a single instant of time. In this Representation, the 
spherical wavefronts centered on the source and the ends of the -antenna (W.\ t ^ 2 , 
etc.) are circles centered on these same points. Figure 8.12 shows the electric field as 
a function of time for nine different points fixed in space. In this representation, the 
dashed lines connect all of the fields (times of arrival) associated with a particular 



Fig. 8.13. Radiation from basic traveling-wave element. Spherical wavefronts are centered 
on the source (Wi) and the termination ( W 2 ). 

b 

wavefront. For example, the dashed line marked W\ connects all fields associated 
with the spherical wavefront centered on the source, while the dashed line marked 
W 2 connects all fields associated with the spherical wavefront centered on the 
termination. The dashed line W\ is a circle, because the sphere for observation is 
centered on the source. The dashed line W 2 is not a circle. 9 

The field of each of the wavefronts, W\ and W 2 in Figure 8.12, is seen to be 
a Gaussian pulse. The pulse for wavefront W 2 is delayed in time from that for 
wavefront W\ by the amount r a (l - cos 0). As illustrated in Figure 8.13, this delay 
is due to the longer path for a signal traveling from the source to W 2 as compared to 
W [ . The signal for W 2 must travel from the source to the end of the element before 
traveling to the observation point, whereas the signal for W\ travels from the source 
directly to the observation point. Notice that the sign for the pulse on W 2 (negative) 
is opposite to the sign for the pulse on W\ (positive). This is analogous to what we 
would have for the radiated field of a point charge accelerated at the source and 
decelerated at the termination. 

An examination of the graph for the temporal derivative of the current, 9 J/9; 
in Figure 8. 1 lc, shows why radiation only originates near the ends of the element. 
Consider the case of radiation in the broadside direction (0 = 90°). The electric 
field (8.16) then depends upon the spatial integral of 


: r W-S/cy ] __ sx,(f-r/c-zf/c) 

: L bf l =tr at • • : (8l21) 

9 The small picture of the antenna at the center of the drawing is included to show the orientation of 
the antenna. The length of the antenna in this picture is not related to the scales on the drawing. ’ ' 
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servation point P in x-z plane. 


For a time when the entire pulse of current is out on the element, such as at t jx a =0.5 
in^he figure, the integral is zero; the areas under the positive and negative portions 
of the ourve are then equal. However, for times When the pulse is near the ends, 
such as t/r a = 0.05 and 1.05 in the figure, this integral is clearly nonzero. 

FQr future use, we will need to know the radiated field of the basic traveling- . 
wave element when the element is displaced from the z axis. In Figure 8.14a the ; 
element has been moved so that it lies in the x-z plane with the source end at O'. ■ 
This translation is described by the distance d and the angle P (0 < P < 2n). In 
addition, the element has been rotated through the angle y (0 < y < 2n) with 
respect to the z axis. We will describe the radiated field of the displaced element in 
terms of the coordinates r\ 0, and <p (Problem 8.4): 


£ r (r, 0 = Tj 




4jrr(l — sin y sin 0 cos (p — cos y cos 0) 

[(cos y sin 0 - sin y cos 0 cos (p)9 + (sin y sin (p)4> 


(l s |f — 1 0 — [r — d( sin /} sin0 cos # + cos ft cos 0)]/c J 
— Jjjr — t Q — [r — d(sinp sin0 coscp + cos p cos0)]/c 

— (h/c)( 1 — sin y sin 0 cos <p — cos y cos 0) J ^ . (8.22) 

Here t 0 is a relative offset time associated with the source. When several elements • 
are used, they may be excited at different times. 

For the special case where the point of observation, P, lies in the plane of the ■ 
element (x-z plane, (p = 0), the simplified diagram in Figure 8.14b applies and 
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Fig. 8.15. Traveling- wave dipole antenna as a combination of two basic traveling- wave 
elements. * ; • 


(8.22) reduces to 

. [i 0 c sin(0 - 


° = “ 'o ~ ~ dco ^ - W*} 



t„-[r-d cos(0 - P)]/c - (A/c)[ 1 - cos(0 - 


>-)]))«• 


(8.23) 


Our displacement has destroyed the symmetry of the field about the z axis, and so 
we have to be careful about our definition for the angle 6 in (8.23). This angle will 
now be in the range 0 < Q < 2n, and the unit vector § will always point in the 
clockwise direction with respect to a rotation about 0. 


8.2.2 Dipole antennas 

We have already discussed some of the properties of the simple dipole antenna 
Now we will show that the radiated field of this antenna can be obtained by simply 
superimposing the fields of basic traveling-wave elements* (8.23). First we will 
consider the traveling -wave dipole. This is a dipole with reflectionless terminations 
at both ends. As shown in Figure 8.15, it can be viewed as the combination of two 
basic traveling-wave elements. The parameters that must be used in (8.23) for each 
of the two elements (i =1,2) are given in the accompanying table. Here the lengths 
and times for each element are specified in terms of the length h and time x a = h /c. 
The parameter “sign” is positive when the source places a positive pulse of charge 
on the element, and it is negative when the source places a negative pulse of charge 
on the element.- 

The radiated electric field for the traveling- wave dipole is 

£ r ('.o = £4 r C'.o •. 

i® 1 

/x 0 c / sin0 r 

“ 4nr \1- cos# ~ r / c ~ ^/fK 1 ~ cos0)]j 



Fig. 8.16. Radiated electric field of traveling-wave dipole antenna. Excitation is a Gaussian 
pulse of current; r/r fl = 0.076. 


+ j ^ q {^(f - r/c) -l s [t - r/c - fr/cX! + cos 0)] 

= S Sin0 {^ Ti(, " r/c) “ -cosfl)J 

- - r /c - (Vc)(l + COS 0)]U. : (8.24) 

This field is shown in Figure 8.16 for the Gaussian pulse of current (8.20) with 
x/x a — 0.076. It is composed of three spherical wavefronts that are centered oil the 
source ( Wi), on the top termination (Wi), and on the bottom termination ( WJ). 

Next we will consider a dipole that has total reflection of the charge at the ends: 
a standing-wave dipole. 10 As y/t saw parlier, this is approximately the situation for 
the simple dipole with open ends (Figure 8.2). When reflection occurs at the ends, 
waves of charge travel on the wire toward the source. To complete our description, 

10 This terminology is associated With a dipole that is excited by a time-harmonic source, and its 
meaning will be made clear later when we discuss that method of excitation. 
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Fig. 8.17. Traveling waves of charge approaching the source after reflection from the open 
ends of the dipole. Arrows show direction of propagation, a) Waves stop at source, b) Waves 
pass source unperturbed, c) Combination of (a) and (b): partial transmission, d) Alternate 
interpretation of (c); partial reflection. 
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Fig. 8.18. Standing-wave dipole antenna as a combination of four basic traveling- wave 
elements. 


we must decide what these waves will do when they reach the source. First, we will 
assume that these waves of charge simply stop at the source, as shown schematically 
in Figure 8.17a. For this case, positive charge will accumulate at z = 0+ due to 
the wave coming down the top conductor, and an equal amount of negative charge 
will accumulate at z = 0- due to the wave coming up the bottom conductor. Thus, 
there will be no net accumulation of charge at the source. There also will be no 
net accumulation of charge at the open ends of the conductors, since the currents 
entering and leaving these points are the same. 

This standing- wave dipole can be viewed as the combination of the four basic 
traveling-wave elements shown in Figure 8.18. The parameters that must be used 
in (8.23) for each of the elements are given in the accompanying table. Notice that 
the excitation of element 2 (4) is delayed by r a = h /c, because the wave of charge 
must travel the length of element 1 (3) before it reaches the source end of element 
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Fig. 8.19. Radiated electric field of standing-wave dipole antenna. After reflection from 
open ends, waves of charge stop at source. Excitation is a Gaussian pulse of current; r/x a = 
0.076. 

2 (4). The “sign” for element 2 (4) is the same as the “sign” for element 1 (3), 
because, on reflection, the positive (negative) charge entering the termination of 
element 1 (3) leaves the source of element 2 (4). 

The radiated electric field of this standing-wave dipole is 

£ r (r, 0 = E W ' *> = t ut ~ r/c) +Is{t - r,C ~ 2h/c) 

1=1 

- l s [t - r/c - (A/c)(l - cos 61)] - X,[t - r/c - (h/c)(l + cos 0)]}fl 

(8.25) 

* 

(see Problem 8.13). This field, shown in Figure 8.19 for the Gaussian pulse of 
current (8.20), is composed of four spherical wavefronts: two that are centered on 


566 


Radiation from thin-wire antennas 


the source (W[ and W 3 ) and one centered on each of the ends ( W 2 and Wj). W\ 
originates when the pulse leaves the source; W 3 originates when the pulse enters 
the source; hence, for all angles ( 6 ) W 3 is delayed by 2r a from W\. 

Figure 8.17 shows other possible situations that could occur when the waves of 
charge reach the source. In Figure 8.17b, the waves pass the source unperturbed: 
The wave on the top conductor passes onto the bottom conductor, while the wave on 
the bottom conductor passes onto the top conductor. This would occur if the source 
appeared as a continuous, unbroken conductor (short circuit). Figure 8.17c shows 
a combination, of the situations shown in Figures 8.17a and 8.17b. A portion of 
each wave of charge stops at the source, and the remainder (the fraction Tq) passes 
onto the adjacent conductor. Figure 8.17d shows an alternate interpretation for this 
situation. A portion (the fraction Rq , where Rq = —Tq) of each wave of charge is 
reflected at the source, and no wave of charge passes onto the adjacent conductor. 1 1 

The situation shown in Figures 8. 17c and d is easily modeled using basic traveling- 
wave elements. We have the four elements shown in Figure 8.18. To these w^add 
four identical elements, with their amplitudes multiplied by Rq = — Tq and their 
times delayed by 2r fl = 2 h/c. To account for additional reflections of the charge 
at the source, we repeat this procedure. At each stage we add four more elements, 
identical to the previous elements except that their amplitudes are multiplied by an 
additional factor of R q and their times delayed by an additional amount 2z a = 2h /c. 
The resulting radiated electric field is 

iv - ’> - s IW (*.« - '/* - *»/«> ■ 

n- 0 

+ l s (t - r/c - 2 h/c - 2 nh/c) 

— T s [f — r/c — (h/c)( 1 — cos 9) — 2 n/i/c] 

- l s [t - r/c - (h /c)(l+ cos 9) -2nA/c] j. (8.26) 

This field is shown in Figure 8.20 for the Gaussian pulse of current (8.20). The 
parameters used for the graph are Rq — - Tq = -0.5 and i/x a = 0.114. The 
results are plotted so that they can be directly compared with the very accurate results 
for the monopole antenna we discussed earlier (Figure 1.49). The predictions of 
our very simple model are seen to be in good qualitative agreement with the more 
accurate results. The location, sense, and relative amplitude of the pulses are roughly 
correct, although, clearly, there is some change in shape (distortion) of the pulses 
not accounted for by the simple model. 


1 1 Here we have assumed that the shape of the pulse of charge does not change (distort) on transmission 
and reflection. This is the same assumption we made for the reflections at the open ends. 

Tq is the transmission coefficient for a wave of charge passing through the source, and Rq is the 
reflection coefficient for a wave of charge at the source. For the accompanying waves of current, 
the transmission coefficient is 77 = Tq\ however, the reflection coefficient is R t = -R Q . 



Fig. 8.20. Radiatdd electric field for standing-wave monopole antenna. After reflection 
from open ends, waves of charge are reflected at the source with reflection coefficient 
Rq = -0.5. Excitation is a Gaussian pulse of current; r/T fl = 0.114. 


8.3 Traveling-wave bends and loops 

So far we have only examined antennas that are straight wires. We have found 
that radiation appears to originate from the ends of the wire, where a source or 
termination may be connected. Now we will examine antennas that have simple 
bends in the wire. Again, we will be able to approximately determine the radiation 
from the antennas by using a combination of basic traveling- Wave elements. We will 
find that radiation now appears to originate at additional points on the antennas - 
at the bends. 

8.3.1 Simple bend 

Figure 8.21a shows a thin wire of length 2h and radius a with a simple bend 
of angle a (obtuse) at its center. A source is connected to one end of the wire, 
and a reflectionless termination is connected to the other end. This is a bent- wire, 
traveling- wave, antenna. We will model this antenna with the two basic traveling- 
wave elements shown in Figure 8.21b. The parameters for the elements are given 
in the accompanying table. Notice that the origin for the coordinates is at the bend 
and that t Q \ = -r a and t 0 2 = 0, so the pulse is at the bend when t — r/c — 0. In 
this simple model we assume that there is no reflection of the pulse at the bend and 
that there is no accumulation of charge at the bend.: 
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TRAVELING- WAVE BEND 



Fig. 8.21. a) Bent- wire, traveling- wave antenna, b) Antenna as a combination of two basic 
traveling- wave elements. 


The radiated electric field in the plane of the bent wire is obtained by combining 
the fields of the two basic traveling-wave elements (Problem 8.17): 

t) = J2 £[ (r , 0 = ££ ( ■ ~l C0S(a ! 2) n , ls(t - r/c) • 

“ 4nr \cosO - sin(a/2) ' 


i=i 


cos(0 - or/2) r . , 

+ ~lTsm(S- a/2)M r ' r/C + (h/c) ^ + S ^ 6 ~ «/2)] ) 

cos (0 4- a/2) _ r _ , \ 

+ l-sin(0+:a/2) J T “ r/ ° ~ (h/c) ^ ~ sin(0 + “/ 2 )])f • 

; (8.27) 

This field is graphed in Figure 8.22 for a bend of angle a = 135°. The excitation is 
the Gaussian pulse of current (8.20) with r/r a = 0.076. There are three spherical 


569 



180 ° « 

Fig. 8.22. Radiated electric field of bent-wire, traveling-wave antenna with a = 135°. 
Excitation is a Gaussian pulse of current; r/r a = 0.076. 


wavefronts for this field: W\ centered on the source, W 2 centered on the bend, and 
centered on the termination. Because of our choice for the origin of the coordinates 
and the time of the excitation, the dashed line for W 2 is a circle centered on the 
bend. The field of each wavefront is a Gaussian pulse, and the relative positions in 
time of these pulses change with the angle 6. Notice that there is a radiated field 
in the direction 0 = 0°. The radiation in this direction would be zero for a straight 
wire, as in Figure 8.12; consequently, this radiation is attributed. to the bend. 

For this example, the maximum arid minimum amplitudes for the radiation occur 
along the tangent line to the center of the bend, which is marked in Figure 8,21a. 
The maximum is in the direction of travel for the pulse of charge (0 = 0°, upward 
in Figure 8.22), whereas the minimum is in the opposite direction (0 = 180°, 
downward in Figure 8.22). This situation is analogous to what we observed for 
a moving point charge in Chapter 6. Recall that a charge moving at a constant 
speed on a circular path radiates energy (synchrotron radiation): This is due to the 
acceleration of the charge, which in this case is simply a change in the direction 
of the velocity. When the speed of the charge is close to the speed of light, the 
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Fig. 8.23. Geometry for traveling-wave, circular loop antenna. 

radiation is concentrated in the forward direction along the line tangent to the curve 
(circle) (Figure 6,27). Now the pulse of charge on the bent wire appears to travel 
with the speed of light. The direction of its apparent velocity (the direction of the 
current) changes, at the bend, and radiation appears to originate at this point. 

The simple model we have used for the bend assumes that the pulse of current 
travels along the axis of the curved wire at the speed of light. This is a reasonable 
assumption when the bend is not too sharp, such as in our example where a is a 
large obtuse angle [13, 14]. For a sharp bend, however, the current on one side of 
the bend can directly induce a current on the other side of the bend, and this can 
occur in a time that is less than the time for light to travel along the axis of the • 
curved wire. Our simple model does not account for this phenomenon. 

8.3.2 Circular loop 

Figure 8.23 shows a traveling-wave loop antenna. The thin wire of radius a is bent 
intofe circle of radius b , with a source at one end and a reflectionless termination at 
the other end. The angle ^ (0 < ^ < 2tt) determines the position along the loop, 
and the direction for positive current is \jr. We will again assume that the source 
produces a traveling wave of current in the wire. For a pulse traveling in the yjr 
direction (clockwise), the current is 

t) = l s (t - bir/c)[U(b\/f) - U(Jbf - Inb)], . (8:28)' 

with the charge per unit length 

QcwW, t) - Q s (t - bi/r/c)[U(bi/r) - U(br/r - 2 itb)] - <5(W [ Is(t')dt' 

-f- 8(b\j/ — 2j zb) f T s (t' — 27 zb/c)dt! y 
Jt'ss - 00 


(8.29) 



Fig. 8.24. Traveling-wave, circular loop antenna as a combination of basic traveling-wave 
elements. • 


where Q s and I s satisfy (8.9). The radiated electric field of the loop can be calculated 
by inserting this current directly into Equation (8.2). The resulting integral then has 
to be evaluated numerically [15, 16]. We will follow a simpler approach: We will 
consider the loop to be composed of a large number of basic traveling- wave elements 
and obtain the radiated field of the loop by summing the fields of the individual 
elements. We will confine our discussion to the field in the plane of the loop and 
describe this field in terms of the coordinates r, 0 with origin at the source. 

The loop is modeled by a large number, n, of basic traveling- wave elements 
placed end to end as in Figure 8.24. The length of each element is 

h — 2b sin(,S/2), (8.30) 

with . ’ ■ ’ : ‘ 


8 = In/n. 


(8.31) 


The other parameters needed to determine the field (8.23) of an element are 


dt = 2 b sin [(i - 1)5/2], i = 1, . : . , n, 


(8.32) 


Pi = (i - 1)^/2, 


(8.33) 


V, = (i - 1/2)5, (8.34) 

and 

t oi — z a (i — 1) sin(<$/2). ! (8.35) 

Here the characteristic time fbr the antenna is taken to be x a — '2b /c. As with the 
model for the simple bend discussed earlier, we assume no reflection of the pulse 
along the loop and no accumulation of charge along the loop. 



Fig. 8.25. Radiated electric field of traveling-wave, circular loop antenna. Excitation is a 
Gaussian pulse of current: r/r a = 0.076, r a = 2 b/c. 


The radiated electric field in the plane of the traveling- wave loop is the sura of 
the fields of the individual elements: 

... 

- X, {f - toi - [r - di cos (0 - Pi)]/c - (h/c)[l -cos(<9 - y,)] 

• ■ (8.36) 


This field is graphed in Figure 8.25 for a loop excited by a Gaussian pulse of current 
(8.20) with r/r a = 0.076. For this numerical example, the loop is composed of 
n = 65 elements; however, the results change negligibly when more elements 
are used. There are three wavefronts for the radiation. The spherical wavefront 
W\ is centered on the source, and the spherical wavefront W 3 is centered on the 
termination, which is at the same location as the source. Hence, the dashed lines 
for these two wavefronts he on concentric circles, and they are always separated 
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Fig. 8.26. Radiation from traveling-wave, circular loop antenna. 


by the time it takesfor light to travel the circumference of the loop, jrr a = 2 nb/c. 
The remaining wavefront W 2 is a result of the curvature of the wire. Its time of 
arrival relative to W\ changes with the angle of observation, 9. 

Wavefront W 2 appears to originate at the point on the loop where the tangent 
line to the loop points in the direction of observation, as indicated in Figure 8.26. 
There are actually two diametrically opposite points that fit this description. It is 
the point at which the ! current pulse is traveling toward the observer that concerns 
us, the point marked A. Erom this figure, we see that W 2 is delayed in time from 
W\ by the amount (9 - sin 9)b/c = x a {9 - sin 9)/ 2. 

To further illustrate this case, the results for the angle of observation 9 = 135° 
are shown in detail in Figure 8.27. The peaks in the electric field associated with 
the three wavefronts are well separated at this angle of observation. Notice that the 
field is spread out in time. This is because the radiation occurs continuously along 
the loop (there are no uncurved portions of wire). Again, we call attention to thfe 
similarity of this radiation to synchrotron radiation from a point charge moving on 
a circular path. 

Just as for the dipole, the loop can be configured to support a standing wave. 
The antenna would then be a continuous wire with the source inserted at one point: 
the structure shown in Figure 8.23 without the termination and with the end of 
the wire at ^ = in connected to the source. The source would introduce positive 
charge onto the wire at yjr = 0+ and negative charge onto the wire at ^ = 27T-, 
and waves of charge would travel around the loop in both the clockwise and the 
counterclockwise directions. If we assume that the waves of charge stop at the 
source after traveling once around the loop (a situation analogous to that shown 
in Figure 8.17a for the dipole), then the current for the clockwise traveling wave 
would be given by (8.28). The current for the counterclockwise traveling wave 
(pulse traveling in the - 1 ^ direction) would be 

TccM, 0 = ls[t - (?7T - f)b/c][U{bf) - U{b f ~2nb)\ (8.37) 
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. with the charge per unit length 12 

' Qccw(.f, t) = - (2» - t)b/c][U(bt) - UW - 2nb)] 

~.S(bf) f T,(t' - 2nb/c)dt' + 8(bi/s - 2nb) [ l s (t’)dt' . 

Ji'=-oo *—oo 


(8.38) 


The radiated electric field for this current is (see Problem 8.9) 

or /- ... >r-\ sin(0 + y,) ( f 1 

£ “ w(r ’ 0 ~ 4nr " 1 + cos(0 + y,) [ X ‘ (' “ ‘ oi ~ l r + d ‘ cos(6 + A>]/ c ) 


“ {' “ * a - [r + di cos (e + A)]/c - (A/c)[l + cos(0 + y,)] 

(8.39) 

where the parameters h, 8, d t t oi are the same as in (8.30)-(8.35). The total 

field for this standing-wave loop is the sum of (8.36) and (8.39). When the waves 

12 When both the clockwise and the counterclockwise currents are present, no net charge accumulates 
at the source {f = 0, hr). The terms in (8.29) and (8.38) that contain Dirac delta functions cancel. 
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of charge are partially reflected at the source, they can be treated as for the dipole. 
Additional terms similar to those in (8.36) and (8.39) then would be added to the 
field, with their amplitudes multiplied by the appropriate reflection coefficients and 
their times delayed by the appropriate amounts. A result analogous to (8.26) for 
the field of the standing-wave dipole antenna would be obtained. 

A glance at Figure 8.25 shows that the graphs for the field are quite complex even 
for a loop with a single (clockwise) traveling wave. When the additional traveling 
waves are added to represent the standing-wave loop, the graphs are even more 
complex, and it is difficult to obtain any additional physical information from them. 
Therefore, we will refrain from presenting graphs for the field of the standing- wave 
loop. * 


8.4 Other traveling-wave antennas 

The basic structure of the traveling- wave antenna can be altered in many different 
ways to change the radiated field [12]. In this way the performance of the antenna can 
be tailored to various applications. These alterations generally consist of changes in 
the geometry and material properties along the length of the antenna. This affects the 
current distribution and hence the radiated field. In this section we will examine two 
modifications of the basic traveling-wave antenna: the dipole with continuous re- 
sistive loading and the insulated linear antenna. Both of these antennas are intended 
for very special applications and are not in common use. They are chosen for ex- 
amination because of the interesting physical principles they illustrate. In addition, 
•their- examination further strengthens the analogy we haye observed between the 
radiation from amoving point charge and the radiation from simple wire antennas. 

8.4.1 Dipole antenna with continuous resistive loading 

We have seen that radiation occurs from a dipole antenna when the pulse of charge 
encounters the* source and ends of the wire. The radiated electric field then consists of 
a series of pulses whose relative location in time changes with the angle of observa- 
tion, as in Figures 8. 19 and 8.20. In certain applications, one would like the radiated 
field to be a single pulse; generally, this is to be the first pulse from the dipole, the 
one associated with the charge leaving the source. To eliminate the other pulses in 
the radiated field, the antenna must be modified to prevent abrupt changes in the 
waves of charge at the ends of the wire. Various methods have been proposed for 
this purpose. The one we will discuss places continuous resistive loading along the 
length of the conductors [10, 17-20]. The resistance per unit length has the value R* 
at the source and increases to infinite value at the open ends according to the formula 

R 1 

t) = z T 77 T, -h <z < h. (8.40) 

— 1 ~ \z\/h , 

For the proper choice of R ot the cuiTent on the top conductor of the dipole is 
approximately [17] 

l(z, 0 = Isit - z/c)( 1 - z/h)[U{z) 


- U(z - h)], (8.41) 


t/r a = 1.05 
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Fig. 8.28. Charge per unit length (a), current (b), and derivative of current (c) along dipole 
antenna with continuous resistive loading. Excitation is a Gaussian pulse of current* x /x a = 
0.076. 


with the accompanying charge per unit length 
Q(z, 0 = -l s (t - z/c){\ -z/h)[U{z) - U{z - A)] 

+ l W ~ z/c)dt' [C/ (z) - U (z — A)] - 5(z) J l s (t')dt'. 

(8.42) 


These are actually the current and charge for a basic traveling- wa>4e element with 
continuous resistive loading. Again, the dipole can be constructed from two ba- 
sic elements, as in Figure 8.15. The radiated electric field of the dipole is easily 
calculated as the sum of the fields from the two basic elements (Problem 8.10): 


0 = sin 0 ! -Tilsit - r/c)‘ 

47 vr [ suri 6 


~ r/c - <!>X1 ■ “ s 8 ) i*' 

(843) 

The charge per unit length, current, and the temporal derivative of the current on 
the top conductor of the dipole are shown in Figure 8.28 when the excitation is the 
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0 = 0 ° 



180° 


Fig. 8.29. Radiated electric field of dipole antenna with continuous resistive loading. Ex- 
citation is a Gaussian pulse of current; r/r fl = 0.076. 

Gaussian pulse (8.20) with r/r a = 0.076. The three times shown are for the pulse 
at the source, t /x a = 0.05, at the center of the wire, t/x a = 0.5, and at the open end, 
t /x a = 1 .05 . Notice that the current is a traveling- wave pulse that decreases linearly 
’ 4n amplitude as it moves along the conductor. This outward-going current is zero at 
the open end of the conductor (z = h)\ thus, there is no reflection at this point. The 
charge also contains a traveling- wave pulse that decreases linearly in amplitude as 
it moves along the conductor. However, after the pulse of charge passes, charge 
, remains on the conductor. Charge appears to leave the pulse to be deposited on the 
conductor. When the pulse reaches the open end (z = h), the total charge that has 
been deposited is equal to the charge that was initially in the pulse (z = 0). 

The radiated electric field for this case is shown in Figure 8.29. The dipole 
radiates a spherical wavefront, W \ , centered on the source. The electric field of this 
wavefront, particularly at broadside ( 9 = 90°), resembles the Gaussian pulse of 
the excitation with a “tail” appended. This is what we would expect from Equation 
(8.43). The first term in this equation is proportional to the excitation; the second 
and third terms are proportional to the integral of the excitation. A comparison 


• 578 


Radiation from thin-wire antennas 


• with Figure 8. 19. for the radiated electric field of the perfectly conducting dipole 
shows that the resistive loading has eliminated the distinct pulses associated with 
the reflection of the charge at the top and bottom ends of the conductor, W 2 and 
W v and with the stopping of the charge at the Source, tV 3 . 

For the resistively loaded dipole, radiation appears to originate along the entire 
length of the conductors (the “tail" on the waveform for 9 - 90° in Figure 8.29), 
whereas, for the perfectly conducting dipole, it only appears to originate at the 
source and ends. A comparison of Figure 8.28c with Figure 8.11c helps to explain 
this difference. Recall that the radiated electric field depends on the spatial integral 
of the temporal derivative of the current; for radiation in the broadside direction 
(' 6 = 90 °) depends on the spatial integral of (8.21). For a time when the pulse 
is out on the wire, such as t/x a = 0.5 in the figures, this integral is zero for the 
perfectly conducting dipole. However, it is not zero for the resistively loaded dipole; 
the areas under the positive and negative portions of the curve are not equal. 

Notice that the graphs for the radiated electric field in Figure 8.29 always have 
positive and negative portions, no matter what the angle of observation. A close 
examination shows that the areas under these two portions are equal. Another way 
to state this is to say that the radiated electric field has no zero-frequency (a) = 0) 
component to its Fourier transform. 13 

• This is a general property of any realistic radiated field. To see this, we will 
^evaluate the temporal integral of the radiated electric field for a wire antenna of 
general shape (8.2): 


Jt=-co 4nr J c L dt' j tf==tr 


dt s'ds' 


-Vo 
4 7i r 


(1 ~ Pf ) Ic ' = °° } ~ T ^’ 1 = 

(8.44) 


From this result, we see that there will be no zero-frequency component to the 
radiated field provided the total current on the antenna is initially zero (at t = -oo) 
and finally zero (at t = +oo). For all of the examples we have considered, this has 
been the case. However, examples can be set up where this is not the case. Consider 
a basic traveling- wave element with the step-function excitation l s (t) = l 0 U(t) 
(Problem 8.5). Now l(s\ t = -oo) = 0, whereas l(s\ t = oo) = 7 C ; thus,°there 
is a zero-frequency component to the radiated field. This is an unrealistic example. 
After the time t = 0, the source continually places charge at the ends of the element. 
An infinite amount of charge will be deposited at the ends by the time t = oo. 

The radiation from the resistively loaded dipole is also analogous to the radiation 
from a moving point charge. Consider a point charge (or group of point charges) 
initially at rest (at z = 0). It is quickly accelerated; then it moves with constant 


13 From (1.201), the zero frequency component of the Fourier transform is 
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Fig. 8.30. Insulated, traveling-wave linear antenna. 


velocity. At each point along the path of motion (a straight line), a small amount of 
the charge is brought to rest. By the end of the path (at z = h) all of the charge is 
stationary. As the charge is brought to rest along the path, it is decelerated, and it 
radiates. Thus, in addition to the radiation that occurs from the initial acceleration, 
radiation occurs continuously along the path. 


8,4.2 Insulated linear antenna 

The wire antennas we have been discussing have been surrounded by free space. 
When a pulse of charge is introduced on the antenna, it appears to move along the 
wire at a velocity equal to the speed of light in free space. In some applications, the 
antenna may be surrounded by some; other medium; for example, it could be buried 
in earth or immersed in lake water or sea water. For our purpose, we will assume 
the loss in this medium to be negligible so that we can model it as a dielectric 
material with the electrical parameters e e = £ re £o, Ve =: Vo, and < 7 * ^ 0. 14 Here 
the subscript e indicates the ‘‘external” medium. The speed of light in this medium is 


v e = c/y/eZ. 


(8.45) 


When we place our basic traveling-wave element in this medium, we expect the 
pulse of charge to appear to move along the wire at the velocity v e . 

Now we will modify the traveling- wave element by placing a concentric dielectric 
sheath around it, as in Figure 8.30. This configuration is called an insulated linear 
antenna. We will assume that the sheath has radius b and the following electrical 
parameters: e,* = e ri e 0 , \jh = fi Q , and o x w 0. Here the; subscript i indicates the 
“insulation.” The speed of light in the insulation is 


. v,‘ = c/y/e^i. (8.46) 

A thorough analysis of this antenna shows that when 

£re » S ri , (8.47) 

14 For natural materials like soil, and water, this may be a good assumption at some frequencies and 
a bad assumption at others [21]. 
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the pulses of charge and current on the wire will appear to travel with a velocity 
approximately equal to: the speed of tight in the insulation, v,- [21]: 

T(z;r) = Zs(t -z/vi)[U(z)-U(z-h)]. (8.48) 

Notice that (8.47) implies that 




(8.49) 


indicating that the pulse of charge appears to travel at a velocity greater than the 
speed of tight in the surrounding medium. 

A thorough analysis -also shows that when the insulation is not too thick, the 
electric field in the external medium can be calculated directly from the current 
(8.48); that is, the presence of the insulation can be ignored in the calculation [21]. 
The radiated electric field is then (see Problem 8.11) 


£ r (r, t) 


: n 0 v e sin 9 

; 4Ttr(v e /vi - cos 9) 


[ls(t - r/v e ) 


— l s [t - r/v e - (h/v e )(v e /vi cos0)]J$. 


(8.50) 


Figure 8.31 shows this field for the case where £ re /£ri = 6. 83, -or vt/v e = 2.61. 
The excitation is the Gaussian pulse (8.20) with r/r ai = r/(/i/u,) = 0.076. Notice 
that the field is fairly small except near the angle 9 = 67.5°, and at that angle it 
looks tike the derivative of the excitation (the derivative of a Gaussian pulse). We 
will call this angle Xc for reasons that will become apparent later. This observation 
is easily explained once we recognize that cos Xc = 0.383 = v./u,, which makes 
the denominator of (8.50) equal to zero at this angle. 15 ’ 

A careful examination of (8.50) shows that the electric field at 9 = y, is (see 
Problem 8.12) 


W = Xc) = gWl-Wn? — <t di r/V ‘\ (8.51) 

whereas that for the first pulse of the electric field at 9 = 90° is 

£g(6 = 90°) = - r/v t ). (8.52) 

For the Gaussian pulse (8.20), the ratio of the maximum values for these two fields is 



N max 
li \ 

dl;(t) 

max \£ r g (0 = Xc)l r. — ( r< 

max ]^(0 = 90°) | ^ {Ve,Vi) x 

T dt 

■ J max \l s (tj\ 


= Vl - (Vji>i ' (8.53) 

The longer the antenna, the greater the value of r oi /r = h/v,z and the more 


13 The ratio v,/v. was purposefully chosen to be 2.61, so that the maximum for the radiation would 
occur at one of the angles used for the graphs of the radiated field (0 = 67.5°). 
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0 = 0 ° 



Fig. 8.31. Radiated electric field of insulated, traveling- wave linear antenna with s r ei e ri ~ 
6.83. Excitation is a Gaussian pulse of current; r/r ai = 0.076. 

concentrated the radiation is about the angle Xc- For our example r a ,/r = 13.2, 
and the ratio (8.53) equals 10.4. 

Notice that the spherical wavefronts W\ and W 2 in Figure 8.31 cross at the angle 
for maximum radiation, 9 = Xc, despite the fact that the signal for wavefront W 2 
travels a longer path than the signal for wavefront W\ [longer by the distance h{\ — 
cos Xc)]- This crossing of wavefronts is a consequence of the velocity for the charge 
on the antenna being greater than the speed of tight in the surrounding medium. 
For the traveling-wave element in free space (Figure 8.12) these wavefronts cross 
at the angle 9 = 0°, where the radiated field is zero. 

The geometry associated with this example is shown in Figure 8.32. The direc- 
tion for maximum radiation is the angle 9 = Xc = cos ~ l (v e /vi). The wavefront 
associated with this radiation makes the obtuse angle 9 = 9 C = 7 r /2 -f Xc or the 
acute angle y\r c = n/2 - Xc with the direction of the current ( z. aids). Recall that 
we have seen this geometry before, when we discussed Cherenkov radiation in 
Section 6.4. A point charge moving in a straight line with a velocity v greater than 
the speed of tight c n in the surrounding medium produced radiation at the angle 
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Fig. 8.32. Geometry associated with radiation fforfi insulated traveling- wave linear antenna. 


X c = cos ~ l (c n /v) to the path of the particle (see Figure 6.38a). The radiation from 
the pulse of charge on the insulated antenna is thus analogous to the Cherenkov 
radiation from the point charge. 

This analogy , is developed further by considering the energy radiated by the 
antenna. With 


2,(0 (8.54) 

the Fourier transform of the radiated electric field (8.50) is 

E r (r, co) = — sine e -JUr + h/ 2 Mv,-com sinc[*,(A/2XW«/ -cosfl)]®//®^. 

1 . (8.55) 

where 

k e = co/v e . (8.56) 

Here the sine function is as defined in (3.62). The total energy radiated per unit 
frequency by the antenna is 16 

dw 2 r 


da) 


2 fin rn 

= — / / Re [S r c (r, cu)l • rr 2 sin 0d6d<t> 

7r J (ff — o J 0=0 


= ^2^ -a,2 !^( < “)| 2 ^ {sinc[fc e (/j/2)(u e /u; - cos0)]J sin 3 0<10. (8.57) 


16 The factor of 2/rr appears because of the relationship between the energy per unit frequency and 
the Poynting vector expressed in terms of the Fourier transform of the field (1.216). 
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With the change of variable 

u = k e (h/2)(v e /vi ~ cos 0), 

this becomes 

dW LL~h o /*M*/2)( l+U./U*) nr 

7^ = 4 ^ 2 " 7 *<"> / |sinc(«)| ( 1 - [ti e /v, - k/(M/2)] W 

47r J-k e (hm\-v e /vi) 1 J J 


(8.58) 


Now we will assume that the antenna is very long, so that k e h » 1 at all of the 
significant frequencies for (8.58). Then we can approximate the integrand and the 
limits to obtain 

w ~ ive/vt) 2 ]a)\l s (ei )) \ 2 J |sinc(M)| 2 ^. (8.59) 

After evaluating the definite integral (its value is n [22]) and dividing by the length 
h, we obtain our final result, the energy radiated per unit length per unit frequency 
by the antenna: 

^^^[!-(Wv i ) 2 ]H/ J (cb)| 2 . (8.60) 

Notice that we have the factor co in this expression, which 'is characteristic of 
Cherenkov radiation; compare (8.60) with (6.158). 

For a GauSsian pulse of current, we have 


lAt) = I 0 e- (,/r ? <+I s (co) 


qe 


—(fot/2) 1 


(8.61) 


where q is the total charge in the pulse: 


-f 


T s (t)dt = Jnx I Q . 


(8.62) 


After substituting for I a (a>% (8.60) becomes 

. >> 

On letting v t / v e — ► p n and r — ► T 0 , this is seen to be the same as our earlier result 
for the energy per unit path length per unit frequency of Cherenkov radiation from 
a bunch of charges (6. 166). 17 


8.5 Harmonic time dependence; examples 

The results we have obtained for thin- wire antennas are easily specialized for the 
case of harmonic time dependence. When the current of the source varies harmoni- 
cally in time, all of the other electromagnetic quantities associated with the antenna 


17 Our calculation for the radiation from the insulated antenna is essentially the same as that used 
by others to estimate the Cherenkov radiation from a charge moving with a constant velocity on a 
path of finite length [23-25]. 
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also vary harmonically in time, and they can be expressed in terms of phasors. The 
total current at any point s on the thin- wire antenna of Figure 8 . 1 is given by the 
phasor 

/ I(s) = |/(j)|«^W; (8.64) 

that is, . - 

X(s t t) = Re [l(s)e ja)t ] = \l(s)\ cosftur 4- 0(.y)]. (8.65) 

The vector phasors for the radiated field are obtained by inserting (8.65) into (8.2) 
and (8.3): 

E r (r) = £ I(s 'yjK??' p/ _ (8.66) 

B r (r) =? — r x E r (r) = ZJ^tl e -jk„r f x j' )ds \ (8 . 67) 

c 4ncr J c 

These expressions can be used to determine the radiated field of a wire antenna of 
general shape once the current distribution is known. - 


8.5.1 Basic traveling-wave element 

For the basic traveling- wave element, the current associated with source (8.9) is 
now 18 

* X(0 = Re \l s e Ja)t ] = I p cos (eat 4- 0*), . ‘(8.68) 

where the phasor is 


•' Is = I P e J *•. (8.69) 

The total current on the element is just the outward-going wave associated with 
1,(0. (8.14): 

2(z, 0 = Re [l{z)e i<D< ] = I p cos (cot - k a z + f,)[U (z) - t/(z - h)] , (8.70) 

where the phasor is 

Hz) = I s e-J k ' z [t/(z) - C7(z - A)]. (8.71) 

The vector phasor for the radiated electric field can be obtained by inserting this 
current into (8.66) and performing the indicated integration, or, more simply, by 
using (8.68) in (8.19): : 


E r (r) = 


H 0 c sin 9 


- jk ° r Is[ 1 - . 


-jk 0 h(\-cos6 


4nr(l — cos 0) 

= j^ k ° hIs e r-jk 0 r e -ikoh( l-cos«)/2 sin6 , S j nc [> 0 /,(1 _ cos 6)]2\§ . (8.72) 


18 Here the subscript p is used to indicate the peak value for the time- varying current. 
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The time-average power per unit solid angle radiated by the element is then 

Wad 
dtt 


=*e(r 2 ^ = ^|rl'| 2 


io(koh) 2 ll * 7r , 

= — 32^2 " ~~ sin2 ^ sinc2 [^^(l - cos 6)/ 2], (8.73) 


and the total time-average power radiated is (see Problem 8.14a) 

p2n pit 

(Prad) = / / 

J<p = o Je= 

Sol, 


d{“P rad) . JJL 
— — — sm OdOdd) 
=o dQ, Y 


= [y ~ 1 + ln(2 k 0 h) 4- sinc(2M) - Ci(2 k 0 h )\ , (8.74) 


where y = 0.57721 ... is Euler’s constant and Ci is the cosine integral [26]: 

’ C z cos u — 1 

Ci(z) = y 4- ln(z) 4- / du. (8.75) 

Jo w 

The directivity of the element at the angle 6 is readily obtained from these results 
and (3.115): 


D(0) = 


4tt r d(v„ d m ] 
<7>rad> L dn J 


(k 0 h) 2 sin 2 9 sinc 2 [fc 0 /i(l - cos 9)/2] 

~ 2[y — 1 + ln(2M) + sinc{2k 0 h) - Ci(2 k 0 h)) * ( 1 ) 

An examination of (8.73) shows that an electrically short element [k 0 h <£ 1) 
has the patteitj of the infinitesimal electric dipole (jd(V Ta d)/dto a sin 2 0). As the 
electrical length of the element is increased, the major lobe of the pattern in the 
vertical plane moves from 0 « tt/2 to smaller angles. The radiation is said to 
become more “end fire” as the electrical length of the element is increased. This 
trend is illustrated in Figure 8.33 , where patterns are shown for elements with lengths 
in the range n < k 0 h < 8;r (0.5 < h/X 0 < 4.0). The directional characteristics 
of the radiation for the element with k 0 h = 87T (h/X 0 = 4.0) are shown in more 
detail in Figure 8.34. Here the radial distance in the direction 0,0, measured from 
the origin, is proportional to ^('Prad)/^- The radiation from the electrically long 
element is seen to be a hollow, conical beam, centered on the axis of the element. 

Figure 8.35 shows the maximum directivity (Anax)> the angle at which this 
. directivity occurs (0 ma x), and the half-power beamwidth for the lobe in this di- 
rection (BW), all as functions of the electrical length of the element k 0 h C h/k 0 ). 
The trend mentioned above is evident in these results: The radiation monotonically 
becomes more “end fire” with a higher directivity and a narrower beamwidth as 
the electrical length of the element is increased. Notice that, as expected, in the- 
limit as k a h -* 0, the directivity becomes that of the infinitesimal electric dipole 
(Anax ~ 1.5 at 0 max = 90°). i 

The directive characteristics for the element with time-harmonic .excitation can 
be explained using the ideas we introduced earlier when we discussed thin- wire 
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kji-4w (h/X 0 = 2.0) k,h ** 8tc (hA, o = 4.0) • 

Fig. 8.33. Patterns for the radiation in the vertical plane for basic traveling-wave elements, 
diV^/dQ. 



Fig. 8.34. Directional characteristics of the radiation from basic traveling-wave element, 
d{Vrzd)/d^: k 0 h’= 8 n ( h/X 0 = 4.0). 

antennas with pulse excitation. The multilobed structure of the pattern is a result of 
radiation from the source end of the element interfering, constructively and destruc- 
tively, with radiation from the termination end of the element. This is illustrated 
schematically in Figure 8.36 for destructive interference. The drawing shows the 
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basic traveling-wave element. Drawing is for the field in space at a fixed time. 

variation of the field in space at a fixed time. For this example, the length of the 
element is h/\ 0 - 2.0 and the angle of observation is 0 = 60°. The half cycles of 
the cosinusoid marked A in the figure left the source at the same time, as did the half 
cycles marked B at a later time. The radiation from the termination end is delayed in 
time from that from the source end, because the former has to travel the extra length 
7z(l - cos 0). This is why the. two half cycles marked A in the figure do not line up. 
Notice that there is a sign reversal for the radiation from the termination end. 

For the case shown in Figure 8.36, the radiation of the half cycle A from the 
termination end cancels the radiation of the half cycle B from the source end, and 
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so on. This produces the null in the pattern at this angle of observation. In a similar 
manner, at another angle of observation, the radiation from the termination end adds 
to the radiation from the source end to produce a peak in the pattern. Recall that this 
interference phenomenon does not occur when the basic traveling-wave element 
is excited by a single pulse, as in Figures 8.12 and 8.13. The pulses radiated from 
the source end and the termination end only overlap at one angle, 0 = 0°, and at 
that angle the net radiation is zero. It is the repetitive nature of the time-harmonic 
excitation that allows interference of radiation that originated at different times 
from the source and termination ends of the element. 

In our simple analysis, we have neglected the fact that the current wave will 
experience some attenuation as it propagates along the element. This attenuation 
will be most pronounced for very long elements and will cause some change in the 
characteristics of the radiation. In addition, we have not addressed the important 
practical problems of how a source will be constructed to launch a traveling wave on 
the element and how a termination will be constructed to absorb the wave without 
reflection [12, 27]. 

When the basic traveling^wave element is displaced from the z axis, as in Fig- 
ure 8.14, the radiated electric field is given by (8.22} and (8.23). For harmonic time 
dependence, these equations become: 

E r (r) = ~ ' ^ r S [( cos / sin 6 — sin y cos £ cos (p)§. + (sin y sin <£)<£] 

gjk 0 d(sm fi sin 6 cos <P+cos P cos 0)g— jk 0 h{\ — sin y sin 9 cos 0— cos y cos 9 )/ 2 

sinc[^)i(l — sin y sin 0 cos 0 - cos y cos 6)/ 2] (8.77) 

and * 

E r (r) = 1* c -j(k 0 r+g>t a ) e n k„d cosffl-flWJb^f 1 — cns(fl -Y)]P) 

Anr 

sm(0-j/)smejfc„/i[l-cos(0->O]/2}0. (8.78) 

8.5.2 Long-wire antennas 

The field pattern of the electrically long, basic traveling-wave element has the de- 
sirable feature of being almost unilateral with moderate directivity. However, the 
hollow, conical shape of the pattern is usually not desired; one would rather have a 
solid beam. In the early days of high-frequency radio communications, a number of 
antennas based oh the traveling- wave element were proposed and tested [28]. These 
antennas usually combined a few traveling-wave elements to produce a pattern with 
the desired shape. As a class, they are often referred to as “long-wire antennas” [29]. 

The basic idea of combining traveling-wave elements to synthesize a directive 
pattern is illustrated in Figure 8.37, where results are shown for a traveling- wave' 
V dipole [30, 31]. This is essentially a dipole with the arms inclined to form the 
interior angle a, and it is easily analyzed using two basic traveling-wave elements 
(Problem 8.6). When a = 2 0 max , the conical beams of the two arms (basic traveling- 



Fig. 8.37. Traveling-wave V dipole antenna. Fields from two basic traveling-wave elements 
combine to produce the directive pattern in the vertical plane. Patterns are for d(P rad) /hft: 
h/X 0 = 2.0, a = 70°. 



Fig. 8.38. Directional characteristics of the radiation from the traveling-wave V dipole 
antenna, d{V T& (\)/dCl\ h/X 0 = 2.0, a = 70°. The V dipole is in the x-z plane. 


wave elements) are superimposed in the vertical plane (plane of the elements) to 
increase the directivity. The results in Figure 8.37 are for a V with h/X 0 = 2 and 
a « 2 0 raax = 70°. The full pattern for this antenna is shown in Figure 8.38. Notice 
that the beamwidth in the horizontal plane ( x-y plane) is much larger than that in 
vertical plane (x-z plane, the plane of the V). 

One of the most successful and historically most important long-wire antennas is 
the horizontal rhombic shown in the sketch of Figure 8.39a [5, 32—38]. It is formed 
by placing the wire on the perimeter of a rhombus of side length h and acute, interior 
angle a (obtuse, interior angle n — <x). The source is located at one comer and a 
termination, usually a resistance, is located at the opposite comer. The plane of the 
rhombus is at the height s above the surface of the Earth. 
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Fig. 8.39. a) Geometry for horizontal rhombic antenna, b) .Schematic drawing showing 
communication by ionospheric reflection. 


The isolated rhombic antenna is analyzed as four basic traveling- wave elements 
(Problem 8.15). The Earth is modeled as a perfect electric conductor, and its effect 
is included using image theory. The rhombic and its image (a similar antenna with 
all currents in the opposite direction to those in the rhombic) are treated as an array. 
The field of the rhombic over the Earth is obtained by multiplying the field of the 
isolated rhombic by an array factor similar to the ones used for the dipole arrays 
discussed in Section 7.5. 

The directional characteristics of the radiation from the horizontal rhombic an- 
tenna can be tailored to a particular application by adjusting the three parameters 
h/k 0 , s/k 0 , and a. The antenna can be designed to produce a directive beam at a 
low angle of elevation A (in Figure 8.39, the angle in the vertical plane measured 
from the x axis).. This characteristic makes this relatively simple antenna well suited 
for high-frequency (3 MHz to 30 MHz) communication by ionospheric reflection 
(Figure 8.39b). 19 It was for this application that the rhombic antenna was popular 
in the early days of radiotelephone communications [35]. 

In Figure 8.40 patterns for the horizontal component of the electric field calcu- 
lated using the simple theory based on basic-traveling wave elements are compared 
with measurements. The measured data are for a model antenna studied during the 
early development of the horizontal rhombic [32]. 20 The parameters for the antenna 
aich/\ 0 = 3.25, s/k 0 = 0.5,anda = 64°, and the pattern in Figure 8.40b is for the 


19 The vertical plane pattern shown in Figure 8.39b is for the magnitude of the horizontal component 
of the electric field of an antenna with h/X 0 = 6, s/k 0 = 1.1, and a = 40°. 

20 These are patterns for the magnitude of the horizontal component of the electric field, not for the 
time-average power per unit solid angle. In the original graphs [32], the theoretical curve for the 
vertical plane pattern was corrected for the finite distance between the rhombic antenna and the 
dipole antenna used to measure the pattern. Here the experimental points have been corrected for 
this effect, and the theoretical curve is for the ideal situation. 



Fig. 8.40. Comparison of theoretical (left) and measured (right) electric field patterns for 
horizontal rhombic antenna: h/X 0 = 3.25, s/k 0 = 0.5, a = 64°. a) Vertical plane, b) Hor- 
izontal plane, with angle of elevation A = 2.7°. (Measured data from Bruce et al. [32].) 


angle of elevation A = 2.7°. The reasonable agreement demonstrates the adequacy 
of using the simple theory for describing the radiation from this antenna. In fact, 
this theory was used by early investigators to produce extensive design data for the 
horizontal rhombic antenna [35]. 


8.5.3 Standing-wave dipole 

Recall that the standing-wave dipole is one with open; ends, at which outgoing waves 
of charge and current are assumed to be totally reflected. When the first reflected 
waves from the open ends ate assumed to stop at the source, as in Figure 8.17a, the 
total current on the top conductor of the dipole is simply the sum of one outgoing 
wave and one reflected wave: 

T(z, tj= [l s {t - z/c) - I s (t + z/c -r 2 h/c)\ [U{z) - U(z - *)]. (8.79) 

For a time-harmonic source (8.68), this becomes 

X(z, t) = Re [l(z)e Ja)t ] = -2 I p sin[fc 0 (/i - z)] sin (cot — Jc 0 h + ij/ s ) 

' X (8.80) 

where the phasor is 

I(z) = 2jI 5 e~ Jk ° h sin[> 0 (/i - z )][[/(z) - U(z - A)]. 


(8.81) 



1.00 0.75 0.50 0.25 0.00 


(h - z)A, o 

Fig. 8.41. Current distribution on top conductor of standing- wave dipole antenna; h/X 0 = 
1.125. 

It is convenient to express the current distribution (8.81) in terms of the phasor 
I 0 for the total current at the source: 21 

< 8 - 82 > 

where 

Io = I (0) = 2 jl s e~ jk ° h sin (k 0 h). < (8.83) 

If we had assumed that a portion of each wave of charge approaching the source was 
reflected, as in Figure 8. 17d, only the term I 0 would be modified in the distribution 
for the current (8.82) (Problem 8.16). This term would then become 

lo = 2jl, sinCM) ^ _ * : . (8.84) 

where Rq is again the reflection coefficient for a wave of charge at the source. 

Figure 8.41 is a sketch of the current (8.80) on the top conductor of a dipole 
antenna of length h/X 0 = 1.125. The distribution of current along the conductor 
is shown for several times during one cycle of a temporal oscillation: The relative 
spatial distribution of the current is seen to be fixed, with the peak values (the 
maxima of |J|, which equal 2 I p ) and the nulls (the zeroes of \1\) always occurring 
at the same locations! Adjacent peaks are separated by the distance X 0 /2 , as are 
adjacent nulls. This behavior is caused by the factor sin[fc 0 (/z —z)] in (8.80). The 
distribution shown in Figure 8.41 is known as a standing wave, which explains the 
name standing-wave dipole. 


21 It is important to distinguish the various currents we have introduced. l s is the phasor for the current 
associated with the outward-going wave from the source (8.69), and I p = |£| is the modulus of 
this current I a is the phasor for the total current at the source, that is, the sum of the currents 
associated with all of the outward- and inward-going waves at the source. 
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The vector phasor for the radiated electric field is most easily, obtained by using 
(8.68) with (8.83) in (8.25). After combining terms, we find 


E r {r) = 


j^odp _ jkor cos(k 0 h cos G) - cosfe/i) 
2nr l sm(k 0 h)smO 


The time-average power per unit solid angle radiated by the dipole is then 


(8.85) 


d(V rad) _ Sp\Ip\ 2 T co s(k 0 h cos G) — co s(k 0 h) 1 2 . 
d£l 87T 2 [ - sin(k 0 h) sin G J * 

. and the total time-average power radiated is (see Problem 8.14b)' 

(Pm) = 7" fol 2°r rr | Y + M2koh) - Ci(2 k 0 h) 

4 7i sm* (k 0 h) [ 


+ l - o.os(2k 0 h)\y + In {k 0 h) + Ci(Ak 0 h) - 2Ci(2 k c h)] 
+ ^ sin(2* 0 A)[Si(4/: 0 ft) - 2Si(2* o >0] , 


(8.87) 


where Ci is the previously defined cosine integral (8.75) and Si is the sine inte- 
gral [26]: 


x f z sinw 

Si (z)= / du. (8.88) 

Jo u 

The directivity of the standing-wave dipole at the angle 6 is readily obtained from 
these results and (3.115): 




| y + ln(2k 0 h) — Ci(2/c„h) 

+ 1 cos(2fc 0 A)[y + ln(k a h) + Ci(4 k 0 h) - 2Ci(2k 0 h)] 

+ ^ sin(2/: D A)[Si(4A: < ,/i) — 2Si(2fc 0 A)] j . (8.89) 

The directive properties of the radiation from the standing- wave dipole are exam- 
ined in Figures 8.42 and 8.43. The former shows vertical plane patterns for dipoles 
•of various length; the latter shows the maximum directivity (£> ma x), the angle at 
which this directivity occurs (0 max ), and the half-power beamwidth for the lobe 
in this direction (BW), all as functions of the electrical length of the element k a h\ 
(h/Xp). The patterns are seen to be maximum in the horizontal plane ( 0 max = 90°) 
for lengths 0 < k 0 h<4A (0 < h/X o <0.7). In this range of k 0 h t the directivity 
steadily increases from the value D ma x = 1.5 (1.76 dB) for the electrically short 


■4 


cos(k 0 h cos G) — co s(k 0 h) 
sin G 
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k,h = n (h/X, = 0.5) 




k,h-1.57c (h/Xi-0.75) k.h-2n (h/X.~ 1.0) 

Fig. 8.42. Patterns for the radiation in the vertical plane for standing-wave dipole antennas, 
d (Pmd)/dn. Insets show measured patterns. (Measured data from Reich [39].) 


dipole, and the beamwidth steadily decreases. For the half-wave dipole (k Q h = n /2, 
h/k Q = 0.25), the directivity is D max = 1.64 (2.15 dB), whereas for the full-wave 
dipole (k 0 h = tt, h/k 0 = 0.5), the directivity is D max = 2.41 (3.82 dB). 22 

At a length near h/k 0 = 0.7, the curves for 0 raax and BW in Figure 8.43 are 
discontinuous. This is caused by the maximum of the pattern abruptly shifting 
from 0 max = 90° to a smaller angle; compare the patterns for h/k = 0.5 and 
h/k = 0.75 in Figure 8.42. The pattern is seen to change from one with a single 
lobe at 6 = 90° to one with large lobes at 9‘& 42° and 138° and a small lobe at 
6 = 90°. For tie length h/k = 0.75, the radiated energy is spread over several 
lobes; hence, the directivity D max is less than that for the length h/k 0 = 0.5, 
where the radiated energy is concentrated in one lobe. This behavior is repeated 
periodically, as the length of the dipole is increased, with the angle 0 raax abruptly 
changing from a larger value to a smaller value. 

When we ignore the variations that occur over regions roughly k 0 /2 in extent, 
we see that the overall trend for the directive properties of the standing- wave dipole 
is similar to that for the basic traveling-wave element (compare Figures 8.35 and 
8.43). The radiation becomes more end fire with a higher directivity and a narrower 
beamwidth as the length of the dipole is increased. However, the patterns are sym- 
metric about 6 = 90° for the standing-wave dipole, whereas they are not for the 
basic traveling-wave element (compare Figures 8.33 and 8.42). 

The inset in the upper right of each drawing in Figure 8.42 shows a measured 
pattern for the dipole [39]. For these measurements, the wire fo rmin g the dipole was 

22 The terminology “half-wave dipole” and “full-wave dipole” refers to the total length of the dipole, 
2h, being one half wavelength long and one wavelength long, respectively. 
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h A„ 



Fig. 8.43. Maximum directivity, Dmax, of standing- wave dipole antenna versus electrical 
length, k c h ( h/k a ). # ma x : angle for maximum directivity. BW: half-power beamwidth. 

very thin (a / h = 1.81 x 10“ 3 ). The reasonable agreement between the theoretical 
and measured patterns shows that the simple theory: is adequate for describing the 
radiation from these dipoie antennas. 

In practical applications, one usually wants the maximum of the pattern for the 
radiation to be In the horizontal plane (0 max = 90°). Hence, standing-wave dipoles 
with length h/k 0 < 0.5 are generally used; the half-wave dipole, with h/k a = 0.25, 
is the most popular. 
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8.5.4 Resonance and the half-wave dipole 

So far we have been concerned mainly with the relative directive properties of an 
antenna, that is, how the radiation is distributed in space. We have said little about 
the absolute magnitude of the radiation. The directive properties are controlled by 
the relative distribution of the current along the wire of the antenna.' For example, the 
differences in the directive properties of the basic traveling-wave element and the 
standing-wave dipole are due to the differences in the traveling- wave and standing- 
wave current distributions on the straight wire. The magnitude of the radiation is 
controlled by the magnitude of the current. Clearly, if we double, the magnitude 
of the current While the relative distribution of the current remains constant, the 
radiated electric field (8.2) will double, and the time-average power radiated per 
unit solid angle je.g. (8.73) or (8.86)] will quadruple. . . 

To obtain a physical understanding of how the magnitude of the current on the 
standing-wave dipole ;can be increased, we will first consider' the case of pulse 
excitation. In Figure 8-44 we show tjie charge distribution (charge per unit length) 
on the conductors of the dipole at several different times. When the dipole is excited 
by a single Gaussian pulse of peak amplitude Q 0 , the distribution is the one shown 
in black in the figure. The source places charge on the conductors: positive charge on 
the right conductor (z > 0) and negative charge on the left conductor (z < 0). The 
pulses travel out along the conductors, as in Figures 8.44a and b, until they reach 
the open ends where they are reflected; they then travel in toward the source, as in 
Figures 8.44c and d. At the source, the pulses are reflected; recall the discussion 
associated with Figure 8.17. After reflection, pulses of peak amplitude RqQ 0 (black 
in the figure) travel outalong the conductors, as in Figures 8.44e and f. In the figure, 
we have assumed that the reflection coefficient for the pulse is Rq = —0.5. 

Now we will consider the case where the excitation is the train of Gaussian pulses 
shown in Figure 8.45a; The period of the waveform is T, and each period consists 
of a positive and a negative pulse separated by the time Tf 2. We can maximize the 
waves of charge and current on the dipole by choosing the period of this waveform 
correctly. We should excite the dipole with the negative pulse just as the reflection 
of the positive pulse (which is negative, because Rq is negative) is leaving the 
source. This situation is shown by the white pulses in Figures 8.44e and f. Because 
the time for a pulse to travel from the source to the open end of the dipole and back 
is 2x a .= 2/i/c, this means that we should choose 7/2 = 2/i/c, or T = 4 h/c. Every 
pulse we apply to the dipole will then be timed so as to reinforce the wave of charge 
traveling along the conductors. 

The waveform for time-harmonic excitation is the' cosinusoid shown in Fig- 
ure 8.45b. For reinforcement of the wave of charge on the dipole, we must choose 
the period of this waveform as we did for the train of Gaussian pulses: T = 4/z/c. 
Since T = l/f = X 0 /c for the cosinusoid, the length h of one arm of the dipole 
must be h = k 0 /4. This is the half-wave dipole; the total length of the dipole is one 
half of a wavelength: 2 h = X 0 /2. The condition we have described in which each 
cycle of the excitation reinforces the waves of charge and current on the dipole is 
called resonance. 
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b) 



-c) 



e) 




; -4 

f) 

Fig. 8.44. Charge per unit length along standing-wave dipole antenna at various times. 
Excitation is a Gaussian pulse (black) or train of Gaussian pulses (black for (a)-(d), white 
for (e) and (f)); Rq = -0.5. 




Fig. 8.45. Waveforms for excitation, a) Train of Gaussian pulses, b) Cosinusoid (harmonic 
time dependence). 
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The current distribution on the standing-wave dipole with time-harmonic exci- 
tation is (8.82) with (8.84): 

r e- jk * h 1 * 

IU) = 2 jl, [ [ - _ RQe -^ h \ sin M ~ (i) - V(z - h)]. (8.90) 

The magnitude of this current is 23 


; 1/001 = 2/, 


| sin [k 0 (h - z)]\ 


[1 + rI~2R q cos(2i k 0 h)]V 2 ' 


(8.91) 


We can maximize the current by minimizing the denominator of this expression. 24 
When Rq is negative, —1 < Rq < 0, the denominator is a minimum for cos(2 k 0 h) 
= -*1; that is, 


2 k 0 h = (2 n + 1)tt, (8.92) 

or 

. h = (2n -f l)X„/4, n = 0, 1 , 2 (8.93) 

For n = 0, this is just the condition for resonance we obtained from the physical 
argument above (the half-wave dipole): h = X 0 /4. 

The current distribution for the half-wave dipole is 

/;(z) = 27, cosfe^jj- 1 ^ j [(/(z) - U(Z - h)\ (8.94) 

Notice that there, is a problem with this expression when Rq = -1 (Tq = i): 


The § current becomes infinite. This is the case of total transmission for the wave of 
charge at the source (Figure 8.17b). It corresponds to an antenna with no damping 
of the waves of charge and current. This failure points out a major shortcoming of 
this simple model. All of the damping in the model is associated with the partial 
transmission (partial absorption) at the source; the damping due to radiation of 
energy from the antenna is not included. 

For harmonic time dependence, the input impedance, Z, of an .antenna proves- 
to be a quantity of practical interest. It is a measure of how easily an antenna can 
be excited by a voltage source, since 7(0) = VfZ, where V is the total voltage. 
In Figure 8.46 we graph the impedance for a standing-wave monopole antenna, 
Zmono = ^mono + j^mono, as a function of the electrical length, k a h (h/k 0 ). The 
configuration is that in Figure 1.45 with b/a = 2.30 and h/a = 65.8. Recall from 
the discussion in Section 7.2 that the impedance of the dipole is approximately 
twice that of the monopole (Zdi p ~ 2Z mono ); therefore, these results can also be 
used to estimate the impedance of the dipole. The solid lines in the figure are 


23 Here, as in our earlier discussion (Section 8.2), we are assuming that Rn is a real number -1 < 
Rq < 1 . 

24 Here we have assumed that the range for z includes a value for which |.sin[i( D (A - z)]| = ~1. ' 



0.0 0.5 1.0 1.5 

k o h 


h/X . : 

O 



Fig. 8.46. Input impedance of cylindrical monopole antenna versus electrical length k a h 
(h/k 0 ): b/a = 2.30, h/a = 32.8/ (Theoretical results from Maloney [40]. Measured data 
from Scott [41] ; ) « 


accurate calculations made with the finite-difference time-domaia (FDTD) method 
discussed in Section 1.6, ^and the solid dots are measured data [40, 41 J. 

Notice that the first zero for the reactance, X mono , occurs! at 1.44 (h/X 0 »' 
0.229). This is a convenient point at which to operate the antenna, because the 
input impedance is then a pure resistance of reasonable value. This length is called 
the “resonant length” and the corresponding frequency the “fesdnant frequency” 
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of the monopole [42]. 25 As the antenna is made thinner (a/ h.-+ 0) this length 
approaches a quarter wavelength, k Q h = n/2{h/\ 0 = 0.25), the length we obtained 
for resonance with our simple argument. Hence, the terms quarter-wave monopole 
(half-wave dipole) and resonant monopole (resonant dipole) are often used to mean 
the same thing - an antenna whose length has been adjusted so that the reactive 
part of the input impedance is zero. 

It is tempting to try to estimate the input impedance of the standing- wave dipole 
antenna from the simple theory that assumes the sinusoidal distribution for the 
current (8.81). Using the approach we introduced earlier for the electrically short 
linear antenna (Section 7.2), the radiation resistance (the input resistance for the 
perfectly conducting antenna) can be obtained directly from the total time-average 
radiated power (8.87): 

1 9 

^rad c^p = (^rad)i (8.95) 


or 


p _ 2 ^ad) 
A ra d dip - 2 

Mol 


Ko 

In sin 2 (k 0 h) 


\y +\n(2k 0 h)-C\{2k 0 h) 


+ 1 co s(2k 0 h)[y + ln(fc 0 /i) + Ci(4k 0 h) - 2Ci(2k 0 h)] 

(8.96) 

This result is graphed as a dashed line in Figure 8.46 (actually one half of this result, 
since the figure; is for a monopole). It is seen to disagree with the measured results 
and the accurate theoretical results except for electrically short monopoles, that is, 
for k 0 h < 1 .0 ( h/\ 0 <0.1 6). An obvious problem is that the value of Equation (8.96) 
becomes infinite whenever sin(k 0 h) = 0; in the figure this occurs for the half-wave 
monopole [k Q h'= n ( h/X 0 = 0.5)]. 

For the quarter-wave monopole, this formula gives R rad ra0Q0 & 36.5 ft (for the 
half-wave dipole 7? rad « 73 ft). From Figure 8.46, we see that this resistance is 
close to the actual resistance at resonance (R mono ^ 36.7 ft), and so it is often used 
as an estimate for the actual resistance at resonance. 26 


+ i sin(2fc o /i)[Si(4yfc o /0 - 2Si(2Jt 0 /i)] j . 


25 Resonance for the antenna is defined as in circuit theory to be the frequency (value of k 0 h — coh / c ) 

at which the input impedance is purely real. Near resonance the curves for R mono and X mo 'no' in 
Figure 8.46 are similar to those for the impedance of a series resonant circuit (a resistor,* inductor, 
and capacitor in series); • * 

26 A detailed analysis for:the thin-wire, linear antenna shows that the input resistance is generally 
sensitive to the radius of the wire; an exception is the resistance near resonance [42]. As we have 
already mentioned, the -characteristics of an actual antenna approach those of our simple model 
in the limit as the wire becomes vanishingly thin (a/h ->• 0). Hence, the resistance at resonance 
given by the simple theory is a fair estimate for the resistance at resonance of actual, thin-wire, 
linear antennas. 
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We should not be surprised by the failure of the simple theory to accurately 
predict thfe input resistance of the dipole antenna. After all, the theory is based on 
an “educated guess” for the current distribution on the antenna. Because the input 
impedance is directly related to the current distribution, Z = V//( 0), errors in the’ 
current distribution direcdy affect the input impedance (resistance). The radiated 
field, however, is the integral of the current distribution, (8.66) and (8.67). Errors 
in the current distribution are “smoothed out” by the integration; consequently, the 
radiated field is fairly insensitive to the precise details of the current distribution. 
This explains the fairly good agreement of the radiated fields calculated from the 
simple theory with measurements (Figures 8.40 arid 8.42). 


8.6 Perspective 

In this chapter and Chapter 1 we have seen the extremes of antenna analysis. The : 
finite-difference time-domain (FDTD) method, a purely numerical method based on 
a direct discretization of Maxwell’s equations, was applied to the monopole antenna, 
and the results were shown to be in excellent agreement with measurements for 
both the radiated field and the input impedance. In addition, a simple analysis, 
based on an assumed distribution of current, was applied to a number of thin-wire 
antennas including the monopole. It was shown to produce reasonable results for 
the radiated field but generally unacceptable results for quantities like the input 
impedance. A legitimate question is: Why do we need both methods of analysis? 
After all, the numerical method produced results that were essentially identical to 
the measurements. 

The answer to this question has as much to do with how we think about electro- 
magnetic fields as to do with the accuracy of computations. Numerical methods, 
like the FDTD method, simply provide us with a table of numbers for the elec- 
tromagnetic response of a particular antenna, such as values of .the electric field 
at various times for a fixed point in space. Once the numbers are displayed on a 
graph, it is possible to identify special points or trends for the particular antenna 
under investigation. However, it is generally not possible to directly use the results 
to predict, in a simple manner, what the response of a different antenna will be. 
In contrast, the simple analysis for thin-wire antennas provides us with models, 
such as the basic traveling-wave element. The physical concepts and equations * 
associated with these models can be used, with reasonable accuracy, to predict • 
the radiation from many different antennas.- We can think about how radiation ' 
occurs in terms of these models. They also provide us with a tie-in to other fun- 
damental electromagnetic problems, such as the radiation from, a moving point 
charge. 

Therefore, the' answer to the above question is that we really need both types 
of analyses. We need the simple methods to provide us with a framework for 
thinking about how radiation occurs from antennas, and we need the numerical 
methods for obtaining accurate results for use in optimizing the design of a particular 
antenna. 
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In our discussion of thin-wire antennas, we have made no attempt to provide a 
comprehensive review of the many antennas that can be placed in this category. 
Rather, we have tried to provide a basic physical understanding of the process of 
radiation for such antennas. There are a number of books that provide fairly com- 
plete discussions of the various thin-wire antennas, and these should be consulted 
when selecting an antenna for a particular application [42-50]. 
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Problems 

8.1 a) Use the equation of continuity for electric charge to obtain the current on 

the dipole antenna, (8.7) and (8.8), from the charge per unit length, (8.5) 
and (8.6). • 

b) Starting from the current on the basic traveling-wave element (8.14), use 
the equation of continuity for electric charge to obtain the charge per unit 
length on the element (8.15). 

8.2 Show that, in the limit as the number of segments on the dipole antenna 

becomes infinite ( [n oo), the radiated electric field at broadside becomes 

Equation (8.13). 

8.3 Derive the expression given in (8.18) that relates the derivatives with respect 
to time and space of the current on the basic traveling-wave element. 

8.4 Obtain the expression (8.22) for the radiated electric field of the displaced 
basic traveling-wave element shown in Figure 8. 14a. 

8.5 The excitation for a basic traveling-wave element is the current 

2,(0 = I 0 U{t), 

where U(t) is the Heaviside unit-step function. 

t 

a) What is the charge per unit length on the element? 

b) Obtain an expression for the radiated electric field of the element and make 
a graph like Figure 8. 12 for the field. 

c) For any direction,:#, is the area under the graph for the electric field, £ r e , 
zero? • 
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8.6 A traveling-wave V antenna Tias the angle cl between the two arms (Fig- 
ure 8.37). The antenna is to be used for pulse radiation. 

-a) Consider the V antenna to be composed of two basic traveling-wave ele- 
ments. Determine the parameters that describe these elements: t 0 i/z a , y\, 
Pi, di, tic. 

b) Make a graph like Figure 8.22 for the radiated electric field in the plane of 
the V antenna by directly summing the fields of the individual elements. 
Let a = 60° and the excitation be a Gaussian pulse with r/r a =J3.076. 

c) Obtain an analytical expression for the radiated electric field £ r in the 
plane of the V. 

d) Specialize your result from part c to the direction 0 = 90°. . 

e) Assume that the angle of the V is small (a <$C 1), and show from pah d 
that the radiated electric field in the direction 6 = 90° is proportional to 
the derivative of the current X(t — r/c). Is this result consistent with your 
graph from part b? 

8.7 In this problem we will examine the radiation from a standing-wave dipole 
antenna (8.25) in the limit as h -► 0. This will be compared with the radiation 
from an electrically short linear antenna with a triangular current distribution, 
which was discussed in Section 7.2. Notice that the results for the dipole 
antenna are described in terms of the current X s (i) placed on the conductors 
by the source, whereas the results for the electrically short linear antenna are 
described in terms of the total current at the source X 0 {t) = X(z = 0, f). 

a) Obtain an expression for the total current, J(z, r), on the dipole antenna. 
Use this result to express the current 2,(0 in terms of the total current at 
the source X Q (t). 

b) Let the length of the dipole, h , become infinitesimally small (lim h — ► 0) 

• in the expressions for £ r and X 0 . Express £ r in terms of X 0 using yout 

result from part a. ^ • 

c) Compare your result for £ r from part b with the radiated electric field of 
the electrically short linear antenna with a triangular current distribution: 
(7.27) with (7.51), and y = 1/2. 

8.8 Draw pictures like those in Figure 8.27 for the radiated electric field of a 
traveling-wave, circular loop antenna excited by a Gaussian pulse of current 
with r/r fl = 0.076. Make these pictures for the angles of observation 6 = 0° 
and 6 = 180°. Compare your results for the two angles. 

8.9 Derive the expression (8.39) for the radiated electric field of the traveling- 

. wave, circular loop antenna with a counterclockwise traveling wave of current. . 

8.10 For the dipole antenna with continuous resistive loading: 

a) Obtain the expression for the charge per unit length (8.42) on the top 
conductor of the dipole (basic traveling- wave element) from the current 
(8.41). 
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b) Determine the radiated electric field of the basic traveling-wave element; 
then use this expression to obtain the radiated electric field of the dipole 
(8.43). 

8.11 Starting with the current on the insulated linear antenna (8.48), obtain the 
expression for the radiated electric field (8.50). 

8.12 Show that the radiated electric field of the insulated linear antenna is given by 
Equation (8.51) at the angle Q = x c , and that it is given by Equation (8.52) 
for the first pulse at the angle 0 = 90°. 

8.13 Obtain the radiated electric field of the standing- wave dipole (8.25) by com- 
bining the radiated electric fields of the four basic traveling-wave elements 
shown in Figure 8.18. 

8.14 Obtain the expression for the total time-average power radiated, (7^), for 

a) the basic traveling-wave element (8.74), •> 

b) the standing-wave dipole antenna (8.87). 

8.15 In this problem we will examine the radiation in the vertical plane from a 
horizontal rhombic antenna. 

a) An isolated rhombic antenna (no Earth) can be modeled by four l?asic 
traveling-wave elements. Determine the parameters cot oii y it Pi, d ( , etc. 
for these elements. Let the plane of the rhombic be the x-z plane, and 
place the source and termination on the x axis. 

b) Assume that the horizontal rhombic antenna is placed over a perfectly 
conducting Earth. Show how the Earth can be included in the calculation 
of the- radiated electric field using image theory and an array factor. 

c) Write a computer program to determine the magnitude of the radiated 
electric field in the vertical plane (i 9 = n/2) for the horizontal rhombic 
antenna over a perfectly conducting Earth. Make a pattern for the electric 
field of an antenna with the parameters given in Figure 8. 40. Compare 
your results with those in the figure. 

8.16 Consider the standing- wave dipole antenna that has reflection of the traveling 
waves of charge and current at the source (Figure 8.17d). 

a) Obtain an expression for the time- varying current distribution on the top 
conductor of the dipole. Assume that the initial outward-going wave of 
current from the source is T s (t — z/c). 

b) Specialize your result from part a to the case of harmonic time dependence. 
Obtain the phasor for the current distribution, 7(z). 

c) Show that Equation (8.84) follows from your result in part b. 

8.17 The bent-wire, traveling- wave antenna is to modeled as the two basic traveling- 
wave elements shown in Figure 8.21b. 

a) Combine the radiated electric fields of the two basic elements to obtain 
Equation (8.27). 
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b) Show that this field reduces to be that of a single, basic traveling- wave 
element (straight, traveling- wave antenna) when a = 180°. 

c) Specialize your result from part a to the direction 6 = 0°. 

d) Let the wire be nearly straight, so that a = n e, e 1. Use the result 
from part c to show that the radiated electric field in the direction 6 = 0° is 
proportional to the second derivative of the current, l(t — r/c). Comment 
on the waveform for the radiated electric field in the direction 0 = 0° in 
Figure 8.22. 


Appendix A 

Units and dimensions 


The equations of electromagnetism are a mathematical representation of observed 
physical phenomena. For practical use, the quantities in these equations are mea- 
sured in terms of units -that are embodied in physical standards. To be of value, the 
concepts associated with the quantities, the units, the physical standards, etc., must 
have international acceptance. Several different systems of units are in use with 
these equations, and none is superior to all others for all applications. 

The different philosophical approaches to this subject can be quite involved [1- 
4]. It is not our purpose here to delve into such questions. Instead, we wish to present 
a brief argument that clarifies our particular choice for the form of the equations 
of electromagnetism (Table 1.3) and the system of units we have: adopted, the 
International System of Units (le Syst&me International d’Unit6s, abbreviated SI). 

We will begin our discussion by considering familiar results from classical me- 
chanics. Physical phenomena are described by relations such as Newton’s second 
law, which says that the force on a particle of constant mass m is the product of the 
particle’s mass and acceleration, 

T = ma % . (A'.l) 

or the law of universal gravitation, which states that the force of attraction of a 
particle of mass m\ on a particle of mass m 2 is 




Gm\m2 * 

T—r, 


where r is a vector in the direction from m\ to m 2 . 
These quantity equations have the general form 

w = kuv , 


(A. 2) 


(A.3) 


where w , u , and v are mathematical quantities, and k is a constant of proportionality. 
In (A.l) k = 1, while in (A.2) k = G, with G conventionally determined by 
experimentation. 

Each term in (A.3) has the representation 


w = {tu}(u>>, (A.4) 

where (w) is the unit of w, and {u>} is a numerical value that is the measure of w 
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in terms of the Unit. 1 -Thus, (A.3) is'equivalent to 

{tu}(iu) 5= {*}(*){k}(u){u}(v). (A.5) 

This equation is now separated into a measure equation , which contains only nu- 
merical values, 

{U>} = {£}{«}{«}, (A.6) 

and a unit equation 

'(w) = (k)(u)(v). (A.7) 

Here the system of units is assumed to be coherent , that is, the relationship between 
the units contains’ no numerical factors. 

The measure and unit equations corresponding to Newton’s .second law (A.l) 
and the law of universal gravitation (A.2) are 

[J r } = {m}[a] (A. 8) 

(F) = (m)(a) (A. 9). 

and . ’ ; • 

{F = -{G){mi}[m 2 ){r}~ 2 . ■ (A.10) 

« ‘ (F = (G)(m) 2 (r)~ 2 . (A.ll). 

In classical mechanics three units are customarily selected as base units : the unit 
. for length (i ) , the unit for mass (m) , and the unit for time ( t ) . The units for the other 
quantities are derived units that are expressible in terms of the three base units. For 
example, the unit for acceleration is 

(a) = mr 2 , (A. 12) 

and the unit for force, obtained from (A.9), is 

(F =.(l)(m){t)- 2 . (A. 13) 

In the International System of Units, the three base mechanical units are the unit 
for length, the meter (in); the unit for mass, the kilogram (kg); and the unit for time, 
the second (s). Table A.l is a complete list of the SI base units. Each of the SI base 
units is embodied in a physical standard, and the relationship between the unit and 
the standard is specified. The official definitions for the meter, the kilogram, and 
the second are [5]: 

The meter is the length of the path traveled by light in a vacuum during a time 
interval of 1/299792458 of a second. 

The kilogram is equal to the mass of the international prototype of the kilogram 
- a platinum-iridium cylinder. 

1 The brackets () are not to be confused with the same notation used for the average value of a 
quantity. 
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Table A. 1 . SI base units 


Quantity 

Name of unit 

Symbol 

Length 

meter 

m 

Mass 

kilogram 

kg 

Time 

second 

s 

Electric 

ampere 

A 

current 



Temperature 

kelvin 

K 

Luminous 

candela 

cd 

intensity 



Amount of 

mole 

mol 

substance 





The second is the duration of 9 1 9263 1 770 periods of the radiation correspond- 
ing to the transition between the two hyperfine levels of the ground state 
of the cesium- 133 atom. 

The SI derived unit for the force is the newton; it is expressed in terms of the 
base units by (A. 13) 

newton = m • kg • s'" 2 . 

Table A.2 lists some of the more common SI derived units. 

The dimension is an additional label that can be attached to a mathematical 
quantity, such as those appearing in Equations (A.1) and (A.2). “The dimension 
of a given quantity can be thought of as a sort of generalized symbolic unit which 
retains some of the information specified by the latter but which is not limited to 
any particular choice of the sizes of the basic units” [4]. As with the units, it is 
customary in classical mechanics to select three base dimensions: the length L, the 
mass Af, and the time T. The dimensions for other quantities are then expressed in 
terms of these base dimensions; for example, the dimensions for acceleration are 

[a] = [LT~ 2 ] 

and the dimensions for force are 

[F] = [LMT~ 2 ]. 

I 

Here the brackets. are read “dimensions of.” 

The equations of classical electrodynamics contain quantities in addition to those' 
used in classical mechanics, for example , the electric current and the electric charge. 
In the SI the unit for one of these quantities, the electric current, is chosen to ’be a 
base unit. This ba$e unit is the ampere (A) with the official definition [5]: 

The ampere is the constant current which, if maintained in two straight parallel 
conductors of infinite length, of negligible circular cross section, and placed 


Units and dimensions 


611 


Table A.2. SI derived units 


Quantity 

Name of 
unit 

Symbol for 
unit 

In terms of 
other units 

In terms of 
base units 

Frequency 

hertz 

Hz 


s" 1 

Force 

newtpn 

N 


m • kg • s~ 2 

Energy 

joule 

J 

N-m 

m 2 - kg • s“ 2 

Power 

watt 

W 

J/s 

m 2 - kg • s~ 3 

Charge 

coulomb 

c 

A • s 

s'* A 

Electric 

potential 

volt 

V 

J/C; 

m 2 - kg • s“ 3 - A” 1 

Magnetic 

flux 

weber 

Wb 

y • S ; 

m 2 - kg * s“ 2 * A -1 

Resistance 

ohm 

n 

v/a: 

m 2 ; kg • s~ 3 • A“ 2 

Conductance 

siemens 

s 

a/v ■ 

m” 2 - kg -1 ’ s 3 * A 2 

Capacitance 

farad 

F 

C/V 

m” 2 * kg” 1 * s 4 * A 2 

Inductance 

Electric field (£) ' 

henry 

H 

Wb/A 

V/m 

m 2 * kg • s“ 2 * A“ 2 
m • kg • s” 3 - A -1 

Magnetic field (B) 

Electric excitation {V ) 
Magnetic excitation (7f ) 

tesla 

T 

Wb/m 2 

C/m 2 

A/m 

kg • s“ 2 - A” 1 
m“ 2 - s • A 
m” 1 * A 


one meter apart in vacuum, would produce between these conductors a force 
equal to 2 x 10~ 7 newton per meter of length. 

The base dimension of current is indicated by [/]. 

Now we will examine the experimental basis for electromagnetism, which we 
have discussed in Chapters 1 and 2, and show how the particular form of Maxwell’s 
equations with SI units (Tables 1.2 and 1.3) arises [4, 6-10]. We will limit our 
discussion to .electromagnetism in a vacuum or free space. 

Coulomb’s; experimental observations show that the force between two balls 
carrying the charges q\ and is (1.17) 

where is a constant of proportionality. 2 The electric field is defined to be pro- 
portional to the force per unit charge; thus, from (A. 14) the electric field of the ball 

2 In Equations (A.14) and (A.17) the factors l /Arc and 1/2 jt are written separately, rather than being 
included in the constants k\ and k$, respectively. This process, known as rationalization, is used to 
keep factors of An from appearing in Maxwell’s equations. 
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with charge q\ is 


£ lS =k 2 -=k 2 k l -^ T f n . 
qi 47rrf 2 


(A. 15) 


Here a second constant of proportionality k 2 has been introduced. This result sug- 
gests the following Maxwell’s equation: 

. V-£ = kik 2 p. (A. 16) 

Ampere’s experimental observation for the force between current-carrying wires 
is similar in form to Coulomb’s result. The force on a length l of wire 2 carrying 
current I 2 due to a parallel wire 1 carrying current I\ is (1.22) 


T , AW. 


(A.17) 


The magnetic field is defined to be proportional to the force per unit length, per 
unit current; thus; from (A.17) the magnetic field of the current-carrying wire 1 is 

: (A.i8) 

This result suggests the following Maxwell’s equation: 

VxB = kik^J. , 

Recall that Maxwell added an additional term to the right-hand side of this equation, 
for which we will- introduce the constant of proportionality k $ : 


Faraday’s experimentation with time- varying currents showed that (1.23) . 

if'i-d.+ffSL.*. 


which is equivalent to the differential form 


We will enforce conservation of electric charge with the equation of continuity 
(1.54) 


which makes (A. 19) 


V xB = k 3 k A J + k 5 ^-. 

Ot 


(A. 19) 


„ - ,3 B 

Vx 


(A.20) 


dp 

After inserting (A. 16) and (A. 19) into this equation, we find that 

*5 = 1 

k\k 2 


vxB= t , t) (i +j -L£): 


(A.21) 


(A. 22) 


(A.23) 
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Let us summarize the observations we have made so far. The experimental results 
suggest the following Maxwell’s equations in differential form: . 


* , dB 

Vx £ = -* 6 - 


7 -V x B 


, (z l. dS\ 

= k4 [ J+ W2 *) 


V • £ = k\k 3 p 
V -B = 0 


(A.24) 

(A.25) 

(A.26) 
(A .27) 


and the Lorentz force density 


/ = Lp£ + ±-jxB, 

K 2 /C 4 


(A.28) 


which follows from (A. 15) and (A. 1 8). The five remaining constants of proportion- 
ality ( k\ t k 2 ,k 3 ,k 4 , and k&) in these equations are to be determined from additional 
experimental observations or by convention. 

In Chapter 2 we showed that Equations (A.24), (A.25), and (A.26) could be 
combined to obtain a wave equation for the electric field in a region of space 
containing no sources (p = 0, J = 0): 


„ 2 ? k 3 k A k 6 d 2 £ 
* 1*2 dt 2 


(A.29)- 


The combination of constants in this equation clearly has the dimensions of velocity, 
squared, 


[ ses ]-^ 

Indeed, the experiments of Hertz, ‘discussed in Section 2.7, show that this combi- 
nation is equal to the square of the speed of light in a vacuum or free space: 


kik 2 = c2 
kiktkt 


(A.30) 


Equation (A. 14) is the electrostatic force T e between charges, whereas Equation 
(A.17) is the magnetostatic force F m between currents. When the charges and the 
currents in these -equations are related through the equation of continuity (A.21), 
a measurement of these forces, or of related; quantities, can be .used to obtain an 
additional relationship between the constants kj. Several clever experiments have 
been designed for this purpose [11]. Here we will only describe! a simple thought 
experiment to illustrate the relationship; it is not a practical experiment. 

Two identical metallic spheres are separated by a distance d that is much greater 
than their radius. The spheres are connected to a constant current source by two thin, 
parallel wires of length i (Figure A.l). When the switch is closed, equal currents, 
in opposite directions are in the two wires, and the two spheres obtain charges of 
equal magnitude but of opposite sign. The charge on the spheres increases linearly 
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q(t) 


with time: 


Fig. A.l,‘ Schematic drawing for experimental arrangement. 


q(t) = It. 


We will assume that the charge on the thin wires is negligible and that the charging 
is carried out slowly so that the electrostatic and magnetostatic formulas, (A. 14) 
and (A. 17), can be used. The attractive force between the spheres (charges) is then 

Tf.s ' , , /2f2 

Se(t) = = k r 


And 2 And 2 ' 
and the repulsive force between the wires (currents) is 

f iH 

Tm ~ k \nd- 

When the length i is chosen to be d/2, the ratio of these two forces' iff 

Fe(t) . fk'i' '*' 2 ' 




Now we will let the spheres charge for the length of time fj that makes the ratio of 
the forces equal to one: 


Ml) 


which gives 


■-W 


: (sMj)' • 

This ratio of constants has the dimensions of velocity squared, 

[h]. [ rt-v 
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and a number of experiments show that the ratio is equal to the square of the speed 
of light in a vacuum or free space [ 1 1]: 3 


ki 2 


With (A.30) and (A.31), Maxwell’s equations (A.24MA.28) become 

V x £ = — — — 
dt 

1 _ - , / - 1 3 £\ 

V • £ = k.'ik^p 

V.£ = 0 

f = T-PZ + T-J X B. 
ki k 4 


(A.31) 


(A.32) 

(A.33) 

(A. 34) 
(A.35) 

(A.36) 


These equations now contain the three constants k 2t £ 3 , and fc 4 . 

It is customary to choose the constant k 2 to be unity and dimensionless, which 
is indicated by {£ 2 } = l and [k 2 ] = [1]. This makes the electric field (A. 15) equal 
to the force per unit charge. Similarly, the constant £4 is chosen such that {jfc 4 } = 1 
and [fc 4 ] = [ 1 ], which makes the magnetic field (A.18) the force per unit length, 
per unit current. 

The definition for the ampere in the SI determines the remaining constant £ 3 . 
From (A. 17)* 




= 1 m, and T /i = 


and the definition of the ampere [that is, I\ = I 2 = 1 A, d 
2 x 10 “ 7 kg • s “ 2 (N/m)} gives 

• . • . * : {£ 3 } = An x 10 “ 7 

{k 3 ) = m • kg • s “ 2 • A -2 = H/m. 

The convention i$ to call this constant the permeability of free space p a : 

H 0 = ki=An x 10 “ 7 H/m. (A.37) 

The measure and the units for the combination of constants 1 /k 2 k^c 2 that appears 
in the two Maxwell’s equations (A.33) and (A.34) are now fixed. By convention 
this combination of constants is called the permittivity of free space \b 0 : 

1 1 

(A. 3 8 ) 


k 2 k 3 c 2 ~ p 0 c 


2 = 8.8541... x 10 “ 12 F/m. 


3 In 1889 the American physicist Henry Augustus Rowland (1848-1901) reported the value 2.9815 x 
10 8 m/s for this ratio [12]. The closeness of this value to the currently accepted value for the speed 
of light c = 2.9979 • • ■ x 10 8 m/s shows the accuracy of Rowland’s measurements (within 0.5%). 
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Maxwell’s equations (A.32)-(A.36) now assume their familiar form for free 
space and SI units: 4 


V x £ = - 


BB 

dt 


— VxB = 
V-0 


~ d£ 
J + e° gt 


V • £ = —p 

s a 

V • B = 0 

f = p£ + JxB. 

From these equations and (A.37) and (A.38), the SI units for all electromagnetic 
quantities can be derived in terms of the four base, units (m, kg, s, A) or in terms of 
other derived units. Examples are in Table A.2. 

The reader is referred to the references for a discussion of other systems' of units 
and for the conversions between these systems and the SI [4,10]. 
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Appendix B 

Review of vector analysis 


The development of Vector analysis during the last half of the nineteenth century 
paralleled that of classical electrodynamics (we will have more to say about the 
common history of these two subjects at the end of this appendix). By the beginning 
of the twentieth century, the elements of vector analysis needed for electrodynamics 
.were essentially in the form we use today. Since then, numerous books on vector 
analysis and sets of tables summarizing useful formulas from vector analysis have 
been published. A sampling of these is given in the list of references [1-8]. 

Our purpose here is to provide a short review suitable for those who have prior ' 
knowledge of the subject and to summarize in tables results that are used throughout 
this book. 

Vector algebra 

Vectors are used to represent quantities that have a magnitude and a direction, such 
asffie electric and magnetic fields. The geometrical representation for the vector A 
is the arrow or directed line segment shown in Figure B.l. The length of the arrow 
indicates the magnitude of the vector, which is A = |A|, while the direction of the 
arrow indicates the direction of the vector. The direction is the same asjhat.for the 
unit- vector A = A/| A\ (a vector of unit magnitude in the direction of A). 

The sum of the two vectors A and B in Figure B.l is the vector C, the diagonal of ■ 
the parallelogram with the sides A and B or the resultant formed by placing. A and B 
head-to-tail. The laws that apply to the addition of vectors are presented in Table B. 1 . 

There are two different products defined for the vectors A and B. The geomet- 
rical interpretations for these products are given in Figure B.2. The scalar or dot 
product is 

A • B = |A||R| cos \j/, 0 <$<*,]. (B.l) 

where \j/ is the angle between A and B. The result of this product is a scalar (a real 
number}, not a vector. The scalar product can be viewed as the projection of the 
vector A onto the vector B times the magnitude of the vector B , or vice versa. 

The vector or cross product is 

A x B \A\\B\sm}// h, 0 <\/f<n, (B.2) 

where h is a unit vector normal to the plane of A and B. The direction of h is 
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Fig. B.l. Addition of the two vectors A and B. a) C is the diagonal of the parallelogram 
with sides A and B . b) C is the resultant formed by placing A and B head-to-tail. 


Table B.l. Vector relations 


Addition 

A, B % C vectors, a real number 
A + B = B + A, commutative law 
A + (5 + C) = (A 4- B) -f C, associative law 
a(A 4- B) = a A 4- otB , distributive law 

Scalar or dot product 

A • B = B • A, commutative law 

A • (5 4- C) = A • B 4- A • C, distributive law 

a(A • B) =.(aA) • B = A • (a5), associative law 

A • £ = 0, ]A| 7^ 0, |B| ^ 0, A and B are perpendicular vectors 

Vector or cross product 

A x B — —B x A, anticommutative law 
Ax(B4-C) = AxB 4 *AxC, distributive law 
a (A x B) = ( a A ) x B = A x (a5), associative law 
A x B = 0, | A| 7^ 0, |5| 76 0, A and B are parallel vectors 

Triple products 

A • (A x 5) = 0 

A • (B x C):= B • (C x A) = C • (A x B) 

A x (5 x C) = B x (A x C)4- C x (B x A) ±= (A • C)B - (A • B)C 


given by the right-hand rule: with the curled fingers of the right hand pointing from 
A to B, the thumb points in the direction of h. The vectors A, B, and h form a 
right-handed systein. The result of the vector product is a vector whose magnitude 
is equal to the area of the parallelogram with sides A and B. 
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Fig. B .2. Details for products of two vectors, a) Scalar or dot product A • S = |A||B| cos f. 
b) Vector or cross product AxB = |A||B|sin^n. 




Laws that apply to the scalar and vector products are presented in Table B.l. 
Results are also given for various products of three vectors - triple products, formed 
using the scalar and vector products. • , . % > 

In practical problems involving vectors, we often introduce a coordinate system 
to facilitate computation. The most familiar coordinate system is the rectangular 
Cartesian system. 

Rectangular Cartesian coordinates 

The diagrams in Figure B.3 describe the rectangular Cartesian coordinate sys- 
tem. The three mutually perpendicular coordinate axes (*,:y, and z) meet at the 
point O, the origin. The unit of measure is common for all axes. Each point in 
three-dimensional space corresponds to an ordered triple of real numbers (x, y , z), 



PLANE z= z 0 


Fig. B.4. Rectangular Cartesian coordinates showing coordinate surfaces and coordinate 
curves through point P. 


the coordinates of the point. For example, for the origin we have (0, 0, 0), and for 
the point P, located by the position vector r from the origin, we have (x 0 , y 0 , z 0 )- 
The orthogonal unit vectors x, y, and £ are in the directions of the three coordinate 
axes, and they form a right-handed system: 

x-x = y- y = Z'Z-- 
x x y = £, y x £ 

Notice that the unit vectors are in the same directions at all points in space; compare 
the unit vectors at the points P and P' in Figure B.3b. 

Figure B.4 shows another way of viewing this coordinate system. The coordinate 
system is composed of three families of orthogonal planes, the coordinate surfaces/ 
A point such as P at ( x 0 , y 0 , z 0 ) is determined by the intersection of three coordinate 
surfaces: the three planes along which x = x Q , y = y 0 , and z = z 0 - The coordinate 
curves are the lines along which two coordinate surfaces intersect. For example, the 
coordinate curve for x passing through the point P is the straight line with y = y Q 
and z = z 0 - The unit vectors are tangent to the coordinate curves. For example, at 
the point P, x is tangent to the curve for x. 

A general vector A, when expressed in terms of these coordinates, becomes 

A = A x x + A y y + A z £, . (B.4). 

with the magnitude determined from the Pythagorean theorem: 

A == |A| = VX"! = fll + A 2 y + Al (B.5) 


= 1, X-y = y- £ = £- x = 0, 

= x, £ x x = y. ‘ (B.3) 
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coordinate curves and the differential volume. 


i 


along the 


The scalar and vector products of the two vectors A and B follow from (B. 1) through 
(B.4): 


A • B = A X B X + AyB y + A Z B Z (B.6) 

and 


A x B — ( AyB z — A z B y )x 4- ( A Z B X — A x B z )y +■ ( A x B y — A y B x )z- (B.7) 
The position vector r from the origin O to the point P is 

r =xx-\-yy + z£, (B.8) 


with 

r = \r\ = VrTr = y/x 2 4- y 2 + z 2 , (B.9) 

and the distance between the two points P and P' in Figure B.3b is 

I r - r'| = 7(r-r') ■(?-?') = V(* - *') 2 + (y~ /) 2 + (z - z') 2 . (B.10) 

When we let the separation between the two points P and P / become infinitesimal, 
as in Figure B.5, (B.8) becomes the differential distance vector ,• 

dr = x ds x + ydsy + zds z = x dx -f y dy + £ dz, (B.l 1) 


where 


ds x = dx , ds y = dy t ds z = dz (B.12) 

are the differential distances along the coordinate curves. The differential distance 
or differential arc length between the points is 

ds = V dr • dr = yj (< ds x ) 2 + (ds y ) 2 + (ds z ) 2 = y/(dx ) 2 4- ( dy ) 2 + (dz) 2 . 

(B.13)‘ 
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Table B.2. Rectangular Cartesian coordinates 


(x, y, z): —oo < x < op, — oo < y < oo, — oo < z < oo 

h x = l/hy = l,h z = l 

dr = x dx + y dy + zdz 

dSy Z = xdydzs dS lx = ydzdx, dS xy = zdxdy 
dV = dxdydz 


A • B = A X B X 4* Ay By 4* A Z B Z 

A x B = (Ay B z — A z By)x 4* (A z B x — A x B z )y 4* ( A x By — A y B x )z 


94) A A 3<f> A 

V4> = — jc + — y 4- — Z 
3 jc 3y 3z 


V • A = ■ 


SA, 

3* 


3A V 


3A Z 


dy dz 




3A Z \ A /3A* 
dx / \ dx 



— 2 . ~ d 2 4 > 
V 2 <D = —y + 
dx 2 


3 2 4> 3 2 4> 

3y 2 "** 3z 2 


V 2 A = 2 A x x 4- V 2 A y y 4- V 2 .A Z £ 


The differential volume 

dV = ds x ds y ds z = dxdydz (B.14) 

is shown in Figure B.5. There is a differential surface area for each face of this 
volume. For example, on the front of the volume (y, z surface) the differential 
surface area is 

dS yz = ds y ds z = dydz. (B.15) 

The differential surface area vector associated with this surface is 

dS yz = x dS yz = x dydz. (B.16) 

Results for the rectangular Cartesian coordinate system are summarized in 
Table B. 2. 


Differential relations 

A scalar field 4>(r) assigns a number to each point throughout space; similarly, a vec- 
tor field A(r) assigns a vector (three numbers) to each point throughout space. For 
example, in the rectangular Cartesian coordinate system, we would have 4>(x, y, z ) 
.for the scalar field and A x (x, y, z) for the x component of the vector field. 
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When certain operations on scalar and vector fields repeatedly occur in calcu- 
lations for physical systems, it is convenient to assign to them a notation and a 
formal definition [1-10]. The three operations we will discuss, the gradient, the 
divergence, and the curl, occur and have a physical .interpretation in several areas 
of physics, e.g., electrodynamics and fluid mechanics. 


Gradient The scalar field 0 is continuous in the neighborhood of the point P 
located by the position vector r shown in Figure 1,16a. The element of volume 
A V containing P has the piecewise smooth surface S with outward-pointing, unit 
normal vector n. The gradient of the scalar field at-P is the limiting value of the 
following integral over the surface S divided by the volume A V, as the volume 
approaches zero about P: 

grad<I > (^Jm o (^ 7 <| < I ifias). . (B.17) 


Divergence The components of the vector field A are continuous in the neigh- 
borhood of the point P located by the position vector r shown in Figure 1.16a 
The element of volume A V containing P has the piecewise smooth surface S with 
outward-pointing, unit normal vector n. The^divergence of the vector field at P is 
the limiting value of the net outward flux of A through the surface S divided by the 
volume A V, as the volume approaches zero about P: 


div A(r) = 


lim 

A V— ►O 


(xv#/ 


* ds ): 


(B.18) 


Curl The components of the vector field A are continuous in the neighborhood 
of the point P located by the position vector r shown in Figure 1.15a; The element 
of surface area AS on which P lies is bounded by the piecewise smooth, simple, 
closed curve C (a simple curve is one that does not cross itself). At P the unit vector 
normal to the surface is h. The circulation of the vector field A around the curve C 
is defined to be 



• di , 


(B- 19) 


where di is the vector differential length along C (an infinitesimal vector locally 
tangent to C). The sense in which the curve C is traversed relative to h is determined 
by the right-hand rule. The component in the direction fi of the curl of the vector 
field at P is the limiting value of the circulation of A divided by the surface area 
A 5, as the area approaches zero about P: 


n* curl A(r).= lim ( — ) = lim ( -— (£ 

AS-*o \AS ) AS-+0 \ AS /c 


Ardi 


! > 


(B.20) 


These definitions are independent of the coordinate system. To obtain results for 
the rectangular Cartesian coordinate system, we let the element of surface area and 
the element of volume be those shown in Figures 1.15b and 1.16b, respectively. 
After assuming that the partial derivatives for the scalar field and for the components 
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Table B.3. Differential relations 


and ^ are scalar fields; A and B are vector fields. 


V(<b-f vJ/) = V4>4- V'J' 
V(<M9 = <D(V40 + ¥(V4>) 


V 2 0 s V • (VO), scalar Laplacian . ■> 

V 2 (d>vi/) = iJ/(V 2 <t>) 4- 2(V'I') • (V4>) + <D(V 2 '!') 

V x (V4>) = 0 

V x [^(Vd>)] = (V^) x (V¥) 

V • (A;+ B) = V • A + V • B 

V x (A + 5):= V x A 4- Vx5 

V ■ (4>A) = (V<D) • A + d>(V . A) . , ’ ' 

V x (<t>A) =;(V4>) x A 4- 4>(V x A) 

V(A • B) = (A • V)B 4- (5 • V)A + A x (V x B) + B x (V x A) 

V • (A x B) = 5 • (V x A) - A • (V x B) 

V x (A x B) = A(V • B) - B(V • A) 4- (B ■ V)A - (A • V)B 


V • (V. x A) 
V 2 A = V(V 
V 2 (4>A) = <P 


= 0 


A) - V x (V x A), vector Laplacian 
V 2 A + (V 2 0)A + 2 [(V4>) • V] A , 


of the vector field are continuous, the expressions above can be evaluated, yielding 

(B.21) 

(B.22) 

- „ - (dA z 9Ay\ „ (dA x dA,\\ 

curl A = Vx/l = M--2 i+ — - - —My 
\ dy dz ) \ 9z dx j 

+ (B.23) 


, ^ 9 <t> „ 94 > „ 9 <t> „ 

grad 0 = V0 = — x + — y + — z, 
dx dy dz 

7 .7 9 A* 9 Ay 9 A Z 

d ‘" 4 - y - , -ir + i7 + if' 

' 9A Z _ cM. 
dy dz 


• f d Ay 9A* V 

+ '(aT~"a7) z ' 


Here we have introduced the notation V, V-, and Vx to indicate the differential 
operations shown on the right-hand sides of (B.21), .(B.22), and (B.23), respectively. 
The derivations for the divergence and the curl are carried out in detail in Section 1.2; 
that for the gradient is left as an exercise (Problem B.2). 


I 
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Table B.3 lists several frequently usedrelations that involve V, V-, and Vx. In 
this table, operations such as (A • V)B are to be evaluated in the following manner: 

dB z A , /3B Xa 3B. a dB z \ 
dx Z ) +Ay \dy X+ dy y + l 77 


(A • V)£ 


_ dBy A 


, fill, . 

— A x — — x 

V 3x 

, ( dB x „ 9By„ dB, A 
+ Al \ dz x+ dz y+ dz z y 


(B.24) 


Integral relations 

Several relations that apply to integrals of scalar and vector fields can also be 
developed [1-10]. The most important of these are the divergence theorem (or. 
Gauss’ theorem) and Stokes’ theorem: 

Divergence Theorem (Gauss’ Theorem) The volume V shown in Figure 1.1b 
has the piecewise smooth surface* S with' outward-pointing, unit normal vector h. 
The components of th'e vector field'A are continuous and have continuous first partial 
derivatives within and on the surface of V. Then the divergence theorem states that 



V- AdV = 


h • AdS. 


(B.25) 


Stokes’ Theorem The piecewise smooth, open surface S shown in Figure 1 . 1 a has 
the boundary C, which is a piecewise smooth, simple, closed curve. The unit vector 
normal to the surface is h. The components of the vector field. A are continuous 
and have continuous first partial derivatives within and on the boundary of S. Then 
Stokes’ theorem states that 



(V x A) -fidS = 



-dl, 


(B.26) 


where di is the vector differential length along C. The sense in which the curve C 
is traversed relative to h is determined by the right-hand rule. 


These results and other related integral formulas are summarized in Table B.4.. 
For Green’s theorems, the scalar fields ($ and 40 and the components of the vector 
fields (A and B) must be continuous and have continuous first and second partial 
derivatives. 

More general .requirements for the use, of both the differential relations and the 
integral relations are given in/references [9] and [10]. 


Orthogonal curvilinear coordinates 

In the rectangular Cartesian coordinate system (*, y, z), points in space, such as P 
in Figure B.4, are determined by the intersection of three families of orthogonal 
coordinate surfaces, which are planes (the planes x = x 0t y == y 0 , and z = z 0 
for P), and the coordinate curves are straight lines. In a general orthogonal curvi- 
linear coordinate system (n, u, w), the orthogonal coordinate surfaces need not be 
planes; they may be families of circular cylinders, elliptic cylinders, spheres, cones, 
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Table B.4. Integral relations 


and W are scalar fields; A and B are vector fields. 


Divergence theorem (Gauss’ theorem) 

JJJ V-AdV = j^n -AdS 


Related theorems 


JJJ V x AdV = fjjinxAdS 


JJJ VQdV = jj) <t>fidS 


Stokes ’ theorem 

y.A)-hdS = j>A dl 


Related theorems 


JJfi x (V«D)dS = j) Gdl 


JJ [(n x V) x A] dS = -j) A x dl 



Green ’s theorems 


First scalar theorem 


. Jff ['KV 2 *) + (V*) ■ (VO)] d V = ^ 0[n • (VO)] dS 
First vector theorem . 

J^J(V x A) • (V x B) — A • [V x (V x B)j} dV = h • [A x (V x B)]dS 


paraboloids, etc., and the coordinate curves need not be straight lines; they may be 
circles, ellipses, parabolas, etc. [7]. The most familiar curvilinear coordinate sys : 
terns are the circular cylindrical coordinates shown in Figure B.6 and thespherical 
coordinates shown in Figure B.7. Results for these two systems are summarized in 
Tables B. 5 and B 16, respectively; * 1 .... • 

1 The small tables within Tables B .5 and B .6 give the dot products of the unit vectors in the coordinate 

system (circular cylindrical or spherical) with the unit vectors i, 7, and £. 
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' — m ^ — y/j-cuiu uu — 4, LUC 

coordinate surfaces are families of circular cylinders, half planes; and planes. The 
point P in Figure B.8 is determined by the intersection of the circular cylinder 
P ~ Po with the half - plane <p = <f> 0 and- the plane z — Zc The coordinate curves 

are straight lines (p and z curves) and circles (0 curves). 

For the spherical. coordinate system, u = r, v = 9, and 'w = </>; the coordinate 
surfaces are families of spheres', cones, and half planes. The point P in Figure B.9 
is determined by the intersection of the sphere r = r 0 with the cone 6 = B 0 and the 

half plane <£,= </>„. The coordinate curves are straight lines (r curves) and circles 
(0 and (p curves). 

The differential distance vector (B. 11) is now i 

dr . dr dr : 

dr - J^ du . + fo dv + J^ dw = ds uU + ds v v ■+ ds w u>, (B.27) 

where .the differential distances along the coordinate curves and -the unit vectors 
have been introduced. For the u curve, these quantities are : 


ds u — h u du 


(B.28) 
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and 


where 


1 dr 1 [3* A dy „ dz J 
h u du /i M [au* 3w Z J’ 


dr 


r(!£V + (|Z) 2 + (|£) 2 l 

du 


\duj \duj \duj j 


(B.29) 

(B.30) 


is called the scale factor for the coordinate u. Notice that ds u must have the units 
of length. These quantities for the v and w curves are obtained by replacing u by v 
and u by w, respectively, in (B.28)-(B.30). 

The unit vectors are orthogonal and form a right-handed system, so they satisfy 
the same relations we had earlier for the unit vectors in the rectangular Cartesian 
system (B.3): ; 


u - u = v - v = w ■ w = 1, u-v = v- w = w- u = 0, 

u X v = m, v x w — u, tu x u = v. t ' (B ;3 1 ) 


The unit vectors for the circular cylindrical and spherical coordinate systems are 
shown in Figures B.6b and B.7b, respectively. Compare the unit vectors at the 
points P and P' in these figures; notice that some of the unit vectors change with the 
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Table B.5. Circular cylindrical coordinates 


(p, </>, z): 0 < p < oo, 0 < <f> < 2 j r, — oo < z < oo 

hp=.l, h(p = p, h z = 1 

x = pcos(f>, y - psiiup, z; p = yjx 2 + y 2 , (p = tan^Cy/*). z 



X 

y. 

£ 


cos <p 

sin (j> 

0 

$ 

-sin<p 

COS 0 

0 

z. 

0 

0 

1 


dr = p (dp) -I- $ (pd<p) -f £ (dz) 

; dS+z = /5 (pd(f>)(dz\ dS zp = 4>_(dz)(dp) % dS p<t> ~ £ (dp)(pd(p) 
dV = (dp)(pd(p)(dz) = pdpdcpdz 

,AB = ApBp 4- AfpBj, + A Z B Z 

A x B = (A(f>B z — A z B(p) p 4* (A Z B P — A P B Z ) <p 4- (A p B q — A^B P ) z 


• a<D A i a<j) . a<t> . 

v<t> = ^ p+ pa^ + aF z 

v - = 13(£A £ ) + 13^ 3A, 

p dp p 30 dz 


V x A = 


A _ 3A^\ /3Ap 
Vp 30 9z V 3z- 


3A,\, [1 8^) 13 A, I. 

3 p / Lp 3p p a<*> J z 


v^ = L±( p a -±) + ±. d 2± + a 2± 

p dp \ 3p / p 2 30 2 3z 2 

v 2 a = (v 2 A„ - ^ - ^^)p + (v% - ^ + ^2^)$ + (V 2 a<)£ 


position in space (/5 and 0 change in the circular cylindrical system, while r, 0, and 
0 change in the spherical system). Recall that the unit vectors in the rectangular 
Cartesian system were independent of the position in space. 

The differential arc length (B. 13) is 

ds = y/dr - dr = y/ (ds u ) 2 4- ( ds v ) 2 4- (ds w ) 2 . 

= Vguuidu) 2 4- g vv (dv) 2 4- gww(dw) 2 , (B.32) 

where, the factors g uu = h 2 ul = /ij; and g^ w = /i 2 are called the metric co- 
efficients 2 

2 Some authors call the factors h ut etc. the metric coefficients. 
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Table B.6. Spherical coordinates 


(r, 0, (f>)\ 0 < r <.oo, 0 <9 <7r, 0 < 0 < 2tt 
h r = 1, ho — r, h# = r sin0 
x = r sin 9 cos 0, y' = r sin 9 sin 0, z = r cos 9 

r - <Jx 2 + y 2 + z 2 , 0 = tan -1 (Jx 2 + y 2 /z), 0 = tan” 1 ^/*) 



X 

y 

£ 

r 

sin 0 cos 0 

sin 0 sin 0 

cos 0 

8 

cos 0 COS 0 

cos 0 sin 0 

— sin0 

$ 

— sin 0 

COS0 

0 


dr = r (dr) + 5 (rd0) + 0 (r sin 9 d<p) 

dSe<p = r (rd0)(r sin 0d0) = r r 2 dfl, dS^r — "<? (r si n0d0)(dr), dS r $ = 0(dr)(rd0) 
d‘V = ( dr)(rd9)(r sin 9d<f>) = r 2 sin 9drd9d</> 


A - B = A r B r 4- AqBq ■+■ AfpBij, 

A x B = (AgB^ — A^Be)r + (A^Br — A r B^)£ + ( A r B$ — AgB r )$ 


3<J> . 130. 1 • 3<D f 

V<t> = — r H 0 H 0 

3r r 89 rsin0 30 

- _ 1 3(r 2 A r ) . 1 3(sin3Ag) 1 3 A^ 

r 2 3r ^"rsin3 33 "^rsin3 3$ 

V x A = 1 [ 9(«ingA # ) _ 3A/L 1[~ 1 3 A, _ 3(rA») 1j 

rsin0[ 30 J r r[sin0 30 3r J 


l[ 3(rA g ) 

r [ 


3A r ] 

30 J 




~ 1 9 / 2 ^ 1 3 / . „3<I>\ 

y <t = 75a7( r ir) + ^3 3?( sme wj 


JL 3^ 

sin 2 0 30 2 


V 2 A = (v 2 A r 


2cot0 ' 2 3A 0 


2 3A^ \ 

r 2 sin0 30 / 


+ 

+ 


v 2a 2 dAr Ae 2 cos 9 3A^ \ . 

k ° r 2 30 r 2 sin 2 0 r 2 sin 2 0 30 / 

' 2 . 2 3A r 1 2cos0 3A$\ 

k ^ r 2 sin 2 0 30 1 r 2 sin 2 0 ^ r 2 sin 2 0 30 / 



Fig. B.8. Circular cylindrical coordinates showing coordinate surfaces and coordinate 
curves through point P. 


CONE 0 = 0 O 


CURVE : 
r» Po, <Pp : 

CURVE : 

r o» <Po : . . 

HAJLF PLANE <p = q> 0 

Fig. B.9. Spherical coordinates showing coordinate surfaces and coordinate curves through 
point P. 


The differential volume is 

dV = ds u ds v ds w = h^h v h w dudvdWy (B.33) 

and the differential surface area and differential surface area vector associated with 
the v t w surface are 



dS vw = ds v ds w == h v h w dvdw 


(B.34) 
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Fig. B . 10. The differential distances along the coordinate curves and the differential volume 
for a) circular cylindrical coordinates and b) spherical coordinates. 

and 

dS vw = udS vw = uh v h w dvdw. (B.35) 

In Figure B. 10, the differential volume, d V, and the differential lengths along the 
coordinate curves, ds u> etc., are shown for the circular cylindrical and spherical co- 
ordinate systems. In the: spherical coordinate system (Figure B.lOb) the differential 
surface area on the spherical surface of radius r is 

•' dSe# = r 2 sin 6 d6d<j>. (B.36) 

• o 

The differential solid angle subtended by this area is 

dQ. ~ = sinedddcp, (B.37) 

so (B.36) is sometimes written as * 

dSot^^dSl. 


(B.38) 
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Table B.7. Relations for distance between two points . 


R=r-r' = RR,R = \r-r'\ 


V(R) = R 
V(R n ) = nR n - l R 

v.* = § 

V • [/(*)*] = + 

V x R = 0 

V x [f(R)R] = 0 


df{R) 

dR 


The differential relations V, V-, and V x can be obtained for an orthogonal curvi- 
linear coordinate system by applying expressions (B.17)-(B.20) to the appropriate 
elements of volume and surface area [3]: 


div A = V • A 
and 


_i_ao A 

h u 3 u h v dv 

_ l [ d(h v h w 
h u h v h w L du 


1 3<t> A 

w t 

h w dw 

(B.39) 

d(h w h u A v ) 3(/i u // v A u; )"l 

(B.40) 

dw J’ 




+ 


h w h u 


3 


uAu) _ WM’]. 1 r a(/iuA„) 

)w du j h u h v [ 3 u 


W U A U ) 

dv 


(B.41)\ 


Operatioris such as V 2 d> = V • VO can be obtained by successively applying 
the above results (Problejn B.7). Tables B.5 and B.6 give specific results for the 
differential relations in the circular cylindrical and spherical coordinate systems. 

The distance between two points R = \r — r'\ often occurs in calculations for 
physical systems, so it helpful to know, beforehand, the results for differential op- 
erations applied to the distance and related quantities. These are listed in Table B.7. 




Historical note 

Today, we generally first encounter vector analysis when dealing with mechanics: 
the vectors for velocity, force, etc. Interestingly, the motivation for the develop- 
ment of modem vector analysis was electrodynamics (Maxwell’s equations), not 
mechanics. 
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In 1 843, the famous Irish mathematician William Rowan Hamilton (1805-1 865) 
invented quaternions [11-14], At the time, Hamilton was attempting to extend the 
algebra of complex numbers to three dimensions (“triplets”). Instead, he discovered 
the quaternion of four numbers. Hamilton continued to work on quaternions until 
his death in 1865. His massive two volume treatise (1,096 pages) on the subject 
was published posthumously [13]. 

The quaternion is a hypercomplex number, which is written as 

g = u> + ai + /3j + yk, (B.42) 


where w, a, p, and y are real numbers. The i, j, and k in this equation obey the 
relations 

ii = jj = kk=— 1; ij = -ji = k, jk = -kj = i, ki = -ik = j. 

(B.43) 

Notice the similarity of i, j, and k to the familiar i (ii = -1) from the theory of 
complex numbers. . 

Hamilton introduced the now familiar terminology scalar and vector. He wrote 
the quaternion as * 


Q = SQ + VQ, 

and he called SQ = w the “scalar part” and VQ = ai + /8j + }/kthe “vector 
part.” The vector part corresponds to the three rectangular Cartesian components 
of a modem vector. The i , j, and k are akin to (but clearly not equal to) the modem 
■ unit vectors £, y, and £. In fact, some authors use i, j, and k for x\ y , and £. 

The product of the two quaternions 

A = ai + £j + )'k 


and 


B = ej-f? k, 


each with zero scalar part (each has only a vector part), is 

AB = -(a<5 + P* + y{)' + (Pi - Y^i + iyl -orf)j + (of6 - P8)k, (B.44) 

a quaternion with both a scalar part and a vector part. When we write A and B in 
modem vector notation, 

A = ax + py yz 
B = Sx + ey 4- f £, 

we have for the two modem products of these vectors, (B.6) and (B.7), 

A-B = aS+Pe + y( (B.45) 


and 

A x B = (£f - y€)x + (yS - or? )y + (ae - P8)z. 


(B.46) 
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Notice that the scalar part of the quaternion (B.44) is just the negative of the modem 
scalar or dot product (B.45) and that the vector part of the quaternion (B.44) is just 
the modem vector or cross product (B.46). Thus, the quaternion product produces 
the modem scalar and vector products in one operation. 

Hamilton and his followers introduced other notation that we still use today, for 
example, the operator 


.33 3 

< ='7-+Jr- + k — . 
ox dy d Z 


which we now write as V in rectangular Cartesian coordinates. 

In his famous paper on electrodynamics, published in 1865, Maxwell expressed 
all field quantities in terms of their components in the rectangular Cartesian co- 
ordinate system [15], Later, in his treatise, he expressed these quantities in both 
component and quaternion notation [16]. Apparently, Maxwell felt that quaternions 
were of value in representing physicaj phenomena, but he was not as enthusiastic 
about their use as a method of calculation [11, 17], Maxwell called the operation 
that is equivalent to the modem —V* the “convergence.” Of course, today we call 
V* the divergence; the difference is that (B.18) with the negative sign indicates an 
inward flux rather than an outward flux. He called the operation that is equivalent 
to the modern V x the “rotation,” “Version,” or “curl;” the last name is the one we 
still use [16, 18]. 

Maxwell’s use of quaternions in his treatise served as motivation for others 
interested in electromagnetic theory to investigate quaternions. Among those who 
took up the subject were the American physicist Josiah Willard Gibbs (1839-1903) 
at Yale University and Oliver Heaviside in England. 3 They both recognized that it 
was not necessary to combine the scalar and vector parts into a single entity, the 
quaternion, but that the two parts could be treated more simply if separated. Gibbs 
and Heaviside went on to develop the modem system of vector analysis that we 
use today [19, 20]. Their departure from the methodology of quaternions did not 
go uncontested. A heated debate between the followers of Hamilton and those of 
Gibbs and Heaviside continued into the early twentieth century [11]. 
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Problems 

B.l Use the triple products in Table B.l to show the following: 

a) Ax (B x C)#:(A x B) x C, 

b) (A x B) • (C x D) = (A • C)(B • D) - (A • D)(B ■ C), 

c) (A x B) x (C x 3) = [(A x B ) • 5]C - [(A x B) • C]Z). 

B.2 Apply (B. 17) to the element of volume in the rectangular Cartesian coordinate 
system (Figure 1.16b) to obtain (B.21). 

B.3 Using the results for V, V*, and Vxjn the rectangular Cartesian coordinate 
system, obtain the expression for V 2 A in Table B.2. 

B.4 Starting with (B.27)-(B.30), obtain the expressions for the differential distance 
vector (dr), the unit; vectors (r , 6, <£), and the scale factors (h r , he, h#) for the 
spherical coordinate system. Check your answers by comparing them with the 
results in Table B. 6.; 
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B.5 Make a table, like the one in Table B.5, that shows the relations between the . 
unit vectors in the circular cylindrical and spherical coordinate systems (p • r, 
etc.). . 

B.6.a) Show that . • • 

pn 

/ / \dCl = 47T (steradians). 

J<f >= 0 J 9=0 

b) A circle of radius a is drawn on the surface of a sphere of radius r > a. 
What is the area A on the surface of the sphere within the circle? -What is 
the solid angle subtended by this area, Q = A/ r 2 (steradians)? 

B.7 Using the results for V and V- in Equations (B.39) and (B.40), obtain a general 
expression for V 2 0 in an orthogonal curvilinear coordinate system. Use your 
expression to determine V 2 Oin the spherical coordinate system; and compare 
your result with that in Table B. 6. 

B .8 • Obtain the expression for VO in circular cylindrical coordinates (Table B .5) by 
converting the expression in rectangular Cartesian coordinates (Table B.2) to 
circular cylindrical coordinates. Use the chain rule for computing derivatives, 
for example,. 

30 _ 30 dp 30 3 (j> 30 3 z 

dx dp dx dtp dx **" dz dx f 

B.9 Obtain the results for V(R n ) and V x R given in Table B.7. What is V • ^? 
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dipole antenna, standing-wave 

as combination of basic traveling-wave elements, . 
564, 564 

current distribution on, 591-2, 592 
description of wavefronts radiated by, 565-6 
directivity of, 593, 595 
for harmonic time dependence, 591-601 
full-wave, 594 

half-wave, 594, 595, 596, 598, 600 
input impedance for, 598-601 
maximum directivity and beamwidth for, 593-5, 
595 

measured radiation patterns for, 594 
radiated electric field of, 565, 566, 593 
eadiation resistance of, 600 
reflection of wave at drive point of, 563-4, 564, 
566, 592, 596, J97 

reflection of wave at open ends of, 552-3 
relation to monopole antenna, 547-8 
resonance for, 596, 599-600 
with source that is Gaussian pulse, 565-7 
dipole antenna, traveling- wave, 562-3 
dipole antenna, with resistive loading, 575-9, 605-6 
dipole moment, electric, 451, 458, 465 
dipole moment, magnetic, 478, 481-2, 483 
dipole, infinitesimal electric 

as dual of magnetic dipole, 477-8 

complex Poynting vector for, 467 

construction of field lines fpr, 460-1, 460 

current moment for, 451, 458 

dipole moment for, 451, 458, 465 

directional characteristics of radiation from, 460 

directivity of, 467 

electric field of, 457, 458 , 465 

field lines for, 463, 464, 468, 470 

for harmonic time dependence, 465-9 

frequency dependence of radiation from, 467 

magnetic field of, 457, 458, 465' 


Poynting vector for, 459 
radiated field of, 458 
summary of results for, 458 . 
with moment that is Gaussian function, 461-5 
dipole, infinitesimal magnetic 
as dual of electric dipole, 477-8 
as infinitesimal current loop, 479-82 
dipole moment for, 478, 481-2 , 483 
electric field of, 479, 481 , 483 
for harmonic time dependence, 483 
magnetic field of, 479 , 483 ' 

Poynting vector for, 479 
summary of results for, 483 
Dirac delta function 

one-dimensional, 41, 190, 332-5 
as sequence of ordinary functions, 332-3 
dimensions for, 332n 
Fourier transform of, 1 19 
summary of relationships for, 335 
three-dimensional, 335-7 . 

Dirac, P.A.M., 41 

directivity of antenna (aperture), definition of, 223, 
286 

disc, perfectly conducting, circular 
electrically large 

general discussion of scattering from, 288-93 
scattering cross sections for, 289, 290 , 292 
electrically small; 511-4 

directional characteristics of scattering from, 513 
equivalent dipoles for scattering from, 512, 520 
scattering cross sections for, 513, 515, 516 
experimental results for, 285, 2 90 
relation to circular aperture, 288-79, 514, 543 
displacement current, 25, 110 
divergence of vector 
definition of, 28, 623 
in circular cylindrical coordinates, 629 
in orthogonal curvilinear coordinates, 633 
in rectangular Cartesian coordinates, 29-31, 622, 
624 

in spherical coordinates, 630 
on surface, 45-6 

divergence theorem (Gauss’ theorem), 51, 625 , 626 
domain of dependence 
for difference equations, 77, 78 
for differential equations, 77, 78 
domain of dependence condition, 77 
Doppler effect for moving point charge, 388-9, 404 
Doppler, C.J., 388 
double layer 
of charge, 120-2 
of current, 120-2 
duality 

and Maxwell’s equations, 477-8 
applied to infinitesimal electric dipole, 478-9 
Duane-Hunt limit for X-ray radiation, 392 

E-plane, principal, 222 
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Earth's atmosphere ■ • 

composition of, 529, 534n ' . 
reduced height of, 544-5 
effective length of dipole antenna, 155, 472n 
efficiency factor for antenna, 238; see also radiating 

• efficiency of antenna 
electric charge, see charge, electric 
electric current, see current, electric 

electric dipole, see dipole, infinitesimal electric 
electric displacement, 4, 5, 24,. 110 
electric excitation, 4, 5 
electric field strength, 4, 5 
electromagnetic Induction, 19 
electromagnetic mass of charged particle, 439 
electromagnetic potentials, 320-31 
electronic charge, value of, 392 
electrostatic field, 321-2 
energy of electromagnetic field 
density of, 56 
stored, 55 

time-average of stored, 97-8 
equation of continuity for electric charge 
for general time dependence 
differential form of, 32, 33 
integral form of, 4 , 33 
on surface, 46, 46, 47 
for harmonic time dependence 
differential form of, 94 
integral form of, 94 
on surface, 95 
error function, 334 
Euler'? constant, value of, 585 
evanescent plane wave, 187; see also plane wave, 

• electromagnetic, inhomogeneous 
extinction coefficient, 536 

fan beam for antenna, 496 . 
far-zone field, 199; see also radiated field 
Faraday rotation in ionospheric plasma, 173 
Faraday, M. . frontispiece, 1, 13, 19-23 
Faraday’s experiments, 13, 14, 19-23, 21, 612 
Faraday’s law 

for general time dependence 
differential form of, 31, 33 
integral form of, 4 , 33 
for harmonic time dependence 
differential form of, 94 
integral form of, 94 
Feynmah, R.P., 369 

finite-difference time-domain method (FDTD), 71 
applied to cylindrical monopole antenna, 81-8 
applied to plane wave, 7 1-8 
domain of dependence condition for, 77-8, 80-1 
finite-difference equations for 
one spatial dimension, 74-5 
three spatial dimensions, 78-80 
two spatial dimensions, 83-4 
Yee lattice for, 78, 79 


force, electromagnetic, 7 

' forward scattering theorem (optical theorem), 293 • 
applied to electrically short wire, 545 
Fourier optics, 250 
Fourier transformation 
definition of, 101 
of Dirac delta function, 1 19 
of Heaviside unit step function, 257 
of Maxwell's equations, 102 
Parseval’s formula for, 102 
time convolution theorem for, 43 1 
Fourier, J.BJ.', 101 
Frank, I.M., 412 
Fraunhofer diffraction pattern 
for circular aperture, 230, 231 
Fraunhofer field, 199; see also radiated field 
Fraunhofer lines, 526n 
Fraunhofer, von, J., 199 
free space (vacuum), 5 
Fresnel half-period zones, 274 
Fresnel integrals, 256, 258 
Fresnel zones 

as basis for zone plate, 313, 317 
for circular aperture, 273-7 . 

Fresnel, A.J., 273 

Frisch, von, K.R., 537 

frustrated total internal reflection, 258-60 

gain of antenna,- definition of, 237-8, 504-6 
gamma function, 430 
gas constant, value of, 544 
gauge transformation, 324, 326, 330 
restricted, 325, 330 
Gauss' electric law 
for general time dependence 
differential form of, 32 , 33 
integral form of, 4 , 33 
for harmonic time dependence 
differential form of, 94 
integral form of, 94 
Gauss' magnetic law 
for general time dependence 
differential form of, 32 , 33 
integral form of, 4 , 33 
for harmonic time dependence 
differential form of, 94 
integral form of, 94 

Gauss’ theorem (divergence theorem), 51, 625 , 626 
Gaussian beam 

analyzed with plane wave spectrum, 240-7 
in laser cavity, 247-50 
paraxial approximation for, 242 
Gaussian function and its derivatives, 461-2 , 462 
Gaussian pulse, 72, 72 
geometrical optics, 197n, 218 
geometrical rays, 215-8 
geometrical theory of diffraction, 309 
geometrical wavefronts, 215—8 
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Gibbs, J.W., 635 v 
gradienfof scalar • 

• definition of, 623‘ 
in circular cylindrical coordinates, 629 
in orthogonal curvilinear coordinates, 633 
in rectangular Cartesian coordinates, 522, 624 
in spherical coordinates, 630 
Gray, S., 35 
Green, G., 265 

Green’s function, for free-space 
as causal solution to scalar wave equation, 347n 
for general time dependence, 347 , 348 
. for harmonic time dependence, 265— 268, 353, 
354 

two-dimensional, 316 
Fourier transform of, 354 
Green’s theorems, 625, 626 

H-plane, principal, 222 

half-power beamwidth of antenna, definition of, 224 
half-wave plate, 147 , 150 
half plane, conducting, diffraction by, 255-8 
Hamilton, W.R., 634-5 
Hankel function, 316 
harmonic time dependence 
general discussion of, 88-91 
with Maxwell’s equations, 92-4, 94 
Htaviside-Feynman field of moving charge, 369-70 
Heaviside unit-step function, 256, 334 
Fourier transform of, 257 
Heaviside, O., 1, 59, 61n, 369, 477 
quoted, 33 In 

Helmholtz equation, vector, 177 
Helmholtz, von, H.L.F., 177 
Hermitian magnitude, of complex vector, 97 
Hertz, H.R frontispiece, 1, 24, 161-8, 468-9, 470 
quoted, 167-8 

Hertz’s experiments, 24, 161-8, 613 
history 

of Cherenkov radikion, 412 • 

of early radio communication, 474-7 
of electromagnetic theory, 1-25, 2, 3, 161-8 
of explanation for properties of skylight, 521-4 
of Huygens’ principle, 263, 264 
of synchrotron radiation, 407-8 
of vector analysis, 633-5 
of X-ray radiation, 391-2 
homogeneous plane wave, 134, 178 
honeybee 

navigation using polarization of skylight, 536-7 
Huygens’ principle 
and plane wave spectrum, 262-3 
applied to circular aperture, 272, 308-10 
tor general time dependence, 306-7 , 307 
for general volume, 272-3 1 
for harmonic time dependence, 267, 268 
for planar surface, 264-8, 305-8 . 
for radiated field, 268-72, 271 


history of, 263, 264. 
summary of, 268, 271, 307 . 

Huygens, G, 263 T 

ideal gas, 544 

images i : 

in electromagnetics, 300-5 
in optics, 299-300 
method of, 302, 303, 475, 547 
impressed current, 54, 96 
index of refraction, 411 
relation to polarizability of molecule, 53 6n 
inhomogeneous plane wave, 119 
International System of Units (SI), 4, 6, 608, 609-10, 
610-1, 610, 611 
ionosphere of Earth 
. and Kennelly-Heaviside layer, 477 
Faraday rotation in, 173 
reflection from, 477, 590 

iron filings, to show magnetic lines of force, 13, 14 

Jones matrix, 145 
eigenvalues for, 149-51, 150 
eigenvectors for, 149-51, 150 
for half-wave plate, 147, 150 
for ideal circular polarizer, 148, 150 
for ideal linear polarizer, 146, 150 
for ideal linear retarder, 146, 150 
for quarter- wave plate, 147, 150 
normalized, 146 
Jones vector, 145 

for various states of polarization, 143 
normalized,; 145 
Jones, R.C., 145 
f Joule heat, 53 
Joule, J.R, 53 

Kelvin, Lord (W. Thomson), 200, 305 
Kennelly, A.E:, 477 
Kennelly-Heaviside layer, 477 
kilogram, SI unit, physical standard for, 609, 610 
Kirchhoff, G.R., 19$ 1 
Kirchhoff’s approximation, 193 
and physical optics current, 201-3 
for circular aperture^ 218, 219 
for slit, 193, 194 ' ; : 

Land, H.L., 147 : 

Laplace, P.S., 59 

Laplace’s partial differential equation, 59 

Larmor frequency, 397 

Larmor, J., 378 

Larmor’s formula, 378 

laser 

gas, 218, 220 

Gaussian beam in; cavity of, 248-50 
helium-neon, 254 . 

Lawrence, E.O., 396 
Li6nard, A., 360 
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Lidnard-Wiechert potentials, 359-64- 

McMillan, E.M., 399n 

light 

mean value theorem, 27 

natural (unpolarized), 524-8 

mean value theorem for integrals, 27 . 

speed of in dielectric, 411 

meter, SI unit, physical standard for, 609, 610 

speed of in free space (vacuum), 6 

method of images, 302 , 303 

linear antenna 

applied to monopole antenna, 475, 476, 547 

electrically short, 469-77 

experimental application of. 303-5, 304 

arrays of, 485-506 

for point charge and sphere, 318 

radiating efficiency of, 476 

modified Bessel functions, 430 

radiation resistance of, 474 

monopole antenna, cylindrical 

top-loaded, 470, 470 

description of wavefronts radiated by, 86-7 

insulated, 579-83, 579 , 606 

electromagnetic field of, 85, 87, 89 

see also dipole antenna 

experimental results for, 89 

long-wire antennas 

FDTD analysis of, 81-8 

rhombic, horizontal, 589-91, 590 

input impedance versus electrical length of, 599 

travelings wave V dipole, 588-9 

quarter-wave, 600 

loop antenna 

radiation resistance of, 475, 600 

electrically small, 482-5 . 

relation to dipole antenna, 475, 476, 547-8 

radiation resistance of, 485 

• resonance for, 599-600 

Hertz’s, 163-4 , 165 

surface charge density on, 84 

standing-wave, circular, 573-5 

moving point charge, see point charge, moving in free 

traveling-wave, circular, 570-3 

space 

Lorentz condition, 327, 330 

mutual coupling for antenna arrays, 486, 494n 

Lorentz force density, 7 


modified to include magnetic charge, 1 13 

Napier’s rules for spherical triangles, 140 

Lorentz force expression, 7, 33, 117 ! 

natural light, 524-8; see also sunlight 

Lorentz force for charged particle, 8 ; 

Newton, I., 48 

Lorentz gauge, 330 

Newton’s second law of motion, 48 

Lorentz, H.A., 1, 8n 

Newton’s third.law of motion 

Lyot filter, 174-5 

and self force of charged particle, 438 


Mach cone for projectile in air, 433, 435 
magnetic charge, see charge, magnetic 
magnetic current, see current, magnetic 
magnetic dipole, see dipole, infinitesimal magnetic 
magnetic excitation, 4,6 
magnetic field strength, 4, 6 
magnetic pole strength, 1 1 
magnetostatic field, 322-5 
main lobe of antenna pattern, 223 
Malus, E.L., 146 l 

law of, 146, 532 
Marconi, G., 474 

antenna at Glace Bay, Nova Scotia, 475-6 , 476 
Maxwell, J.C., frontispiece, 1, 161,305,635 
and electric displacement, 24, 612 ; 
quoted, xi-xii, 17, 24 
Maxwell’s equations 
for general time dependence 
differential form of, 31-2 , 33 
integral form of, 4 , 33 
for harmonic time dependence 
differential form of, 93, 94 
integral form of, 94 
Fourier transform of, 102 
independent versus dependent, 32-4 
modified to include magnetic charge, 1 12-4, 477-8 
summary of, 33, 94 


nonuniform plane wave, 179; see also plane wave, 
electromagnetic, inhomogeneous 
notation used for field quantities, 4, 6, 103, 104 

observed mass of charged particle, 439 
Oersted, H.C., frontispiece, 1, 12-4 
Oersted’s experiment, 12-4 , 13 
Oppenheimer, J.R., quoted, xvi 

paraxial approximation 
applied to Gaussian beam, 242 
Parseval’s formula, 102 
particle 

kinetic energy of, 49, 397 
linear momentum, 48 
rest energy of, 397 
total energy of, 397 
work done on, 49, 440 
particle-induced visual sensation, 434 
pencil beam for antenna, 232, 496 
perfect conductor, 48 
boundary conditions for, 47, 48, 95 
permeability 
of free space, 5, 6, 615 
relative, 6 
permittivity 

and index of refraction, 411, 536n 
of free space, 5, 6, 615 
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relative, 6 
phosphenes, 434 
physical optics current, 293 
and Kirchhoff’s approximation, 291-3 
Planck, M.K.E.L., 393 
Planck’s constant, value of, 393, 526 
Planck's radiation law, 526 
plane-wave spectrum 
for three-dimensional fields, 207-15 
and Huygens’ principle, 262-3 
applied to circular aperture, 218-32 
applied to Gaussian beam. 240-50 
applied to perfectly conducting half plane, 255-8 
applied to reflector antennas, 232-40 
evanescent waves for, 208, 21 1 
for radiated field, 210-5, 215 
propagating waves for, 208, 21 1 
spectral functions for, 209, 211 
summary for, 211, 215 
for two-dimensional fields, 184-92 
applied to slit, 192-9, 205-6 
evanescent waves for, 187, 189, 191 
for radiated field, 199-207, 203 
propagating waves for, 187, 189, 191 
spectral function for, 185, 186 , 188 
summary for, 188, 203 
transverse electric (TE) problem, 185-6 
transverse magnetic (TM) problem, 186-7 
plane wave, electromagnetic 
complex Poynting vector for, 133-4 
degree of linear polarization for, 409, 532 
for Gaussian pulse, 76, 126-7 , 127 
homogeneous (uniform, propagating), 134, 178 
impedance for, in free space, 128 
inhomogeneous (nonuniform, evanescent), 179 
Poynting vector for, 128, 133 
propagating in general direction, 127-8, 128, 132-4 
relation between electric and magnetic fields of, 

127, 132 

state of polarization for, 131-3 , 133 
time-harmonic (monochromatic), 128—40 
transverse electric (TE), 183 
transverse electromagnetic (TEM), 126 
transverse magnetic (TM), 184 
Poincar6 sphere, 140-2, 140, 141 
for optical systems’, 148 

for transmitting and receiving antennas, 159-61 
relation to Stokes parameters, 141 
Poincard, J.H., 140 
point charge, electrostatic, 337-41 
point charge, moving in free space 
acceleration field of, 368 , 376 
and bremsstrahlung, 391 
and X-ray radiation, 391-4 
at low velocity, 377-8, 376 
Cherenkov radiation from, see Cherenkov radiation 
construction of field lines for, 385-7 


directional characteristics of radiation from, 378, 
390, 395 

Doppler effect for field of,; 388-9 
electromagnetic field of, 366, 376 
Heaviside-Feynman form for field of, 370 
Larmor's formula for total power radiated by, 378 
Li6nard-Wiechert potentials for, 360 
power radiated per unit solid angle for, 373, 376 
Poynting vector for radiation from, 374 
relation between electric and magnetic fields for, 
366,368 

retarded potentials for, 358 t 

retarded time for, 360 
summary of results for, 376 
synchrotron radiation from, see synchrotron 
radiation 

total power radiated by, 374, 376 
velocity field for, 368, 376. 
with constant velocity, 379-83 
with uniform acceleration, 383-9 
with velocity parallel to acceleration, 378—94 
with velocity perpendicular to acceleration, 394-6 
point charge, time-varying 
advanced and retarded scalar potentials for, .343 
point current, time-varying 

advanced and retarded vector potentials for, 344 
point of stationary phase, 200 
Poisson, S.D., 321 

Poisson’s partial differentiai equation, 321 
polarimeter, 151 , 152 
polarizability, electric 
for atom or molecule, 528-9 
for dielectric sphere, 520, 521, 543 
for perfectly conducting sphere, 509, 520 
for perfectly conducting, circular disc, 512 ,520 
for perfectly conducting, straight wire, 519, 520 
polarizability, magnetic 
for magnetic sphere, 520, 521 
for perfectly conducting circular disc, 510, 520 
for perfectly conducting sphere, 5 12, 520 
for perfectly conducting straight wire, 543-4 
polarization ellipse, 129, 130, 132, 133 
polarization stale, for antenna, 153-161, 173, 175 
and use of Poincarf sphere, 159-61 
mismatch factor for, 158 
on reception, 156, .17 1-2 ' 
on transmission, 155 

polarization state, for plane wave, 12.9-40 
and Poincard sphere, 140-1 
and Stokes parameters, 141-2 ‘ 
angles defining, 131, 132, 134-5, 139 
chart for, 138, 139-40, 170 
circular, 132 , 133 
elUpdcal, 131 , 133 
IEEE convention for, 131 
linear. 131 , 133 
polarizer 
circular, 148 
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’construction of, 148, 149 , 170-1 
Jones matrix for, 148 , 150 
linear, 145 
construction of, 147 
dichroic, 147 

Jones matrix for, 146 , 150 
Polaroid, 147 
wire grid, 166-7 , 168 
potential 

electrostatic scalar, 59, 321 
magnetostatic vector, 322 ' 
gauge transformation for, 324 
•restricted gauge transformation for, 325 
potentials, electrodynamic 
advanced, 343, 344 
Couiomb gauge for, 330-1 
field calculated from, 325-6, 348, 353, 354 
gauge transformation for, 326, 330 
Lorentz condition for, -327, 330 
Lorentz gauge for, 330 
restricted gauge transformation for, .330 
retarded, 343, 344 
scalar, 326 
vector, 325 

Poynting vector, 6, 33, 51 
alternate, 58 
complex, for harmonic time dependence, 94 , 96 
example for current-carrying wire, 59-64 
time-average of, 96 
Poynting, J.H., 51, 59, 61rt • 

Poynting’s theorem, 33 , 5 1 
complex, for harmonic timi dependence, 94, 96 
physical interpretation of, 53-8 , 57 
Preistly, J„ 9 

propagating plane wave, 187; see also plane wave, 
electromagnetic, homogeneous 
Pythagorean theorem, 620 

quarter- wave plate, 147 , 150 
quaternions 

relation to modem vector analysis, 634-5 
radar, 278, 278 

radiated field (asymptotic field, Fraunhofer field, 
far-zone field), 153 
criteria for 

general time dependence,- 349-50 
harmonic time dependence, 207, 215, 270, 
271-2,355 

for distribution of charge and current 
general time dependence, 348, 352 
harmonic time dependence, 354 , 355 
for electric dipole, 458 
for Huygens’ principle, 271 ,271 
for moving point charge (acceleration field), 368, 
376 

for plane wave spectrum 
three-dimensional, 210-5, 215 


two-dimensional, 199-207, 203 
for thin-wire antenna, 547, 584 
radiating efficiency of antenna, 238-41, 476, 485, 504 
radiation-reaction force for charged particle, 439 
radiation resistance 
of dipole antenna, 600 

of linear antenna, electrically small, 474, 475 
of loop antenna, electrically small, 485 
random-walk problem 
and scattering from molecules, 533-5 
Rayleigh scattering, 511 
frequency dependence for, 51 1, 524 
Rayleigh, Lord (J.W. Strutt), 511 
and color and polarization of skylight, 524 
and degree of transparency of air, 536, 544 
and scattering from electrically small objects, 511 
rectangular function, 332 
reflector antenna 
Cassagrain, 252-4, 253 
directivity of, 237 
gain of, 237-8 

NASA Goldstone, 232, 233, 234 
paraboloidal, 233-5 , 235 
radiating efficiency of, 238-40 
with prime focus feed, 233 , 235 
resonance for dipole (monopole) antenna, 596, 
599-600 

retarded potentials, scalar and vector 
as causal solution, 343 

electromagnetic field calculated from, 347 , 348 
for distributed sources, 345, 347 , 348 
for point sources, 343, 344 

retarded time, 307, 308, 343, 348, 351, 360, 376, 415, 
547 

for Cherenkov radiation, 418 , 419 
retarder, linear, 146 
construction of, 147 
half-wave plate, 147 , 150 
Jones matrix for, 146 , 150 
quarter-wave plate, 147 , 150 
rhombic antenna, horizontal, 589-91, 590 , 606 
right-hand rule, 4 
Rttntgen, W.C., 391 
rotation matrix 

for left-handed rotation, 136, 145 
for right-handed rotation, 145 
Rowland, H.A., 615n 
Ruhmkorff coil, 162 

runaway solution for motion of charge, 441, 450 
Savart, F., 14 

scalar potential, 59, 321, 326 
scale model, electromagnetic, 303-5, 318 
scattered field 
definition of, 277 
for radar, 278 
scattering by 

electrically large object 
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perfectly conducting sphere, 290-1, 292, 314 9 
perfectly conducting, circular disc, 288-91, 290, 
292 

electrically small object, 506-21 
complex Poynting vector for, 508 
dielectric sphere, 520, 521, 543 • 

electric polarizability for, 508 , 520 
equivalent electric dipole for, 508 , 520 
equivalent magnetic dipole for, 508, 520 
magnetic polarizability for, 508 ,. 520 
magnetic sphere, 520 , 521 
perfectly conducting sphere, J07, 506-1 1 , 520 
perfectly conducting, circular disc, 511-4, 512, 
516, 520 

perfectly conducting, straight wire, 516-21, 520, 
543-4 

qualitative discussion of, 506-8 
scattered electromagnetic field for, 508 
summary of results for, 520 
scattering cross section of obstacle 
bistatic or differential, 287 
monostatic or backscattering, 287 
radar, 287n 

relation to transmission coefficient of aperture, 288 
total, 287-8 
scattering, molecular 

and single scattering approximation, 533-5 
induced electric dipole moment for, 528 , 528 
of sunlight (natural light), 529-32 
screen 

opaque in optics, 281 

perfectly conducting with aperture, 278-81 
second, SI unit, physical standard for, 610, 610 
self field of charged particle, 7, 436 
self force of charged particle, 7, 436-41, 449, 450 
Shklovsky,.I.S., 4Q8 
side lobes of antenna pattern, 223, 502 
similarity transformation for matrix, 136 
simple materials, 6, 429 
sine function, 195; 195 
sine integral, 593 

single scattering approximation, 533-5 
skin depth for good conductor, 38-9 
skin effect approximation, 39-41 
skylight 

and molecular scattering, 529 
and single scattering approximation, 533 
blue color of, 521-4 
degree of linear polarization for, 521-4 
dependence on wavelength, 524, 530 
experimental results for energy of, 522 
experimental results for polarization of, 523 
use for navigation by honeybees, 536-7 
slit in perfectly conducting screen 
analyzed with plane wave spectrum, 192-9 
radiated field of, 205, 206 
with linear phase for illumination, 254 
with uniform illumination, 192-9 


slot dipole antenna, 294, 316—7 
relation to strip dipole antenna, 294-9 
solid anglej 632, 637 . 

Sommerfeld, A.J.W., 4, 255, 391, 412 
source region, 54 • 
spark-gap transmitter, 162-4 
special theory of relativity, 361, 397,412 
spectral density for energy, 1 04 
speed of light 

and index of refraction, 4.1 1 
in dielectric materials, 41 1 
in free space (vacuum), 5,6 
sphere, dielectric, shattering from electrically small, 
520, 521,543 

sphere, magnetic, scattering from electrically small, 
520 , 521 i 

sphere, perfectly conducting 
electrically large 

scattering cross sections for, 292, 314 
similarity of scattering to that from disc, 290-1 
electrically small 

. and Rayleigh scattering, 506-11, 507 
directional characteristics of scattering from, 
510-1 ,511 

equivalent dipoles for scattering from, 509, 510, 
■520 

frequency dependence of scattering from, 511 
scattering cross sections for, 510 
standing-wave antennas 
dipole, 563-7, 591-601 
loop, 573-5 

standing wave, electromagnetic, 165 , 166 
stationary phase, method of,. 200, 258 
for calculation of radiated field, 200-3, 213-4 
Stirling's formula, 199 
Stokes parameters, 141-2 . 
for natural light, 528n, 544 
normalized, 142 

phenomenological definitions for, 153 
relation to Poincari sphere, 141 
Stokes’ theorem, 625, 626 
Stokes vector, 142 

for various states of polarization, 143 
Stokes, G.G., 141, 200 
strip dipole antenna, 294, 316-7 
relatioh to slot dipole antenna, 294-9 
Strutt, J.W., see Rayleigh, Lord 
sunlight (natural light), 524-8 
as blackbody radiation, 526 
at sunrise and sunset, 536i 544-5 
attenuation on passing through atmosphere, 535-6 
empirical description of, 525-7 
experimental results for energy of, 522 
Fraunhofer lines for, 526n 
measured extraterrestrial spectral irradiance of, 526 
Stokes parameters for, 528n, 544 
superdirectivity for antenna array, 502-6 
supernova, 408 . / 
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surface density of charge, 6, 35-8 
surface density of current, <5, 38-41 
surface divergence of vector, 45-6 
surface equation of continuity for electric charge 
for general time dependence, 46, 46, 47 
for harmonic time dependence, 95 . 
synchrotron radiation 
characteristics of, 407, 408 
critical wavelength of, 406 , 408 
electric field of, 394, 395 , 401-5 ' 

from Crab Nebula, 408-1 1 ' 
from ultra-relativistic charged particles, 407, 
408 

history of, 407-8 
polarization of, 394, 395 , 407 
synchrotron, particle accelerator, 396-401 
for electrons, 398n, 407 
for protons, 398n, 407, 447-8 
fraction of energy lost to radiation, 407 
maximum energy of particle in, 401 
phase stability for, 399-401 , 400 
radiation from particle within, 40 1-7 
resonance for, 398 
system 
linear, 88-92 
eigenfunction for, 90 
real, 91 

time-invariant, 90 

tachyons, 361n 
Tamm, I.E., 412 
thin-wir^ antennas 
charge per unit length on, 547 
current in, 547, 584 
for harmonic time dependence, 583-4 
inequalities defining, 546-7 
radiated field for, 547, 578, 584 
Thomson, J.J., 389 
Thomson, W., see Kelvin, Lord 
total field, definition of, 277 
transmission coefficient of aperture. 286 
relation to scattering cross sections of 
obstacle, 288 
traveling-wave antennas 
basic element, 556-62, 584-^8 
bent-wire, 567-70 
dipole, 562-3 

insulated, 579-83, 579, 606 • 
loop, 570-3 

resistively loaded, 575-579, 605-6 ■' 
rhombic, horizontal, 589-91, 590, 606 
V, 588-9, 605 
triangular function. 554 
two-dimensional fields 
transverse electric (TE), 181—4 
transverse magnetic (TM), 181-4 
Tyndall, J., 523 


umbrella antenna, 476 
uniform plane wave, 134, 178 
see also plane wave, electromagnetic, homogeneous 
uniqueness theorem for Maxwell’s equations 
and causality, 6Sn 
applied to radiator (antenna), 70-1 
for general time dependence, 65-71 
for harmonic time dependence, 98-100 
units, 608 

and Maxwell’s equations, 611-6 
base, 609, 610 
derived, 609, 611 
dimension, 610 

for electromagnetic quantities, 6 
International System (SI), 4, 6, 608, 610, 611 

V dipole, traveling-wave, 588-9, 605 
Vavilov, S.I., 412n 
vector analysis 

differential relations from, 624 
history of, 633-5 
integral relations from, 626 » 

relations for addition, 618 
relations for products, 618 
vector differential length, 4 
vector operations 
addition, 617 , 618 
circulation, 25-6, 623 
curl, 25-6, 623 
divergence, 28, 623 
gradient, 623 

scalar (dot) product, 617 , 618 
triple products, 618, 619 
vector (cross) product, 617-8 , 618 
vector phasor, complex, 92 
vector potential, 322, 325 
Veksler, V.I., 399n 

velocity field of moving point charge, 368 , 376 
volume density of charge, see charge, volume 
density of 

volume density of current, see current, volume 
density of 

wave equation 
scalar, 124, 327, 342 
vector, 124 . 

wave impedance 
for free space, 128 
wavenumber 
complex vector, 178 
for free space, 129 
vector, 133 
wavelength 
for free space, 129 
Weyl, H., 266 
Wiechert, E., 360 

wire, electrically short, straight, 516—21 
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and forward scattering theorem, 545 
directional characteristics of scattering from, 521 
equivalent electric dipole for scattering from, 516, 
519,520 

equivalent magnetic dipole for scattering from, 
543-4 

scattering cross sections for, 520-1 


X-ray radiation, 391-4 
characteristic spectrum of, 391 
continuous spectrum of, 391 

Young, T., 263. 309 

zone plate, 277, 3 13, 313, 3 17 


